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Academician of the Academy of Sciences of Uzbekistan Shavkat
Arifjanovich Alimov on the 80th anniversary of the birth of

Shavkat Arifjanovich Alimov is a well-known scientist, a major specialist in mathematical
physics and functional analysis, who made a great contribution to the spectral theory of differ-
ential operators, the theory of boundary value problems for equations of mathematical physics
and harmonic analysis.

Sh. A. Alimov was born on March 2, 1945 in Nukus, the capital of Karakalpakstan, in the
family of an employee. From 1952 to 1962 he studied at school in Tashkent. After graduating
from Tashkent school No 88 with a gold medal in 1962, he entered the Faculty of Physics of
the Lomonosov Moscow State University, where he graduated in 1968 with a degree in physics.

He graduated with honors from the Institute of Applied Mathematics of the USSR Academy
of Sciences. From 1968 to 1970 he studied in the postgraduate course at the same department
under the scientific supervision of Professor V. A. Il’in and in June 1970 at the Academic
Council of the Institute of Applied Mathematics of the USSR Academy of Sciences under the
chairmanship of Academician M. V. Keldysh he defended his PhD thesis on the theory of
functions and functional analysis.

In May 1970, he began his career at the Lomonosov Moscow State University as an assistant
at the newly opened Department of Computational Mathematics and Cybernetics. In May
1970, he started his career at the newly opened Faculty of Computational Mathematics and
Cybernetics at Lomonosov Moscow State University as an assistant, then worked as an associate
professor from 1972 to 1974.
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In May 1973, at the age of 28, he defended his doctoral dissertation on the equations of
mathematical physics at the Academic Council of the Faculty of Mathematical Physics of
Moscow State University under the chairmanship of Academician A. N. Tikhonov. In 1973 he
was awarded the highest youth prize of the country for his research on the spectral theory of
equations of mathematical physics. In 1974, at the age of 29, he was elected by competition
to the position of Professor at the Faculty of Computational Mathematics and Cybernetics
of Moscow State University. For ten years - from 1974 to 1984 he worked as a professor of
the Department of General Mathematics of the Faculty of Computational Mathematics and
Cybernetics of MSU. During the same period he was a member of two specialized councils for
the defense of doctoral dissertations: in the specialty 01.01.01 - ”functional analysis and theory
of functions” in the council chaired by A. N. Kolmogorov and in the specialty of 01.01.02 -
”differential equations and mathematical physics” in the council chaired by A. N. Tikhonov.
From 1970 to 1984 together with V. A. Il’in directed the Moscow University research seminar
on functional methods of mathematical physics.

In September 1984 he moved to Tashkent State University as a professor, since January 1985
he worked as deputy director of the Institute of Mathematics of the Academy of Sciences of
Uzbekistan.

From 1985 to 1987 worked as Rector of Samarkand State University, from 1987 to 1990 -
Rector of Tashkent State University, from January 1990 to February 1992 - Minister of Higher
and Secondary Specialized Education of the Republic of Uzbekistan. From 1992 to 1994, he
headed the Department of Mathematical Physics of the Faculty of Applied Mathematics at
Tashkent State University.

From 1994 to 1995, he served as Deputy Minister of Foreign Affairs of the Republic of
Uzbekistan. From November 1995 to August 1998, he was Ambassador Extraordinary and
Plenipotentiary of the Republic of Uzbekistan to the People’s Republic of China. From Au-
gust 1998 to January 2003, he worked as Vice-Rector for Research at the University of World
Economy and Diplomacy (Tashkent). From September 2000 to June 2001, he worked as a
Visiting Researcher at the California Institute of Technology (CalTech), USA. After returning
Tashkent until 2012, he worked as a professor at the Department of Mathematical Physics of
the National University of Uzbekistan. At the same time, from the first days of opening the
Tashkent branch of Lomonosov Moscow State University in 2006, he worked as a professor at
the Department of Applied Mathematics of the said branch. From 2012 to 2017, he headed
the Mathematical Modeling Laboratory of the Malaysian Institute of Microelectronic Systems
(MIMOS) in Kuala Lumpur, being at the same time Chief Scientist of this Institute.

From 2017 to 2019, he worked as a professor at the Department of Differential Equations
and Mathematical Physics, National University of Uzbekistan

In the early seventies of the 20th century, Sh.A. Alimov studied the convergence and summa-
bility of spectral expansions associated with elliptic operators of arbitrary order with smooth
coefficients

In the late seventies, Sh. A. Alimov, at the suggestion of A. V. Bitsadze, studied the degen-
erate boundary value problem with sloping derivative for elliptic equations of the second order.
He found, in particular, the exact order of loss of smoothness of the solution depending on the
degree of degeneracy of the vector field defining the boundary conditions. Somewhat later, a
similar result was obtained by the Swedish mathematician Bent Wintzel.

In the early eighties, elliptic equations with singular coefficients were studied by Sh.A. Alimov.
This class of equations includes the Schrdinger equation with a potential having singularities
not only at individual points but also on manifolds that can go to infinity.

At the same time, Sh.A. Alimov studied the spectral properties of nonlocal boundary value
problems in which the boundary conditions relate the values of the desired function at some
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boundary segment to its values at certain interior points of the region. For the first time the
problem of this type was formulated and investigated by A.V. Bitsadze and A.A. Samarskii. The
peculiarity of such problems is that they are non-self-conjugate, and therefore their spectrum
may have a more complicated character than in the classical case. For a number of nonlocal
boundary value problems, Sh.A. Alimov succeeded in proving the existence of a complete set
of eigenfunctions and the basis of the corresponding system.

Since 2005, Sh.A. Alimov has obtained important results in the theory of boundary control
of the heat exchange process. In particular, conditions were found to ensure obtaining a given
temperature in a limited volume for a certain time and an estimate of the minimum time
required for this depending on the power and location of heat or cold sources was given.

At present, Sh.A. Alimov is conducting research on mathematical problems of peridynamics
related to the theory of hypersingular integrals. The methods of spectral theory developed by
him earlier turned out to be an effective tool for studying properties of hypersingular integral
equations of peridynamics, allowing to find conditions of solvability of these equations. Scientific
merits of Sh.A. Alimov were widely recognized. In 1984 he was elected a corresponding member
of the Academy of Sciences of Uzbekistan, in 1991 - academician of the International Academy
of Higher School Sciences, since 2000 Sh.A. Alimov is academician of the Academy of Sciences
of the Republic of Uzbekistan. In 1985, Sh.A. Alimov was awarded the title of laureate of
the State Prize of Uzbekistan named after Biruni for his research in the field of mathematical
physics. In 2019 he was awarded the Order ”Mehnat Shukhrati” for achievements in science
and education.

In 2023, Sh.A. Alimov was awarded the sign ”Excellent Worker of Higher Education” for
conscientious work in the field of higher education, selfless labor, giving an example of quality
education to the younger generation, worthy contribution to the development of the system.

In 2024, for many years of conscientious and fruitful work in the sphere of higher education
Sh.A. Alimov was awarded the title ”Hero of Labor” of the I degree.

Sh.A. Alimov has more than 150 published scientific and a large number of educational and
methodical works. Among his students are 10 doctors and more than 20 candidates of sciences
working in universities of Uzbekistan, Russia, USA, Finland, Malaysia, universities of other
countries.

Sh.A. Alimov traveled to universities in the USA, Japan, Germany, Hungary, Poland and
other states to conduct scientific research and give lectures. As a head or a member of official
delegations Sh.A. Alimov visited many cities and countries such as Washington (USA), London
(Great Britain), Paris (France), Rome (Italy), Brussels (Belgium), Vienna (Austria), Prague
(Czech Republic), Bratislava (Slovakia), Sofia (Bulgaria), Skopje (Macedonia), Tokyo (Japan),
Cairo (Egypt), Delhi (India), Jakarta (Indonesia) and others.

Sh.A. Alimov meets his eightieth birthday in the prime of creative forces and we heartily
congratulate him on his jubilee and wish him strong health, new successes in scientific and
pedagogical activity, family welfare and long life.

Students and Editorial Board
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Professor Ravshan Radjabovich Ashurov on his 70th birthday

Ravshan Radjabovich Ashurov is a prominent scientist-mathematician, a major specialist in
the field of differential equations and harmonic analysis, as well as the author of scientific works
recognized by scientists all over the world in the field of fractional order equations.

R. R. Ashurov was born on March 19, 1955 in Tashkent. In 1972 graduated from school No
90 of Tashkent with a gold medal and entered the Faculty of Applied Mathematics and Me-
chanics of Tashkent State University (Tashkent State University, now Mirzo Ulugbek National
University of Uzbekistan). In 1976, R. Ashurov transferred to the Faculty of Computational
Mathematics and Cybernetics of the Lomonosov Moscow State University (MSU CM&C), where
he graduated in 1978 with a diploma with honors. In the same year he entered the postgrad-
uate program of the Faculty of CM&C of MSU. Under the scientific supervision of Professor
(now Academician) Sh. A. Alimov, he began research on the spectral theory of elliptic differ-
ential operators. In October 1981, at the Academic Council of the Faculty of CM&C of MSU
under the chairmanship of Academician A. N. Tikhonov, he defended his Ph. 01.01.02 - dif-
ferential equations and mathematical physics. In October 1981, he returned to Tashkent State
University and began his career at the Department of Differential Equations of the Faculty of
Mathematics as an assistant, senior lecturer and then as an associate professor.

In 1984, R. R. Ashurov was sent to Great Britain and underwent a one-year internship at
the University of Birmingham under the supervision of the famous mathematician, Professor
V. N. Everitt. During the internship period he prepared and published a number of papers on
the theory of quasi-differential operators.

In 1989, he entered the doctoral program of Tashkent State University and was seconded to
the Faculty of CM&C of Moscow State University. Professor Sh. A. Alimov was his scientific
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adviser in the doctoral program. In December 1992, he defended his doctoral thesis on specialty
01.01.02 - differential equations at the Academic Council of the Faculty of CM&C of MSU under
the chairmanship of Academician A. N. Tikhonov.

Since December 1992, R. R. Ashurov continued his work at the Faculty of Mechanics and
Mathematics of Tashkent State University as Associate Professor, Professor and then Head of
the Department of Mathematical Physics. From 2001 to February 2003 he was Dean of this
faculty.

From September to December 2002, he was an intern at Bowling Green State University in
the United States under an IREX grant. The internship was devoted to studying the issue of
work organization in US universities.

From February 2003 to October 2004, he served as Rector of the Tashkent Regional State
Pedagogical Institute; from 2004 to 2006, he served as Rector of the Mirzo Ulugbek National
University of Uzbekistan. From July 2006 to February 2009, he worked as a leading researcher
at the Institute of Mathematics of the Academy of Sciences of Uzbekistan. At the same time,
from 2007 to 2009, he worked as a professor at the Tashkent branch of the Lomonosov Moscow
State University.

In February 2009, he was invited by University Putra Malaysia (Kuala Lumpur) to work as
a Lead Researcher at the Institute of Advanced Technology of that university, where he worked
until February 2012.

From 2012 to 2018, he continued his research activities as a leading researcher at the Institute
of Mathematics at the National University of Uzbekistan (Institute of Mathematics of the
Academy of Sciences of the Republic of Uzbekistan).

In 2018, he was appointed to the position of the head of the laboratory ”Differential Equations
and their Applications” of the Institute of Mathematics of the Academy of Sciences of the
Republic of Uzbekistan, where he still holds the position of the head of this laboratory.

R.R. Ashurov visited China, Iran, Germany and Russia as Rector of the National University
of Uzbekistan. He continues to regularly visit Russia, the United Kingdom, the United States,
Japan, Bulgaria, Germany, Italy, Hong Kong, Malaysia, the United Arab Emirates, Brazil,
Finland, Turkey, China, Belgium and other countries to conduct research and give lectures.

R.R. Ashurov has published more than 150 scientific articles, textbooks and teaching aids
(including more than 100 articles published in prestigious foreign journals). One of them
is the textbook ”Mathematical Analysis”, which was twice reprinted, published jointly with
Academician of the Academy of Sciences of Uzbekistan Sh.A. Alimov. Moreover, R.R. Ashurov
is the author of several monographs published in the Republic of Uzbekistan and leading foreign
countries.

R.R. Ashurov is a member of the editorial board of the following scientific journals in math-
ematics: ”Uzbek Mathematical Journal Bulletin of the Institute of Mathematics”, ”Vestnik
KRAUNTS”, ”Fractional Differential Equations Zagreb, Croatia”, ”Computational Mathemat-
ics and Modeling”.

Among R.R. Ashurov’s students are 5 doctors of sciences, 8 candidates of sciences, who work
in Uzbekistan, Malaysia, Canada and the Arab Republic of Egypt. Currently, 5 of his graduate
students are on the verge of defending their PhD dissertation. R.R. Ashurov has also done
significant work to attract young people to science at the National University of Uzbekistan,
where he constantly organizes scientific seminars and discusses scientific papers with graduate
and undergraduate students.

We sincerely congratulate Ravshan Rajabovich on his jubilee, wish him good health, great
success in scientific and pedagogical activities, family happiness and long life.

Students and Editorial Board
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On the solvability of the Cauchy problem in Gevrey classes for the
equation with Weyl fractional derivative

Alimov Sh.

Dedicated to the 70 th birthday of Professor Ravshan Radjabovich Ashurov

Abstract. A new representation of fractional-order Weyl derivatives is given. The Cauchy
problem is studied for partial differential equations containing Weyl derivatives. The conditions
under which this problem has solutions from the Gevrey classes are found.

Keywords: Weyl derivatives of fractional order, Cauchy problem, Gevrey classes
MSC (2020): 35R11, 34A12

1. Introduction

1.1. Fractional Weyl derivative. Consider the Hilbert space H0 of 2π-periodic functions
orthogonal to unity:

H0 = {f ∈ L2[−π, π] :

π∫
−π

f(x) dx = 0},

with the usual inner product

(f, g) =

π∫
−π

f(x)g(x) dx.

Let the Fourier series of the function f ∈ H0 have the form

f(x) =
∞∑
k=1

(ak cos kx+ bk sin kx). (1.1)

For any α > 0, the symbol Hα denotes the Sobolev class of functions f ∈ H0 for which the
norm

‖f‖2
α =

∞∑
k=1

k2α(a2
k + b2

k)

is finite.
For any α ∈ R and any function f ∈ Hβ, where β = max{α, 0}, we define the Weyl fractional

differentiation operator ∂α by the equality

∂αf(x) =
∞∑
k=1

kα
[
ak cos

(
kx+

πα

2

)
+ bk sin

(
kx+

πα

2

)]
(1.2)

(see [19], and also [14], Chapter. 4, §19).
Note that for any m ∈ N, the equality holds

∂mf(x) = f (m)(x),

understood in the sense of L2[−π, π] metrics.
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1.2. The Cauchy problem. Let 0 < α ≤ 2. Consider equation

utt(x, t) + ∂αu(x, t) = 0, −π ≤ x ≤ π, t > 0, (1.3)

with initial conditions
u(x, 0) = f(x), ut(x, 0) = 0. (1.4)

For 0 < α < 1, equation (1.3) is related to the inverse problem for the subdiffusion equation,
which, according to the authors of numerous works (see, for example, [9, 12, 10, 3]), more
adequately describes various evolutionary processes, including the type of pandemic.

Note that for α = 2, problem (1.3)-(1.4) is a Cauchy problem for the Laplace equation.
Although according to the famous example of J. Hadamard (see [5], [7]), this problem is ill-
posed, nevertheless it finds wide application in solving important applied problems (see [15]).

Let T > 0. For any m ∈ N and α ∈ R, we define the space of Cm(Hα, T ) functions

u : Hα × (0, T )→ R,

such that u(x, t) has derivatives with respect to t of the order of m inside the interval (0, T ),
continuous according to the norm of the space Hα.

As a solution to the Cauchy problem (1.3)-(1.4) on the interval (0, T ), we call the function
u(x, t) from the class C2(Hα, T ) satisfying equation (1.3) and the initial conditions (1.4) in the
following sense:

lim
t→0

π∫
−π

|u(x, t)− f(x)|2 dx = 0, (1.5)

and

lim
t→0

π∫
−π

∣∣∣∣∂u(x, t)

∂t

∣∣∣∣2 dx = 0. (1.6)

The purpose of this paper is to find out the class whose membership of the initial function
f(x) ensures the existence of a solution to the Cauchy problem (1.3)-(1.4).

1.3. Gevrey classes.

Definition 1.1. Let σ ≥ 1 and p ≥ 1. We say that the function f ∈ C∞[−π, π] belongs to
the class Gevrey Gσ

p [−π, π] if there exists a constant M = M(f) such that for any α > 0 the
estimate

‖∂αf‖Lp[−π,π] ≤ Mα[Γ(α + 1)]σ (1.7)

is valid.

On the right side of (1.7) is the Euler gamma function.
If we limit ourselves to the requirement of performing estimate (1.7) for all α ∈ N only, then

the corresponding class will coincide with the Gevrey class Jσp [−π, π], which was considered
in [16, 17, 18] (see also [8], Chapter VI, §4, and [6], Chapter 8, Sec. 8.4.) It is clear that
Gσ
p [−π, π] ⊂ Jσp [−π, π].
In this paper, we obtain the following result on the solvability in the Gevrey classes Gσ

2 [−π, π]
of the Cauchy problem (1.3)-(1.4) on the half-line t > 0.

Theorem 1.2. Let σα < 2. Then for any function f ∈ Gσ
2 [−π, π], a solution to the Cauchy

problem (1.3)-(1.4) exists on the half-line t > 0 and is unique.

The next result relates to the critical case when the Gevrey class exponent σ and the order
α of the fractional differentiation operator are related by the equality σα = 2. In this case, it
is possible to prove only local solvability.
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Theorem 1.3. Let σα = 2. Let the function f belong to the class Gevrey Gσ
2 [−π, π]. Then the

solution of the Cauchy problem (1.3)-(1.4) exists on the interval 0 ≤ t < T (α), where

T (α) =
2M−α/2

α sin πα
4

. (1.8)

Note that in the case of α = 2, when T (α) = 1/M , a similar result for analytical functions
was obtained in [2]. This paper also shows that the found interval for the existence of a solution
cannot be increased.

2. Elementary properties of the Weyl derivative

We introduce a two-dimensional vector of the trigonometric system

Tk(x) =

(
cos kx
sin kx

)
.

The vector of the Fourier coefficients of the function (1.1) is

fk =
1

π

π∫
−π

f(x)Tk(x) dx =

(
ak
bk

)
.

The decomposition of the function f ∈ H0 into a Fourier series can be written as follows:

f(x) =
∞∑
k=1

fkTk(x).

The Parseval equality takes the form

‖f‖2 = π
∞∑
k=1

|fk|2. (2.1)

In what follows, the main role is played by (2×2)-matrix of clockwise rotation by the angle
πα/2:

Jα =

∥∥∥∥ cos πα
2

sin πα
2

− sin πα
2

cos πα
2

∥∥∥∥ . (2.2)

Let’s introduce the ”imaginary” component of this matrix:

J =

∥∥∥∥ 0 1
−1 0

∥∥∥∥ .
Note that the matrix J is related to the Pauli matrix σy by the relation J = iσy (see, for

example, [11], Ch. 8, §55, formula (55.7)). The matrix (2.2) can be written as follows:

Jα = cos
πα

2
I + sin

πα

2
J, (2.3)

where I is the identity matrix. In particular, J1 = J , and J2 = −I.
Using the matrix Jα, the fractional Weyl derivative of the order of α can be written as follows:

∂αf(x) =
∞∑
k=1

kα(Jαfk)Tk(x). (2.4)
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The coincidence of the right-hand sides of formulas (2.4) and (1.2) is checked by direct
calculation.

Indeed, by opening the parentheses in definition (1.2) and grouping the coefficients for cos kx
and sin kx, we get

∂αf(x) =
∞∑
k=1

kα
[(
ak cos

πα

2
+ bk sin

πα

2

)
cos kx+

(
bk cos

πα

2
− ak sin

πα

2

)
sin kx

]
.

Taking into account the definition of the matrix (2.2), from here we obtain the required
equality (2.4). Thus, equality (2.4) can be considered as an equivalent definition of the Weyl
derivative of fractional order α.

For an arbitrary number sequence {ck}, we define the operator

Bf(x) =
∞∑
k=1

ck · (Jαfk)Tk(x)

with a natural domain of definition

D(B) = {f ∈ H0 :
∞∑
k=1

|ck|2|Jαfk|2 < +∞}.

Below we will need the following simple statement.

Proposition 2.1. Equality

‖Bf‖2 = π
∞∑
k=1

|ck|2|fk|2

holds for any function f ∈ D(B).

The validity of this equality follows directly from the fact that the matrix Jα is orthogonal.
It follows from proposition 1 and from (2.4) that for any function f ∈ Hα the equality

‖∂αf‖2 = π
∞∑
k=1

k2α|fk|2 (2.5)

holds.

3. Fourier coefficients of functions from the Gevrey classes

Let 0 < ρ < 1. Consider the function

Φρ(t) = t1/ρ−1eρt
1/ρ

, t > 0. (3.1)

Lemma 3.1. Let µ > 0, β > 0, and σ ≥ 1. If βσ < 1, then for any θ > (β/2)βσ and for an
arbitrary function f ∈ Gσ

2 [−π, π] the estimate

∞∑
k=1

f 2
ke

µkβ ≤ CθΦ1−βσ(θµMβ(f)) (3.2)

is valid, where M = M(f) is a constant included in the definition (1.7).
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Proof. Decomposing the exponent into a power series and taking into account equality (2.5),
we obtain

∞∑
k=1

f 2
ke

µkβ =
∞∑
k=1

f 2
k

∞∑
n=0

µnkβn

n!
=

∞∑
n=0

µn

n!

∞∑
k=1

f 2
k k

βn =

=
∞∑
n=0

µn

Γ(n+ 1)
‖∂nβ/2f‖2.

Then, according to (1.7), for f ∈ Gσ
2 [−π, π] we get

∞∑
k=1

f 2
ke

µkβ ≤
∞∑
n=0

µn

Γ(n+ 1)
Mβn[Γ(nβ/2 + 1)]2σ. (3.3)

Next, applying Stirling’s formula (see [20], §12.33), for each term Bn of the series (3.3), we
obtain

Bn =
µnMβn[Γ(nβ/2 + 1)]2σ

Γ(n+ 1)
' µnMnβ

√
2πn

· e
n

nn
·
[√

πnβ

(
nβ

2e

)nβ/2]2σ

.

Here and everywhere below, the notation Bn ' An means that equality

Bn = An

(
1 +

O(1)

n

)
holds.

Therefore,

Bn '
µnenMnβ

√
2πn

· (πnβ)σ
(
β

2e

)nβσ
· n(βσ−1)n.

Thus,

Bn ' C1
nσ−1/2

n(1−βσ)n

[
µeMβ

(
β

2e

)βσ]n
, (3.4)

where

C1 =
(πβ)σ√

2π
.

Note that for ρ ∈ R

nρn =
eρn

(
√

2πn)ρ

(√
2πn · n

n

en

)ρ
' eρn

(
√

2πn)ρ
(n!)ρ.

Hence,

n(1−βσ)n = ' e(1−βσ)n

(
√

2πn)1−βσ
(n!)1−βσ . (3.5)

Substituting estimate (3.5) into (3.4), we obtain the following important asymptotic equality:

Bn ' C1
(
√

2π)1−βσ · nσ(1−β/2)

(n!)1−βσ

[
µMβ

(
β

2

)βσ]n
. (3.6)

Note that for any p > 1 the inequality holds

nσ(1−β/2) · p−n ≤ const, n ∈ N,
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where the constant does not depend on n.
Applying this inequality to the right-hand side of (3.6), we obtain the following estimate:

Bn ≤
C

(n!)1−βσ

[
pµMβ

(
β

2

)βσ]n
.

Set θ = p
(
β
2

)βσ
. Then from (3.3) we get

∞∑
k=1

f 2
ke

µkβ ≤ C
∞∑
n=0

(
θµMβ

)n
(n!)1−βσ . (3.7)

Consider for 0 < ρ ≤ 1 the function

Fρ(z) =
∞∑
n=0

zn

(n!)ρ
, z ∈ C.

For this function, the following estimate is valid on a real half-line (see [1]):

Fρ(z) ≤ 12

ρ2
z1/ρ−1 · eρz1/ρ

, z ≥ 1. (3.8)

Set ρ = 1− βσ and z = θµMβ . Substituting these values in (3.8), from (3.7) and (3.1) we
obtain the required estimate (3.2). �

Corollary 3.2. Under the conditions of Lemma 2.1, for any s > 0 and any δ > 0, the estimate
is valid

∞∑
k=1

ksf 2
ke

µkβ ≤ Cθ(s, δ)Φ1−βσ(θ(µ+ δ)Mβ(f)).

Proof. Indeed, for any s > 0 and any δ > 0, the inequality holds

kse−δk
β ≤ const, k ∈ N, (3.9)

where the constant does not depend on k.
Therefore, according to (3.2),

∞∑
k=1

ksf 2
ke

µkβ =
∞∑
k=1

kse−δk
β

f 2
ke

(µ+δ)kβ ≤ C
∞∑
k=1

f 2
ke

(µ+δ)kβ ≤

≤ CΦ1−βσ(θ(µ+ δ)Mβ(f)).

�

Set

µβ =
2

βMβ
. (3.10)

Lemma 3.3. Let µ > 0, β > 0, and σ ≥ 1. If βσ = 1 then for any function f ∈ Hσ if
condition

µ < µβ

is fulfilled, the following estimate

∞∑
k=1

f 2
ke

µkβ ≤ C

(
1− µ

µβ

)−σ−1/2

(3.11)

is valid.
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Proof. Note that inequality (3.3) is also valid for βσ = 1. In this case, we can use the relation
(3.4), according to which

Bn ' C1n
σ−1/2

[
βµMβ

2

]n
.

Denoting q = βµMβ

2
, from (3.3) we obtain

∞∑
k=1

f 2
ke

µkβ ≤ C
∞∑
n=1

nσ−1/2qn ≤ C

(1− q)σ+1/2
. (3.12)

Since

(1− q)σ+1/2 =

(
1− βµMβ

2

)σ+1/2

,

then from (3.10) and (3.12) follows the required estimate (3.11).
�

Corollary 3.4. Let µ∗ be an arbitrary number from the interval 0 < µ∗ < µβ, where µβ is
defined by equality (3.10). Then, under the conditions of Lemma 2, for any s > 0, the estimate

∞∑
k=1

ksf 2
ke

µkβ ≤ const

is valid uniformly over the interval 0 ≤ µ ≤ µ∗.

Proof. Indeed, set δ = (µβ − µ∗)/2. Then

µ+ δ ≤ µ∗ + δ = µβ − δ.

In this case, using estimates (3.9) and (3.11), we obtain

∞∑
k=1

ksf 2
ke

µkβ ≤ C
∞∑
k=1

f 2
ke

(µ+δ)kβ ≤ C
∞∑
k=1

f 2
ke

(µβ−δ)kβ ≤

≤ C

(
1− µβ − δ

µβ

)−σ−1/2

= const.

�

4. Solvability of the Cauchy problem

4.1. Auxiliary identities. For any vector v ∈ R2, we put |v| =
√
v2

1 + v2
2 and introduce the

norm of the (2× 2)−matrix A by equality

‖A‖ = sup
|v|=1

|Av|.

Let the function F (z) be analytic in a disk of radius R > 0. For any matrix A with norm
‖A‖ < R, we define the matrix function

F (A) =
∞∑
m=0

F (m)(0)

m!
Am

(see. [4], volume. V, §4).
Note that for any two vectors u ∈ R2 and v ∈ R2, the equality holds:

d

dt
(F (tA)u, v) = (F ′(tA)Au, v), ‖tA‖ ≤ R.
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Proposition 4.1. If the function F (z) is even and the function G(z) is odd, then for any µ
from the disk of convergence of these functions the following equalities hold:

F (µJ) = F (iµ)I, G(µJ) = −i G(iµ)J.

Proof. Since J2 = −I, then

F (µJ) =
∞∑
k=0

F (2k)(0)

(2k)!
µ2kJ2k =

∞∑
k=0

F (2k)(0)

(2k)!
µ2k(−I)k =

=
∞∑
k=0

F (2k)(0)

(2k)!
(iµ)2kI = F (iµ)I.

Further,

G(µJ) =
∞∑
k=0

G(2k+1)(0)

(2k + 1)!
µ2k+1J2k+1 =

∞∑
k=0

G(2k+1)(0)

(2k + 1)!
µ2k+1(−I)kJ =

=
∞∑
k=0

G(2k+1)(0)

(2k + 1)!
(iµ)2kµJ = −i

∞∑
k=0

G(2k+1)(0)

(2k + 1)!
(iµ)2k+1J = −iG(iµ)J.

�

Corollary 4.2. For any a ∈ R and b ∈ R, the equalities hold

cos(aI + bJ) = (cos a cosh b)I − (sin a sinh b)J, (4.1)

sin(aI + bJ) = (sin a cosh b)I + (cos a sinh b)J. (4.2)

Proof. Indeed, according to the above,

cos(aI + bJ) = cos aI cos bJ − sin aI sin bJ =

= (cos a cos ib)I − (−i sin a sin ib)J = (cos a cosh b)I − (sin a sinh b)J.

The validity of equality (4.2) is checked in the same way.

sin(aI + bJ) = sin aI cos bJ + cos aI sin bJ =

= (sin a cosh b)I + cos a(−i sin ib)J = (sin a cosh b)I + (cos a sinh b)J.

�

4.2. Proof of Theorem 1.2. The proof of Theorems 1.2 and 1.3 is based on the Fourier
method, the application of which shows that if a solution to the Cauchy problem (1.3)-(1.4)
exists, then its decomposition into a Fourier series should have the form

u(x, t) =
∞∑
k=1

[cos(tkα/2Jα/2)fk]Tk(x). (4.3)

In this section, we show that, if the conditions of Theorem 1.2 are fulfilled, function (4.3) is
indeed a solution to the Cauchy problem (1.3)-(1.4) on a half-line t > 0.
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According to (2.3), equality is valid

cos(tkα/2Jα/2) = cos
[
tkα/2

(
cos

πα

4
I + sin

πα

4
J
)]
.

In order to shorten the entries, we will use the following notation throughout to the end of
this paragraph:

β =
α

2
, a = cos

πα

4
, b = sin

πα

4
. (4.4)

Then, according to (4.1),

cos(tkβJβ) = cos
(
tkβa

)
cosh

(
tkβb

)
I − sin

(
tkβa

)
sinh

(
tkβb

)
J. (4.5)

Set

u1(x, t) =
∞∑
k=1

cos
(
tkβa

)
cosh

(
tkβb

)
fkTk(x), (4.6)

u2(x, t) =
∞∑
k=1

sin
(
tkβa

)
sinh

(
tkβb

)
(Jfk)Tk(x). (4.7)

Then the function (4.3) can be written as follows:

u(x, t) = u1(x, t)− u2(x, t). (4.8)

Lemma 4.3. Let f ∈ Gσ
2 [−π, π], where σ < 2/α. Then the function (4.6) for every t > 0

belongs to L2[−π, π] and the equality holds

lim
t→0

π∫
−π

|u1(x, t)− f(x)|2 dx = 0. (4.9)

Proof. According to (4.6),

f(x)− u1(x, t) =
∞∑
k=1

[
1− cos(kβta) cosh(kβtb)

]
fkTk(x)

Taking into account the Parseval equality (2.1), we get:

π∫
−π

|u1(x, t)− f(x)|2 dx = π
∞∑
k=1

[
1− cos(kβta) cosh(kβtb)

]2 |fk|2. (4.10)

We fix an arbitrary T > 0. For any t from the interval 0 ≤ t ≤ T and for all k ∈ N, the
estimate [

1− cos(kβta) cosh(kβtb)
]2 ≤ 4 cosh2(kβtb) ≤ 4e2kβTb

is valid.
According to Lemma 1, the number series

∞∑
k=1

e2kβTb|fk|2

converges for any T > 0. Therefore, according to Weierstrass’s uniform convergence theorem
(see [13], Chapter 7, Th. 7.10), the series on the right side of (4.10) converges uniformly on the
interval 0 ≤ t ≤ T and is a continuous function. Since at t = 0 the sum of this series is zero,
the required equality (4.9) holds.

�
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Lemma 4.4. Let f ∈ Gσ
2 [−π, π], where σ < 2/α. Then the function (4.7)) for every t > 0

belongs to L2[−π, π] and the equality holds

lim
t→0

π∫
−π

|u2(x, t)|2 dx = 0.

Proof. is quite similar to the proof of Lemma 2.3. To do this, we should apply Proposition 1
to decomposition (4.7)):

π∫
−π

|u2(x, t)|2 dx = π
∞∑
k=1

[
sin(kβta) sinh(kβtb)

]2 |fk|2,
then use the estimate [

sin(kβta) sinh(kβtb)
]2 ≤ sinh2(kβtb) ≤ e2kβTb.

�

Corollary 4.5. The function (4.3) satisfies the condition (1.5).

The validity of this statement follows from Lemmas 2.3 and 2.4 and equality (4.8).

Lemma 4.6. Let f ∈ Gσ
2 [−π, π], where σ < 2/α. Then the function (4.3) has a derivative with

respect to t, which for every t > 0 belongs to L2[−π, π] and satisfies the condition (1.6).

Proof. First, we show that the formally differentiated series (4.3) converges in the norm
L2[−π, π] uniformly over t on any interval 0 ≤ t ≤ T .

We have,

ut(x, t) = −
∞∑
k=1

kβ[sin(tkβJβ)Jβfk]Tk(x). (4.11)

According to (2.3), (4.2) and (4.4),

sin(tkβJβ) = sin
[
tkβ (aI + bJ)

]
=

= sin(tkβa) · cosh(tkβb)I + cos(tkβa) · sinh(tkβb)J.

Set

v1(x, t) = −
∞∑
k=1

kβ sin(kβta) · cosh(kβtb)(Jβfk)Tk(x), (4.12)

v2(x, t) = −
∞∑
k=1

kβ cos(kβta) · sinh(kβtb)(Jβ+1fk)Tk(x).

Then the derivative (4.11) of the function (4.3) can be written as follows:

ut(x, t) = v1(x, t) + v2(x, t).

According to Parseval’s equality (see Proposition 2.1),

π∫
−π

|v1(x, t)|2 dx = π
∞∑
k=1

k2β[sin(kβta) · cosh(kβtb)]2|fk|2. (4.13)
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Next, let’s use the estimate

[sin(kβta) · cosh(kβtb)]2 ≤ e2tkβ .

From this estimate and the corollary of Lemma 2.1, it follows that the convergence of the
series (4.12) is uniform over t on any interval 0 ≤ t ≤ T . Consequently, the integral (4.13)
tends to zero at t→ 0.

Let’s move on to estimate the integral

π∫
−π

|v2(x, t)|2 dx = π
∞∑
k=1

k2β[cos(kβta) · sinh(kβtb)]2|fk|2.

To do this, we note that the following inequality holds:

[cos(kβta) · sinh(kβtb)]2 ≤ 1

4
e2kβtb,

the application of which completes the proof of the lemma.
�

Lemma 4.7. Let f ∈ Gσ
2 [−π, π], where σ < 2/α. Then the function (4.3) is the solution of

the Cauchy problem (1.3)-(1.4).

Proof. 1) Formally differentiating the series (4.3) twice by t, we obtain

utt(x, t) = −
∞∑
k=1

k2β
[
cos(tkβJβ)J2βfk

]
Tk(x). (4.14)

Let’s apply the operator ∂α to the series (4.3), considering that α = 2β. As a result, we get

∂2βu(x, t) =
∞∑
k=1

k2βJ2β
[
cos(tkβJβ)fk

]
Tk(x). (4.15)

According to the Corollary 3.2 of Lemma 2.1, both series (4.14) and (4.15) converge in the
metric L2[−π, π] uniformly over t on any interval of the positive half-line. In this case, it follows
from the equality of these two series that function (4.3) satisfies equation (1.3).

2) According to the Corollary of Lemma 2.4, function (4.3) satisfies condition (1.5).
3) According to Lemma 2.5, function (4.3) satisfies condition (1.6).
Thus, it is proved that function (4.3) is a solution to the Cauchy problem (1.3)-(1.4).

�

Lemma 2.6 completes the proof of Theorem 1.2.
It follows from the Corollary of Lemma 2.3 that, if the conditions of Theorem 1.2 are fulfilled,

the solution (4.3) of the Cauchy problem is an infinitely differentiable function with respect to
x and t in the domain

[−π, π]× R+ = {(x, t) ∈ R2 : −π ≤ x ≤ π, t ≥ 0}.
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4.3. Proof of the Theorem 1.3. Assume that σα = 2. We show that in this case, function
(4.3) is a solution to the Cauchy problem (1.3)-(1.4) in the interval 0 ≤ t < T (α), where T (α)
is determined by equality (1.8). To do this, it suffices to prove that series (4.3) and all the
series obtained from it by formal differentiation converge in L2[−π, π] uniformly over t in any
interval 0 ≤ t ≤ T , where T < T (α).

The proof follows the same pattern as the proof of Lemmas 2.3-2.5. Let us show, for example,
how the convergence of the series (4.15) can be estimated.

Using equality (4.5), we represent this series as

utt(x, t) = w1(x, t) − w2(x, t),

where

w1(x, t) =
∞∑
k=1

k2β cos
(
tkβa

)
cosh

(
tkβb

)
(J2βfk)Tk(x),

w2(x, t) =
∞∑
k=1

k2β sin
(
tkβa

)
sinh

(
tkβb

)
(J2β+1fk)Tk(x).

Next, we apply Proposition 2.1, according to which the following equalities are fulfilled

‖w1(·, t)‖2 = π
∞∑
k=1

k4β
[
cos
(
tkβa

)
cosh

(
tkβb

)]2 |fk|2, (4.16)

‖w2(·, t)‖2 = π
∞∑
k=1

k4β
[
sin
(
tkβa

)
sinh

(
tkβb

)]2 |fk|2. (4.17)

To prove the uniform convergence of the series (4.16), we use the estimate

[
cos
(
tkβa

)
cosh

(
tkβb

)]2 ≤ e2btkβ .

It follows from this estimate that for 0 ≤ t ≤ T , the series (4.16) is majorized by a number
series

∞∑
k=1

k4βe2bTkβ |fk|2. (4.18)

As a consequence of Lemma 2.2, the series (4.18) converges at 2bT < 2
ββ

, i.e. at T < T (α).

In this case, due to the Weierstrass theorem, the series (4.16) converges uniformly along t from
the interval 0 ≤ t ≤ T .

Similarly, the uniform convergence of the series (4.17) is proved, and the following estimate
should be used: [

sin
(
tkβa

)
sinh

(
tkβb

)]2 ≤ 1

4
e2btkβ .

From the uniform convergence on the interval 0 ≤ t ≤ T of the series (4.3) and all the series
obtained from this series by direct differentiation, it follows that the function (4.3) satisfies
equation (1.3), as well as the initial conditions (1.4).

Thus, Theorem 1.3 is proved.
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Alexandrov, which makes it possible to prove the existence of a solution to the Monge-Ampere
equation in non-convex and non-simply connected domains with different boundary conditions.
The problem of A.D. Alexandrov will lead to the solution of the Monge-Ampere equation, which
is a special case of solutions to the equation proved by I.Ya. Bakelman.

Keywords: Convex polyhedron, convex surface, extrinsic curvature, non-Euclidean space,
spherical mapping, additive set function, hyperbolic space.
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1. Introduction

The study of intrinsic geometry was begun at the beginning of the 19th century by the great
mathematician of this century, Gauss. He defined the concept of the extrinsic curvature of a
convex surface as the area of its spherical mapping. One of Gauss’s remarkable theorems is
the equality of the intrinsic and extrinsic curvature of regular surfaces. In the 20th century,
A.D. Alexandrov generalized the concept of spherical mapping for convex polyhedron and
introduced the concept of extrinsic curvature of convex polyhedron as the area of its spherical
mapping [1]. A.D. Alexandrov was the first to pose and solve the problem of the existence of
a convex polyhedron with given values of extrinsic curvature at the vertices. Let us formulate
this problem:

Let a convex polygon Γ bounding domain D be given on the plane. Points A1, A2, ..., An are
marked inside the domain D. A closed polyline L is given in space, which uniquely projects onto
the polygon Γ. Consider the class W of convex polyhedra with a boundary L that uniquely
projects into the domain D and vertices Ai that project onto points Ai and have no other
vertices.

The problem, that is, A.D. Alexandrov’s problem on the existence of a convex polyhedron
with given values of extrinsic curvature, is as follows:
If numbers ω1, ω2, ..., ωn are given, does there exist a convex polyhedron F ∈ W with extrinsic
curvature at the vertices of this polyhedron equal to the given numbers.

This problem was solved by A.D. Alexandrov himself and a positive answer was given [2].
A.V. Pogorelov also solved this problem in Euclidean space with another method, which was
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called Pogorelov’s extreme method [13]. In Lobachevsky space this problem was solved by
A.L. Verner [16]. The work of A. Artykbaev was devoted to solving this problem in other
three-dimensional non-Euclidean spaces [3]. There are 27 three-dimensional spaces, according
to the Cayley-Klein theory, but this problem is mainly solved in eight of these spaces. Also in
[4] a general method is given for constructing an analogue of a spherical mapping in all spaces
with projective metrics, that is, a method for determining the extrinsic curvature of convex
surfaces.In addition, the possibility of formulating and solving the generalized problem of A.D.
Alexandrov for non-convex and non-simply connected domains is indicated.

2. Preliminaries

For regular surfaces, A.D. Alexandrov’s problem is formulated as follows [8, 9]:
Let a convex domain D with boundary ∂D be given on the plane. A closed curve L is given
in space and uniquely projects onto the boundary ∂D of the domain D. Consider the Borel
set M ⊂ D and µ(M) is a positively completely additive function defined on the Borel sets
M ⊂ D.

Problem:Under what conditions to the function µ(M), there is a convex surface, the ex-
trinsic curvature of the domain M ′ projected onto M is equal to the value of µ(M), that is,
ωF (M ′) = µ(M).

2.1. How is A.D. Alexandrov’s problem associated with the Monge-Ampere equa-
tion. Let F be a regular convex surface with boundary L, which is uniquely projected into
the domain D. The concept of extrinsic curvature of a convex surface transferred to a plane is
introduced.If the surface is given by the equation:

z = z(x, y), (x, y) ∈ D (2.1)

then each tangent plane given by the equation:

z − z0 = zx(x0, y0)(x− x0) + zy(x0, y0)(y − y0) (2.2)

is associated with a point on the unit sphere S2 with coordinates:

{ zx√
1 + z2

x + z2
y

,
zy√

1 + z2
x + z2

y

,− 1√
1 + z2

x + z2
y

} (2.3)

This point on the sphere S2 is called the spherical image of the point (x0, y0) ∈ D relative to
the surface F .If we consider the set M ⊂ D, then the spherical image of the points (x, y) ∈M
forms a certain set M∗ ⊂ S2. The area of the set M∗ ⊂ S2 is called the extrinsic curvature of
the set M relative to the surface F and is denoted by ωF (M) = S(M∗) [6].

If the surface F is given by equation (2.1), then the area of its spherical image is calculated
by the following formula:

S(M∗) =

∫∫
M

zxxzyy − z2
xy

(1 + z2
x + z2

y)
3
2

dxdy (2.4)

But the extrinsic curvature of the surface F transferred to the plane is defined as a function of
the set [8, 9]:

ωF (M) =

∫∫
M

ϕ(x, y)dxdy (2.5)

Equating expressions (2.4) and (2.5) we obtain:

zxxzyy − z2
xy = (1 + z2

x + z2
y)

3
2ϕ(x, y) (2.6)
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(2.6) is called the Monge-Ampere equation. If ϕ(x, y) > 0, then (2.6) is elliptic [14].Equality
(2.4), (2.5) and (2.6) show that finding a convex surface F with a given extrinsic curvature is
equivalent to solve the Dirichlet problem for the elliptic Monge-Ampere equation [5, 12].

2.2. Extrinsic curvature of convex surfaces of non-Euclidean space. In [3], A. Artyk-
baev generalized the concept of a spherical mapping of convex surfaces for all non-Euclidean
spaces with projective metrics and called it a cylindrical mapping. The area of the cylindrical
mapping is analogous to Euclidean space and is called the extrinsic curvature of the convex
surface of this non-Euclidean space. In a special case, the matching principle constructed in
the work [3] for Galilean space can be given in the following diagram (Fig.1): A scheme of map-

Figure 1.

pings leading to the concept of a cylindrical mapping of a convex surface Φ in a Galilean space
R1

3. The dotted lines denote inclusion maps of the spheres S12
3 (co-Galilean space) and S1

2(the
co-Euclidean plane) respectively into R23

4 (semi-Euclidean space) and R2
3 (isotropic space). The

arrows denote maps of Φ . But it should be noted that this scheme for a specific non-Euclidean
space has an individual character. Therefore, in each case it is necessary to construct a cor-
responding mapping. In this regard, for specific non-Euclidean spaces, extrinsic curvature has
been defined by various authors. But the principle of calculation differs little from each other.
The extrinsic curvature of convex surfaces transferred to a plane in Galilean space is given in
[3]. The form of the formula for extrinsic curvature in Galilean space significantly depends
on the geometry of the plane onto which the convex surface is projected. If a surface Φ of
a Galilean space R1

3{x, y, z} is projected onto the plane Oxy, the extrinsic curvature of the
surface Φ : z = z(x, y) transferred to the plane is calculated by the formula:

ωF (M) =

∫∫
M

zxxzyy − z2
xy

(1 + z2
y)

3
2

dxdy (2.7)
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If a surface Ψ : x = x(y, z) is projected onto a singular plane Oyz, the extrinsic curvature is
calculated by the formula:

ωF (M) =

∫∫
M

xyyxzz − x2
yz

(x2
y + x2

z)
3
2

dydz (2.8)

In the work [11], for an isotropic space, when the surface is given by the equation (2.1), the
extrinsic curvature of the surface is calculated by the formula:

ωF (M) =

∫∫
M

zxxzyy − z2
xy

(z2
x + z2

y)
3
2

dxdy (2.9)

It is easy to notice that formulas (2.8) - (2.9) do not differ fundamentally.
It was also proven in [11] that the problem of the existence of a surface by extrinsic curvature
in an isotropic space is equivalent to the problem of recovering a surface by the total curvature.
We present a method for calculating extrinsic curvature in the example of a semi-hyperbolic
space 10S2

3 , which is implemented on the sphere of a semi-pseudo-Euclidean space 10R3
4. If

Ox1x2x3 is the coordinate system of the space 10R3
4, then the sphere of this space is [10]:

10S2
3 = {(x0, x1, x2, x3) ∈ 10R3

4 : −x2
0 + x2

1 + x2
2 = −1} (2.10)

If we use an analogue of A.V. Pogorelov’s mapping,

TX =
X + e0(e0, X)

|(e0, X)|
(2.11)

then the space 10S2
3 is interpreted inside the sphere of the isotropic space R2

3 [7]. The sphere of
isotropic space R2

3{x, y, z} has the equation x2 + y2 = 1, that is, it is affinely a cylinder whose
guide is parallel to the Oz axis. Then the points of space are:

10S2
3{(x, y, z) ∈ R2

3 : x2 + y2 ≤ 1} (2.12)

Moreover, on the plane z = 0, inside the circle x2+y2 = 1, the Lobachevsky plane is interpreted,
which is the plane of space 10S2

3 . If the surface F ⊂ 10S2
3 is given by the equation z =

z(x, y), x2 + y2 ≤ 1, then the extrinsic curvature of the surface transferred to the Oxy plane is
calculated by the formula:

ωF (M) =

∫∫
M

zxxzyy − z2
xy

(z2
x + z2

y)
3
2

(1− z2
x − z2

y)
1
2dxdy (2.13)

3. Main part

The study of works associated with the extrinsic curvature of a surface, where the extrinsic
curvature of a surface transferred to a plane was calculated, showed the following pattern.
From this, for non-Euclidean space, the formula for the extrinsic curvature of a convex surface
transferred to a plane includes the Monge-Ampere operator and some function depending on
through the derivatives zx and zy [3, 9, 11]. Based on this reasoning, we formulate the following
theorem:

Theorem 3.1. The solution to A.D. Alexandrov’s problem using the surface theory of non-
Euclidean spaces is a particular solution to the Dirichlet problem of the Monge-Ampere equation
for

zxxzyy − z2
xy = R(zx, zy)ϕ(x, y) (3.1)

elliptic type, where, ϕ(x, y) > 0.



Applying of the surface theory of non-Euclidean ... 27

Proof. We consider formulas for calculating extrinsic curvature in three-dimensional non-
Euclidean spaces. In this case, we present the formula expression R(p, q) = R(zx, zy) in the
spaces under consideration. In particular for Galilean and isotropic space:

R(zx, zy) = (1 + z2
y)

3
2 , R(zx, zy) = (z2

x + z2
y)

3
2

For Minkowski space:

R(zx, zy) = (1− z2
x − z2

y)
3
2

For Lobachevsky space:

R(zx, zy) =
(1−z2

x−z2
y)

3
2

(1−x2−y2)
1
2

For semihyperbolic space 10S2
3 :

R(zx, zy) =
(z2
x+z2

y)
3
2

(1−z2
x−z2

y)
1
2

It should be noted that in elliptic and semi-elliptic spaces the extrinsic curvature does not
have the property of monotonicity; for this reason, A.D. Alexandrov’s problem has no solution
[15]. �

3.1. Applying of the surface theory of non-Euclidean spaces to the solution of A.D.
Alexandrov’s problem. Solving the problem of recovering convex surfaces from a given ex-
trinsic curvature in non-Euclidean spaces, from the point of view of solving the Monge-Ampere
equation of elliptic type, did not lead to new results. Since from the point of view of equations
it is a special case of the known results [8, 9]. Let us recall that A.D. Alexandrov’s problem is
considered only on a convex domain of the plane or in the whole plane. When considering a
problem in the whole plane, a limit cone is specified, to which the surfaces under consideration
tend. I.Ya. Bakelman, using the solution to the problem of recovering a convex surface from
a given extrinsic curvature, proved the existence and uniqueness of the Dirichlet problem only
for convex domain on the plane.

But thanks to the singularities of the geometry of non-Euclidean spaces, it is possible to
generalize A.D. Alexandrov’s problem to non-Euclidean spaces. Firstly, it is possible to gen-
eralize A.D. Alexandrov’s problem for non-convex and non-simply connected domains. This
possibility was proven in [3], when A.D. Alexandrov’s problem was solved in Galilean space.
In addition, changing the geometry of the domain of definition of the problem will lead to a
change in the boundary condition required for the Dirichlet problem.For example, in Galilean
space this problem was posed and solved in the following formulation:

Let a closed convex curve L2 and a convex curve L1 lying strictly inside L2 be given on the
plane. We denote by K the domain enclosed between L1 and L2. Next, inside the domain K,
a function of Borel sets µ(M) M ⊂ K is given and L a spatial closed curve uniquely projected
on the curve L2 is given in the half-space z > 0, by the equation f(t), t ∈ L2.

Theorem 3.2. If µ(M)− is a non-negative completely additive function of the set M ⊂ K is
bounded for all M ⊂ K for which M ⊂ K, then there exists a solution to the boundary value
problem with boundary conditions:

z|t∈L1 = 0, z|t∈L2 = f(t)

in the ring-shaped domain K.
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The proof of the theorem is based on methods developed by A.D. Alexandrov. First, the
problem is formulated so that it makes sense in the class of polyhedra. After this, in a general-
ized sense, it is solved in the class of convex polyhedra.The solution to the problem for convex
surfaces is obtained by passing to the limit from polyhedra [1, 2]. The entire procedure for
proving the theorem is based on the method of I.Ya. Bakelman developed for Euclidean space
[9]. In addition to the fact that the convexity condition is removed from the domain of the
Monge-Ampere solution under consideration. There are also no requirements for the function
R(zx, zy) to be a summable function. In many cases, solving this problem in non-Euclidean
spaces does not necessarily fulfill this condition.
Finally, it can be stated that the applying of the theory of surfaces of non-Euclidean spaces to
the solution of the problem of the existence of a convex surface with a given extrinsic curvature
will lead to new solutions of the Monge-Ampere equation with different boundary conditions
not only for a convex but also for a non-convex, non-simply connected domains.

References

[1] Alexandrov A.D.; Convex polyhedra. Springer Monographs in Mathematics.–2005.

[2] Alexandrov A.D.; Intrinsic geometry of convex surfaces. Classics of Soviet Mathematics. –2006.

[3] Artykbayev A.; Recovering convex surfaces from the extrinsic curvature in Galilean space.Math. USSR
Sb.–1984.–V.47.–No.1. –pp. 195–214.

[4] Artykbayev A., Sokolov D.D.; Geometry as a whole in space-time. Tashkent, Fan (in Russian). –1991.

[5] Artykbayev A., Ibodullayeva N.M.; The problem of recovering a surface from extrinsic curvature and solving
the Monge-Ampere equation. Itogi nauki i texniki Ser. Sovrem. Math i ee pri. –2021. –201. –pp. 123–131.

[6] Artykbayev A., Ibodullayeva N.M.; Generalized extrinsic curvature of a surface. AIP. Conf. Proc. –2024.–
V.3004.–No.030007. –pp. 1–5.

[7] Artykbaev A., Saitova S.S.; Interpretation of geometry on manifolds as a geometry in a space with projective
metric. J. Math. Sci.–2022.–V.265–No.1.–pp.1–10.

[8] Bakelman I.Ya., Verner A.L., Kantor B.E.; Introduction to the differential geometry as a whole.Moscow,
Nauka (in Russian). –1973.

[9] Bakelman I.Ya.; Convex analysis and nonlinear geometric elliptic equations. Springer,Berlin-Heidelberg.–
2011.

[10] Chen B.Y.; Pseudo-riemannian geometry, δ−invariants and applications. World Scientific Book.–2011.

[11] Ismoilov Sh.Sh.; Geometry of the Monge-Ampere equation in an isotropic space. Uzbek Math.J.–2022.–
V.65.–No.2.–pp.66–77.

[12] Nam Q.L.; Analysis of Monge-Ampere equations. American Math. Soc.–2024.

[13] Pogorelov A.V.; Extrinsic geometry of convex surfaces. Moscow, Science.–1973.

[14] Polyanin A.D.; Lectures on nonlinear equations of mathematical physics. Moskva Ipmex. RAN.–2023.

[15] Vereshagen B.M.; Recovering of a closed convex surface from a given Gaussian curvature function. Voprosi
Glob. Geom (in Russian).–1979.–pp.7–12.

[16] Verner A.L.; Recovering of a total convex surface in Lobachevsky space by the extrinsic curvature. Uch.
zap. Len. ped. in-ta. im. A.I.Gersena.–1960.–V.218.

Artykbaev A.,
Department of Mathematics, Tashkent State Trans-
port University, Tashkent, Uzbekistan
email: aartykbaev@mail.ru
Kholmurodova G.N.,
Department of Mathematics, Tashkent State Trans-
port University, Tashkent, Uzbekistan
email: xolmurodovagulnoza3@gmail.com



An Investigation of non-local and Nonlinear Boundary Value Problems ... 29

Uzbek Mathematical Journal
2025, Volume 69, Issue 2, pp.29-37
DOI: 10.29229/uzmj.2025-2-3

An investigation of non-local and nonlinear boundary value
problems for the fractional subdiffusion equation

Ashurov R., Saparbayev R., Nuraliyeva N.

Dedicated to the 80 th birthday of Academician Shavkat Arifdzhanovich Alimov
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local and nonlinear for the fractional subdiffusion equation within the domain [0, 1] × (0, T ].
The equation is defined using the Caputo fractional derivative of order 0 < α < 1 with respect
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1. Introduction

Consider the fractional subdiffusion equation in the domain (0, 1)× (0, T ],

∂α0tu(x, t)− uxx(x, t) = f(x, t), (1.1)

with the non-local condition

u(x, 0) = g(x, u(x, T )), x ∈ [0, 1], (1.2)

and the boundary conditions

u(0, t) = u(1, t) = 0, t ∈ [0, T ], (1.3)

where ∂α0t is the Caputo fractional derivative of order 0 < α < 1 in the time variable, f(x, t),
g(x,w) are given functions.

Definition 1.1. A function u(t) ∈ C([0, 1] × [0, T ]) with the properties ∂α0tu(x, t), uxx(x, t) ∈
C((0, 1)×(0, T ]) and satisfying conditions (1.1)–(1.3) is called a regular solution of the non-local
problem (1.1)–(1.3).

We first state the main results related to the problem (1.1)–(1.3), with detailed proofs pro-
vided in the subsequent sections.

Theorem 1.2. Let f(x, t) ∈ C([0, 1]×[0, T ]), g(x,w) be continuous functions of their arguments
(x,w) ∈ [0, 1]× R, satisfying the following Lipschitz condition

|g(x,w)| ≤ L|w|, 0 < L <
1√

Eα(Tα)
. (1.4)

Then the solution of (1.1)–(1.3) satisfies the following a priori estimate

‖u(·, t)‖2 ≤
[
L2Eα,α(Tα)

1− L2Eα(Tα)
Eα(tα) + Eα,α(tα)

]
T

α
max
[0,T ]
‖f(·, t)‖,

where ‖u(·, t)‖2 =
∫ 1

0 u
2(x, t)dx and Eα(·), Eα,τ (·) are the Mittag–Leffler functions.
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Theorem 1.3. Let the following conditions hold:
1. f(x, t) ∈ C([0, 1]× [0, T ]);

2. L <
Γ(1−α

2 )
Γ(α2 )T 1−α2

;

3. condition (1.4) holds for the function g(x,w).
Then the problem (1.1)–(1.3) has a unique solution.

Many scientists have studied various non-local conditional problems for subdiffusion equa-
tions.

If g = ψ(x), then such initial-boundary value problems have been studied in papers such as
[2] and [9].

It should be noted that various problems have been considered even when the function g is
linear, as can be seen in [3], [4], and [10].

The subdiffusion equation with the condition

u(ξ) = δu(0) + ϕ, 0 < ξ ≤ T, δ = const

(instead of condition (1.2)) is studied in detail in [3]. In that work, the values of the parameter
that ensure the existence and uniqueness of the solution are determined. In other cases, the
authors establish certain orthogonality conditions for f(t) and ϕ that guarantee the existence
of a solution; however, uniqueness is not ensured in those cases.

In [4] and [10], the authors employed linear non-local conditions depending on three param-
eters to solve equation (1.1).

The work [4] involves a pointwise non-local condition of the form:

αu(0) + βu(T ) = γu(ξ) + ϕ,

while the paper [10] includes an integral non-local condition:

αu(0) + βu(T ) + γ

∫ T

0

u(η) dη = ϕ.

Both problems are formulated in terms of the Caputo fractional derivative of order 0 < α < 1,
and the elliptic part is represented by a self-adjoint positive operator in a separable Hilbert
space. The authors establish existence and uniqueness theorems for the solutions of both
problems. Furthermore, they identify sufficient conditions that guarantee the uniqueness of the
solution. The influence of the parameters α, β, and γ on the existence and uniqueness of the
solutions is thoroughly analyzed.

In all of the aforementioned works, the Fourier method was employed. In contrast, the
present study differs by incorporating a nonlinear non-local condition, and an unconventional
approach is used to solve the problem.

2. Preliminaries

In this section, we introduce the definitions of the fractional integral and derivative, present
an auxiliary problem essential for proving the main theorems, and state necessary lemmas.

Let h(t) be a function defined on the interval [a, b], and let σ > 0. The Riemann–Liouville
fractional integral of order σ is defined by (see [6]):

D−σ0t h(t) =
1

Γ(σ)

∫ t

0

(t− τ)σ−1h(τ) dτ, (2.1)

provided that the right-hand side exists point-wise. As usual, Γ(σ) is Euler’s gamma function.
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The Caputo fractional derivative of order 0 < ρ < 1 for the function h(t) is defined as (see,
e.g., [6], p. 92):

∂α0th(t) =
1

Γ(1− ρ)

t∫
0

h′(ξ)

(t− ξ)ρ
dξ, t > 0,

provided that the right-hand side exists point-wise.
For 0 < ρ ≤ 1 and an arbitrary complex number µ, by Eρ,µ(z) we denote the Mittag–Leffler

function with two parameters (see, e.g., [6], p. 56):

Eρ,µ(z) =
∞∑
n=0

zn

Γ(ρn+ µ)
.

If the parameter µ = 1, then we have the classical Mittag-Leffler function: Eρ(z) = Eρ,1(z).
Note also E1,1(z) = E1(z) = ez.

The Beta function B(a, b) is defined for real numbers a > 0, b > 0 by the improper integral

B(a, b) =

∫ 1

0

ta−1(1− t)b−1 dt. (2.2)

The Beta function is related to the Gamma function by the identity

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
. (2.3)

Consider the following auxiliriary problem to find the function u(x, t)

∂α0tu(x, t)− uxx(x, t) = f(x, t), (2.4)

subject to the initial and boundary conditions

u(x, 0) = ϕ(x), 0 ≤ x ≤ 1, (2.5)

u(0, t) = 0, u(1, t) = 0, 0 ≤ t ≤ T. (2.6)

where ∂α0t is the Caputo fractional derivative of order 0 < α < 1 in the time variable, f(x, t), ϕ(x)
are given functions.

The solution of the problem (2.4)–(2.6) is defined in the same manner as in Definition 1.1.
A solution to problem (2.4)–(2.6) can be represented by the formula

u(x, t) =

∫ 1

0

ϕ(ξ)Dα−1
0t G(x, t, ξ, 0) dξ +

∫ t

0

∫ 1

0

G(x, t, ξ, τ)f(ξ, τ) dξdτ, (2.7)

where G(x, t, ξ, τ) is the Green function corresponding to the problem. This function is con-
structed in Remark 6.1 of [7] and has the form

G(x, t, ξ, τ) =
+∞∑

m=−∞
[P (2m+ x− ξ, t− τ)− P (2m+ x+ ξ, t− τ)] , 0 < ξ < 1, 0 < τ < t ≤ T,

where

P (x, t) =
t
α
2
−1

2
e

1,α
2

1,α
2

(
−|x|t−

α
2

)
,

and

eµ,δγ,β(z) =
∞∑
n=0

zn

Γ(γn+ µ)Γ(δ − βn)
, γ > 0, γ > β,

is the Wright-type function (see [11], p. 23).



32 Ashurov R., Saparbayev R., Nuraliyeva N.

Lemma 2.1. [see,[11], p. 46]

• If δ ≥ 0, β ∈ (0, 1), then e1,δ
1,β(−x) > 0 for any positive x.

• If δ ≥ β, then when x > 0 the function e1,δ
1,β(−x) is strictly decreasing.

Lemma 2.2. [see [11], p. 47] If δ ≥ 1, β ∈ (0, 1) then for any positive x, the inequalities

0 < e1,δ
1,β(−x) ≤ 1

Γ(δ)
e−x

1
1−β β

β
1−β (1−β).

Lemma 2.3 (see [11], p. 49). Let δ < 1, β ∈ (0, 1), then for any positive x and t, a ∈ (0, x),
ξ ∈ [β, 1], ω ∈ (1

2
,min{1, 1

2β
}) is the inequality true∣∣∣∣tδ−1e1,δ

1,β(− x
tβ

)

∣∣∣∣ ≤ 1

βπ

(
Cβ(ξ, ω)

) δ−1
β Γ(

1− δ
β

)(x− a)
δ−1
β e1,1

1,β(− a
tβ

),

where

Cβ(ξ, ω) = (1− β)

(
−cosωπ
ξ − β

) 1−β
1−β
(
cosβωπ

1− ξ

) 1−β
1−β

.

Using Lemma 2.2, we obtain the following estimate:∣∣∣∣tδ−1e1,δ
1,β(− x

tβ
)

∣∣∣∣ ≤ 1

βπ

(
Cβ(ξ, ω)

) δ−1
β Γ(

1− δ
β

)(x− a)
δ−1
β e−x

1
1−β β

β
1−β (1−β) = C(x− a)−γ0e−kx

γ

,

(2.8)
where

C =
1

βπ

(
Cβ(ξ, ω)

) δ−1
β Γ(

1− δ
β

), γ0, γ, k > 0.

To estimate the Green function G(x, t, ξ, τ), we decompose it into three parts:

G(x, t, ξ, τ) = G−1(x, t, ξ, τ) +G0(x, t, ξ, τ) +G1(x, t, ξ, τ),

where

G−1(x, t, ξ, τ) =
−1∑

m=−∞
[P (2m+ x− ξ, t− τ)− P (2m+ x+ ξ, t− τ)] ,

G0(x, t, ξ, τ) = P (x− ξ, t− τ)− P (x+ ξ, t− τ),

G1(x, t, ξ, τ) =
∞∑
m=1

[P (2m+ x− ξ, t− τ)− P (2m+ x+ ξ, t− τ)] .

By substituting m = −n in G−1(x, t, ξ, τ), we rewrite

G−1(x, t, ξ, τ) =
∞∑
n=1

[P (−2n+ x− ξ, t− τ)− P (−2n+ x+ ξ, t− τ)] .

Applying the estimate (2.8) to G1(x, t, ξ, τ), we have

|G−1(x, t, ξ, τ)| ≤
∞∑
n=1

|P (−2n+ x− ξ, t− τ)|+ |P (−2n+ x+ ξ, t− τ)|



An Investigation of non-local and Nonlinear Boundary Value Problems ... 33

≤
∞∑
n=1

C| − 2n+ x− ξ|−γ0e−k|x−ξ−2n|γ + C| − 2n+ x+ ξ|−γ0e−k|x+ξ−2n|γ ≤ C.

Similarly, for G1(x, t, ξ, τ), the same bound holds:

|G1(x, t, ξ, τ)| ≤ C.

Next, we consider an estimate for the function G0(x, t, ξ, τ).

|G0(x, t, ξ, τ)| ≤ |P (x− ξ, t− τ)|+ |P (x+ ξ, t− τ)|.
According to Lemma 2.1, we obtain the following estimate:

|P (x− ξ, t− τ)|+ |P (x+ ξ, t− τ)| ≤ (t− τ)
α
2
−1

2

∣∣∣∣e1,α
2

1,α
2

(
−|x− ξ|(t− τ)−

α
2

) ∣∣∣∣
+

(t− τ)
α
2
−1

2

∣∣∣∣e1,α
2

1,α
2

(
−|x+ ξ|(t− τ)−

α
2

) ∣∣∣∣ ≤ C(t− τ)
α
2
−1.

Hence, the Green function satisfies

|G(x, t, ξ, τ)| ≤ C|t− τ |
α
2
−1, 0 < τ < t ≤ T. (2.9)

Lemma 2.4 (see [1]). Let y(t) ≥ 0 be an absolutely continuous function satisfying the inequality

∂α0ty(t) ≤ c1y(t) + c2(t), 0 < α < 1,

for almost all t ∈ [0, T ], where c1 > 0 and c2(t) is a nonnegative integrable function on [0, T ].
Then

y(t) ≤ y(0)Eα(c1t
α) + Γ(α)Eα,α(c1t

α)D−α0t c2(t).

3. Proof of the Theorem 1.2

We multiply both sides of equation (1.1) by u(x, t) and integrate with respect to x over the
interval [0, 1]:∫ 1

0

u(x, t)∂α0tu(x, t) dx =

∫ 1

0

u(x, t)uxx(x, t) dx+

∫ 1

0

u(x, t)f(x, t) dx =

u(x, t)ux(x, t)
∣∣1
0
−
∫ 1

0

u2
x(x, t) dx+

∫ 1

0

u(x, t)f(x, t) dx,

or equivalently,∫ 1

0

u(x, t)∂α0tu(x, t) dx = −
∫ 1

0

u2
x(x, t) dx+

∫ 1

0

u(x, t)f(x, t) dx. (3.1)

According to Lemma 1 in Alikhanov’s work [1], for 0 < α < 1 the following inequality holds:∫ 1

0

u(x, t)∂α0tu(x, t) dx ≥ 1

2
∂α0t

∫ 1

0

u2(x, t) dx. (3.2)

From (3.1) and (3.2), we obtain

1

2
∂α0t

∫ 1

0

u2(x, t) dx ≤ −
∫ 1

0

u2
x(x, t) dx+

∫ 1

0

u(x, t)f(x, t) dx ≤
∫ 1

0

u(x, t)f(x, t) dx.
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Using the Cauchy inequality, we have∫ 1

0

u(x, t)f(x, t) dx ≤ 1

2

(∫ 1

0

u2(x, t) dx+

∫ 1

0

f 2(x, t) dx

)
.

Thus, the following inequality holds:

∂α0t||u(·, t)||2 ≤ ||u(·, t)||2 + ||f(·, t)||2.

By Lemma 2.4, we get

||u(·, t)||2 ≤ ||u(·, 0)||2Eα(tα) + Γ(α)Eα,α(tα)D−α0t ||f(·, t)||2. (3.3)

Evaluating (3.3) at t = T and using the non-local condition (1.2), it follows that

||u(·, T )||2 ≤ ||g(·, u(·, T ))||2Eα(Tα) + Γ(α)Eα,α(Tα)D−α0T ||f(·, T )||2.

According to (1.4), we have

||u(·, T )||2(1− L2Eα(Tα)) ≤ Γ(α)Eα,α(Tα)D−α0T ||f(·, T )||2.

If

L <
1√

Eα(Tα)
,

then the following estimate holds:

||u(·, T )||2 ≤ Γ(α)

1− L2Eα(Tα)
Eα,α(Tα)D−α0T ||f(·, T )||2. (3.4)

Rewriting (3.3) by taking (1.2) into account yields

||u(·, t)||2 ≤ L2||u(·, T )||2Eα(tα) + Γ(α)Eα,α(tα)D−α0t ||f(·, t)||2.

Using (3.4), we obtain

||u(·, t)||2 ≤ L2Γ(α)Eα,α(Tα)

1− L2Eα(Tα)
D−α0T ||f(·, T )||2Eα(tα) + Γ(α)Eα,α(tα)D−α0t ||f(·, t)||2. (3.5)

From (2.1), we get the following estimate:

D−α0t ||f(·, t)||2 ≤ T

αΓ(α)
max
t∈[0,T ]

||f(·, t)||2. (3.6)

Apply (3.6) to (3.5) to get

||u(·, t)||2 ≤
[
L2Γ(α)Eα,α(Tα)

1− L2Eα(Tα)
Eα(tα) + Eα,α(tα)

]
T

α
max
t∈[0,T ]

||f(·, t)||2.
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4. Proof of Theorem 1.3

First, we prove the existence of the solution to problem (1.1)–(1.3). From (2.7) we have

u(x, t) =

∫ 1

0

ϕ(ξ)Dα−1
0t G(x, t, ξ, 0)dξ +

∫ t

0

∫ 1

0

G(x, t, ξ, τ)f(ξ, τ)dξdτ.

Setting u(x, T ) = v(x), we obtain:

v(x) =

∫ 1

0

Dα−1
0T G(x, T, ξ, 0)g(ξ, v(ξ))dξ + F (x), (4.1)

where

F (x) =

∫ T

0

∫ 1

0

G(x, T, ξ, τ)f(ξ, τ)dξdτ.

We prove the existence of the solution to integral equation (4.1) in the space C[0, 1] by the
method of successive approximations. For this, we consider the sequence of functions

vn(x) =

∫ 1

0

Dα−1
0T G(x, T, ξ, 0)g(ξ, vn−1(ξ))dξ, n = 1, 2, . . . ,

with the initial approximation v0 = F (x).
Next, using the estimate (2.9), we get

|v0(x)| ≤
∫ T

0

∫ 1

0

|G(x, T, ξ, τ)f(ξ, τ)|dξdτ ≤ C

∫ T

0

∫ 1

0

(T − τ)
α
2
−1|f(ξ, τ)|dξdτ,

≤ 2C

α
T
α
2 max

[0,1]×[0,T ]
|f(x, t)|.

For the next steps,

v1(x) =

∫ 1

0

Dα−1
0T G(x, T, ξ, 0)g(v0(ξ))dξ =

1

Γ(1− α)

∫ 1

0

∫ T

0

(T − η)−αG(x, η, ξ, 0)g(v0(ξ))dηdξ,

hence,

|v1(x)| =
∣∣∣∣ 1

Γ(1− α)

∫ T

0

(T − η)−α
(∫ 1

0

G(x, η, ξ, 0)g(v0(ξ))dξ

)
dη

∣∣∣∣ .
Using the Lipschitz condition for g and the previous estimate, we have

|v1(x)| ≤ L

Γ(1− α)

2C

α
T
α
2 max

[0,1]×[0,T ]
|f(x, t)|

∫ T

0

(T − η)−αη
α
2
−1dη.

By the Beta function integral formula (2.2) and relation with Gamma function (2.3)

|v1(x)| ≤ L

Γ(1− α)

2C

α
T
α
2 max |f | · T 1−α

2
Γ
(
α
2

)
Γ(1− α)

Γ
(
1− α

2

) ,

and thus

|v1(x)| ≤
Γ
(
α
2

)
L

Γ
(
1− α

2

) 2C

α
T max

[0,1]×[0,T ]
|f(x, t)|.
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Proceeding similarly for v2(x), v3(x) and, in general, for vn(x), we obtain the estimate

|vn(x)| ≤
(

Γ
(
α
2

)
L

Γ
(
1− α

2

))n 2C

α
T n(1−α

2 )+α
2 max

[0,1]×[0,T ]
|f(x, t)|.

Now consider the functional series

v0(x) +
∞∑
n=1

(vn(x)− vn−1(x)). (4.2)

and prove that series (4.2) converges uniformly on the interval [0, 1]. Comparing it with the
number series

2C

α
T
α
2 max |f |+M

∞∑
n=1

(
Γ
(
α
2

)
LT 1−α

2

Γ
(
1− α

2

) )n−1

,

where

M = T 1−α
2

(
Γ
(
α
2

)
L

Γ
(
1− α

2

)T 1−α
2 + 1

)
2C

α
max |f |,

by the DAlembert ratio test, the series converges provided that

L <
Γ
(
1− α

2

)
Γ
(
α
2

)
T 1−α

2

.

In the previous steps, we constructed a sequence of functions {vn(x)}using the method of
successive approximations and established uniform bounds for each term. These bounds allowed
us to apply the DAlembert ratio test and conclude that the sequence converges uniformly on
the interval [0, 1]. Consequently, the limiting function v(x) exists and is continuous, and it
serves as the solution to the integral equation (4.1).

Given the non-local initial condition u(x, 0) = g(x, u(x, T )), and recognizing that u(x, T ) =
v(x), we can now fully construct the solution u(x, t) of the original problem. This is done using
the representation (2.7), which expresses the solution via the Green function as:

u(x, t) =

∫ 1

0

g(ξ, v(ξ))Dα−1
0t G(x, t, ξ, 0) dξ +

∫ t

0

∫ 1

0

G(x, t, ξ, τ)f(ξ, τ) dξdτ. (4.3)

Therefore, under the assumptions stated in conditions (1.2) and (2.5), we have constructed
a well-defined, continuous, and explicit solution to the non-local and nonlinear boundary value
problem involving a fractional Caputo derivative.

It is proven in [7] that the function of the form (4.3) satisfies the conditions of Definition 1.1.
Since the conditions of Theorem 1.3 include those of Theorem 1.2, the uniqueness of the

solution to problem (2.4)–(2.6) is also ensured under these conditions.
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Abstract. In the present paper, the nonlocal boundary value problem with Samarskii-Ionkin
condition I for elliptic equations in a Banach space with the positive operator is investigated.
The main theorems on well-posedness of this problem are established. In practice, the coer-
cive stability estimates for solution of four types of nonlocal boundary value problems with
Samarskii-Ionkin condition I for elliptic differential equations are proved.
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1. Introduction

Elliptic partial differential equations have applications in almost all areas of mathematics,
from harmonic analysis to geometry and to Lie theory, as well as numerous applications in
physics and engineering. The well-posedness of the local boundary value problem for the
elliptic equation

− v′′(t) + Av(t) = f(t) (0 ≤ t ≤ T ), v(0) = v0, v(T ) = vT (1.1)

in an arbitrary Banach space E with the positive operator A and its related applications have
been investigated by many researchers (see, for example, [7],[26], [24], and the references given
therein).

In mathematical modeling, elliptic equations are used together with local boundary condi-
tions specifying the solution on the boundary of the domain. In some cases, classical boundary
conditions cannot describe process or phenomenon precisely. Therefore, mathematical models
of various physical, chemical, biological or environmental processes often involve nonclassical
conditions. Such conditions usually are identified as nonlocal boundary conditions and reflect
situations when the data on the domain boundary cannot be measured directly, or when the
data on the boundary depend on the data inside the domain. The well-posedness of various
nonlocal boundary value problems for partial differential and difference equations has been
studied extensively by many researchers (see, e.g. [3],[6],[8],[23], [31],[34], and the references
given therein). The survey paper [9] contains the recent results on the local and nonlocal well-
posed problems for second order differential and difference equations. Results on the stability
of differential problems for second order equations and of difference schemes for approximate
solution of the second order problems were presented.

Recently, various nonlocal boundary value problems with Samarskii-Ionkin condition for
partial differential have been investigated by many researchers (see, e.g. [27],[16], and the
references given therein).

In the present paper, the nonlocal boundary value problem with Samarskii–Ionkin condition
I for the elliptic equation  −

d2u(t)
dt2

+ Au(t) = f(t), 0 < t < T,

u(0) = u(T ) + ϕ, u′(T ) + µu(T ) = ψ
(1.2)
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in a Banach space E with the positive operator A and µ ≥ 0 is investigated.
A function u(t) is called a solution of the problem (1.2) if the following conditions are satisfied:

• i) u(t) is twice continuously differentiable on the interval (0.T ) and continuously dif-
ferentiable on the segment [0, T ]. The derivatives at the endpoints of the segment are
understood as the corresponding unilateral derivatives.

• ii) The element u(t) belongs to D(A) for all t ∈ [0, T ], and the function Au(t) is
continuous on the segment [0, T ].

• iii) u(t) satisfies the equation and the nonlocal boundary condition (1.2).

In the present paper, we study the well-posedness of the nonlocal boundary value problem (1.2).
Throughout the paper, the main theorems on the well-posedness of the nonlocal boundary value
problem are established. In applications, the new coercive stability estimates for solution of
four types of problems for elliptic equations are obtained.

2. Auxiliary Results for the Solution of Problem (1.1)

In this section, we give some auxiliary statements from [7] which will be useful in the sequel.

The operator B = A
1
2 has better spectral properties than the positive operator A. Indeed, the

operator (−B) is a generator of an analytic semigroup exp{−tB} (t ≥ 0) with exponentially
decreasing norm, when t −→ +∞, i.e. the following estimates

‖exp (−tB)‖E→E , ‖tB exp(−tB)‖E→E ≤M(B)e−δ(B)t (t > 0) (2.1)

hold for some number M(B) ∈ [1,+∞), δ(B) ∈ (0,+∞). From that it follows that the operator
I − e−2TB has the bounded inverse and the following estimate holds:∥∥(I − e−2TB)−1

∥∥
E→E ≤M(B)(1− e−2Tδ(B))−1. (2.2)

The following formula

v(t) = (I − e−2TB)−1{(e−tB − e−(2T−t)B)v0 + (e−(T−t)B − e−(T+t)B)vT (2.3)

−(e−(T−t)B − e−(T+t)B)(2B)−1

∫ T

0

(e−(T−s)B − e−(T+s)B)f(s)ds}

+(2B)−1

∫ T

0

(e−|t−s|B − e−(t+s)B)f(s)ds

holds for the exact solution of the problem (1.1) under sufficiently smooth data v0, vT and
f(t).

First, we denote by Cα(E), (0 < α < 1), the Banach space obtained by completion of the set
of all smooth E-valued functions ϕ(t) on [0, T ] in the norm

‖ ϕ ‖Cα(E)= max
0≤t≤T

||ϕ(t)||E + sup
0≤t<t+τ≤T

‖ ϕ(t+ τ)− ϕ(t) ‖E
τα

.
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Theorem 2.1. Suppose v′′0 , v′′T ∈ Eα, f(t) ∈ Cα(E)(0 < α < 1). Then the boundary value
problem (1.1) is well-posed in Hölder space Cα(E), if A is the positive operator in Banach space
E. For the solution v(t) in Cα(E) of the boundary value problem the coercive inequality

‖v′′‖Cα(E) + ‖Av‖Cα(E) + ‖v′′‖C(Eα) (2.4)

≤ M

α(1− α)
‖ f ‖Cα(E) +

M

α
[‖ v′′0 ||Eα + ||v′′T ||Eα ]

holds, where M does not depend on α, v0, vT and f(t).

Here, the Banach space Eα = Eα(B,E) (0 < α < 1) consists of those v ∈ E for which the
norm

‖ v ‖Eα= sup
z>0

z1−α ‖ Bexp{−zB}v ‖E + ‖ v ‖E

is finite. Moreover, the positivity of A is a necessary condition for well-posedness of the problem
(1.1) in C(E). However, the problem (1.1) is not well posed in C(E) for all positive operators.
It turns out that a Banach space E can be restricted to a Banach space E ′ (D(A) ⊂ E ′ ⊂ E)
in such a manner that the restricted problem (1.1) in E ′ will be well posed in C(E ′). The role
of E ′ will be played here by the fractional spaces Eα = Eα(B,E)(0 < α < 1).

Theorem 2.2. Let A be the positive operator in a Banach space E and f(t) ∈ C(Eα) (0 <
α < 1). Then for the solution v(t) in C(Eα) of the boundary value problem (1.1) the coercive
inequality

‖ v′′ ‖C(Eα) + ‖ Av ‖C(Eα) (2.5)

≤M [‖ Av0 ‖Eα + ‖ AvT ‖Eα +α−1(1− α)−1 ‖ f ‖C(Eα)]

holds, where M does not depend on α, v0, vT and f(t).

3. Main theorems on the well-posedness of the problem (1.2)

Let us give lemma that will be needed below.
Lemma 3.1[10]. Let A be positive operator in a Banach space E. then the operator(
I − (B − µ)(B + µ)−1e−TB

)
has an inverse

(
I − (B − µ)(B + µ)−1e−TB

)−1
and the following

estimates hold:
‖B(B + µ)−1‖E→E, ‖(B − µ)(B + µ)−1‖E→E ≤M1(B), (3.1)

‖
(
I − (B − µ)(B + µ)−1e−TB

)−1 ‖E→E ≤
M2(B)

1−M1(B)e−δ(B)T
. (3.2)

Here δ(B) > lnM1(B)
T

.
We consider the problem (1.2). Using the formula (2.3) and u(0) = u(T ) + ϕ, we get

u(t) = R{
(
e−tB − e−(2T−t)B

)
(u(T ) + ϕ) (3.3)

+
(
e−(T−t)B − e−(T+t)B

)(
u(T )− (2B)−1

∫ T

0

(
e−(T−s)B − e−(T+s)B

)
f(s)ds

)}

+(2B)−1

∫ T

0

(
e−|t−s|B − e−(t+s)B

)
f(s)ds.
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Here and in this paper we wil put R =
(
I − e−2TB

)−1
. Taking the derivative, we get

u′(t) = R
{
−B

(
e−tB + e−(2T−t)B

)
(u(T ) + ϕ) (3.4)

+
(
e−(T−t)B + e−(T+t)B

)(
Bu(T )− 2−1

∫ T

0

(
e−(T−s)B − e−(T+s)B

)
f(s)ds

)}

+2−1

(
−
∫ t

0

e−(t−s)Bf(s)ds+

∫ T

t

e−(s−t)Bf(s)ds+

∫ T

0

e−(t+s)Bf(s)ds

)
.

Applying the formula (3.4) and the nonlocal condition u′(T ) + µu(T ) = ψ, we get(
B + µ− (B − µ) e−TB

)
u(T )

= (I − e−TB)−1

[
2Be−TBϕ+

∫ T

0

(e−(T−s)B − e−(T+s)B)f(s)ds

]
+ (I + e−TB)ψ.

From that it follows

u(T ) =
(
B + µ− (B − µ) e−TB

)−1
{

2B
(
I − e−TB

)−1
e−TBϕ (3.5)

+(I − e−TB)−1

∫ T

0

(e−(T−s)B − e−(T+s)B)f(s)ds+ (I + e−TB)ψ

}
.

It is easy to show that u(t) defined on [0, T ] by formulas (3.3), (3.4), and (3.5) is a unique

solution in C(E) of the problem (1.2) if, for example, ϕ ∈ D(A2), ψ ∈ D(A
3
2 ) and Af (t) ∈

C(E) or f ′ (t) ∈ C(E). Sufficient conditions for the well-posedness of the nonlocal boundary
value problem (1.2) can be established if one considers this problem in certain spaces of smooth
E−valued functions defined on [0, T ].
Note that for the solution of problem (1.2) the coercivity inequality

‖u′′‖Cα(E) + ‖Au‖Cα(E) ≤MC [‖f‖Cα(E) + ||Aϕ||E + ||Aψ||E]

fails. Nevertheless, we have the following result.

Theorem 3.1. Suppose A is the positive operator in Banach space E and Bψ ∈ Eα, Aϕ −
f(0) + f(T ) ∈ Eα, f(t) ∈ Cα(E) (0 < α < 1). Then the nonlocal boundary value problem (1.2)
is well-posed in Hölder space Cα(E). For the solution u(t) in Cα(E) of the nonlocal boundary
value problem (1.2) the coercive inequality

‖u′′‖Cα(E) + ‖Au‖Cα(E) + ‖u′′‖C(Eα) (3.6)

≤ M

α(1− α)
‖ f ‖Cα(E) +

M

α

[
‖Aϕ− f(0) + f(T )‖Eα + ‖Aψ‖Eα

]
holds, where M does not depend on α, ϕ, ψ and f(t).

Proof. By Theorem 2.1 we have the following estimate

‖u′′‖Cα(E) + ‖Au‖Cα(E) + ‖u′′‖C(Eα) (3.7)

≤ M

α(1− α)
‖ f ‖Cα(E) +

M

α

[
‖Au(0)− f(0)‖Eα + ‖Au(T )− f(T )‖Eα

]



42 Ashyralyev A., Sadybekov M.A.

for the solution of the problem (1.2). We have that

Au(0)− f(0) = Aϕ− f (0) + f(T ) + Au(T )− f(T ).

Therefore, to prove the theorem it suffices to establish the estimate for ‖Au(T )− f(T )‖Eα .
Applying the formula (3.5), we get

Au(T )− f(T ) =
(
B + µ− (B − µ) e−TB

)−1
B
{

2
(
I − e−TB

)−1
e−TBAϕ

+(I − e−TB)−1

∫ T

0

B(e−(T−s)B − e−(T+s)B)f(s)ds+ (I + e−TB)Bψ

−
(
B + µ− (B − µ) e−TB

)
B−1f(T )

}
=
(
I − (B − µ) (B + µ)−1 e−TB

)−1

B (B + µ)−1

×
{(
I − e−TB

)−1
e−TB

[
2 (Aϕ− f(0) + f(T )) + (I + e−TB) (f(T )− f(0))

]
+(I + e−TB)

(
Bψ + µ(I − e−TB)B−1f(T )

)
+
(
I − e−TB

)−1
[∫ T

0

Be−(T−s)B (f(s)− f (T )) ds−
∫ T

0

Be−(T+s)B (f(s)− f (0)) ds

]}
.

Then using the triangle inequality, the estimates (2.1), (3.1), (3.2), and the definition of the
spaces Cα (E) and Eα, we get ∥∥λ1−αBe−λB (Au(T )− f(T ))

∥∥
E

≤ ‖(B − µ)(B + µ)−1‖E→E‖
(
I − (B − µ)(B − µ)−1e−TB

)−1 ‖E→E

×
{

2
∥∥∥(I − e−TB)−1

∥∥∥
E→E

λ1−α
∥∥∥Be−(λ+T )B (Aϕ− f (0) + f(T ))

∥∥∥
E

+
∥∥I + e−TB

∥∥
E→E λ

1−α
∥∥∥Be−(λ+T )B (f (0)− f(T ))

∥∥∥
E

+
∥∥I + e−TB

∥∥
E→E λ

1−α ∥∥Be−λBBψ∥∥
E

+
∥∥I − e−TB∥∥

E→E λ
1−α ∥∥e−λBf(T )

∥∥
E

+
∥∥∥(I − e−TB)−1

∥∥∥
E→E

λ1−α
∫ T

0

∥∥∥B2e−(λ+(T−s))B
∥∥∥
E→E

‖f (s)− f (T )‖E ds

+
∥∥∥(I − e−TB)−1

∥∥∥
E→E

λ1−α
∫ T

0

∥∥∥B2e−(λ+T+s)B
∥∥∥
E→E

‖f (s)− f (0)‖E ds
}

≤M3 [‖Aϕ− f (0) + f(T )‖E + ‖Bψ‖Eα]

+M4λ
1−α

(∫ T

0

(T − s)α

(λ+ (T − s))2ds+

∫ T

0

sα

(λ+ T + s)2ds

)
‖f‖Cα(E)

for any λ > 0. Since ∫ T

0

λ1−αsα

(λ+ s)2ds ≤
∫ ∞

0

pα

(1 + p)2dp ≤
2

(1 + α) (1− α)
,

we have that ∥∥λ1−αBe−λB (Au(T )− f(T ))
∥∥
E
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≤M3

[
‖Aϕ− f (0) + f (T )‖Eα + ‖Bψ‖Eα

]
+M4

1

1− α
‖f‖Cα(E)

for any λ > 0. Therefore

‖Au(T )− f (T )‖Eα ≤M3

[
‖Aϕ− f (0) + f(T )‖Eα + ‖Bψ‖Eα

]
+M4

1

1− α
‖f‖Cα(E) . (3.8)

Theorem 3.1 is proved.

Theorem 3.2. Suppose A is the positive operator in a Banach space E and Bψ ∈ Eα, Aϕ ∈ Eα,
f(t) ∈ C(Eα) (0 < α < 1). Then for the solution u(t) in C(Eα) of the boundary value problem
(1.2) the coercive inequality

‖u′′‖C(Eα) + ‖Au‖C(Eα) (3.9)

≤M(µ)[‖Aϕ‖Eα + ‖Bψ‖Eα + α−1(1− α)−1 ‖f‖C(Eα)]

holds, where M(µ) does not depend on α, ϕ, ψ and f(t).

Proof. By Theorem 2.2 we have the following estimate

‖u′′‖C(Eα) + ‖Au‖C(Eα)

≤M [‖Au(0)‖Eα + ‖Au(T )‖Eα + α−1(1− α)−1 ‖ f ‖C(Eα)]

for the solution of problem (1.2). We have that

Au(0) = Aϕ+ Au(T ).

Therefore, to prove the theorem it suffices to establish the estimate for ‖Au(T )‖Eα . Applying
formula (3.5), we get

Au(T ) =
(
I − (B − µ) (B + µ)−1 e−TB

)−1

B (B + µ)−1

×
{

2
(
I − e−TB

)−1
e−TBAϕ

+(I − e−TB)−1

∫ T

0

B(e−(T−s)B − e−(T+s)B)f(s)ds+ (I + e−TB)Bψ

}
.

Using the triangle inequality, the estimates (2.1), (3.1), (3.2), and the definition of the spaces
Eα, we get ∥∥λ1−αBe−λBAu(T )

∥∥
E

≤ ‖(B − µ)(B + µ)−1‖E→E‖
(
I − (B − µ)(B − µ)−1e−TB

)−1 ‖E→E

×
{

2
∥∥∥(I − e−TB)−1

∥∥∥
E→E

λ1−α
∥∥∥Be−(λ+T )BAϕ

∥∥∥
E

+
∥∥I + e−TB

∥∥
E→E λ

1−α ∥∥Be−λBBψ∥∥
E

+
∥∥∥(I − e−TB)−1

∥∥∥
E→E

λ1−α
∫ T

0

∥∥∥B2e−(λ+(T−s))Bf(s)
∥∥∥
E
ds

+
∥∥∥(I − e−TB)−1

∥∥∥
E→E

λ1−α
∫ T

0

∥∥∥B2e−(λ+s)Bf(s)
∥∥∥
E
ds

}
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≤M1

[
‖Aϕ‖Eα + ‖Bψ‖Eα

]
+M2λ

1−α

(∫ T

0

ds

(λ+ T − s) (T − s)1−α

+

∫ T

0

ds

(λ+ T + s) s1−α

)
‖f‖C(Eα)

for any λ > 0. Since ∫ T

0

λ1−αds

(λ+ s) s1−α ≤
∫ ∞

0

pα−1

p+ 1
dp ≤ 1

α (1− α)
,

we have that∥∥λ1−αBe−λBAu(T )
∥∥
E
≤M1

[
‖Aϕ‖Eα + ‖Bψ‖Eα

]
+M3

1

α (1− α)
‖f‖C(Eα)

for any λ > 0. Therefore

‖Au(T )‖Eα ≤M1(µ)
[
‖Aϕ‖Eα + ‖Bψ‖Eα

]
+M3(µ)

1

α (1− α)
‖f‖C(Eα) . (3.10)

Theorem 3.2 is proved.
Note that the nonlocal boundary value problem (1.2) can be rewritted as the system of the

sequential Dirichlet and Robin boundary value problems for elliptic equations in a Banach
space E with the positive operator A. Actually, the solution u(t) of the problem (1.2) can be
presented in the form

u(t) = E(t) +O(t), (3.11)

where E(t) and O(t) are abstract even and odd functions defined on the segment [0, T ], respec-
tively. We have that

E(t) =
u(t) + u(T − t)

2
, O(t) =

u(t)− u(T − t)
2

.

By the definition of functions

E(0) = E(T ), E ′(0) = −E ′(T ),

O(0) = −O(T ), O′(0) = O′(T ),

Using the nonlocal condition
u(0) = u(T ) + ϕ,

we can write
E(0) +O(0) = E(T ) +O(T ) + ϕ.

Then, using E(0) = E(T ), O(0) = −O(T ), we get O(0) = ϕ
2
, O(T ) = −ϕ

2
. Using the local

condition
u′(T ) + µu(T ) = ψ,

we can write
E ′(T ) +O′(T ) + µ (E(T ) +O(T )) = ψ.

Therefore,
E ′(T ) + µE(T ) = −O′(T )− µO(T ) + ψ

and using conditions E(0) = E(T ), E ′(0) = −E ′(T ), we get

−E ′(0) + µE(0) = −O′(T )− µO(T ) + ψ.
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So, it is easy to see that O(t) is the solution of the Dirichlet boundary value problem for the
elliptic equation {

−d2O(t)
dt2

+ AO(t) = 1
2
(f(t)− f(T − t)), 0 < t < T,

O(0) = ϕ
2
, O(T ) = −ϕ

2

(3.12)

in an arbitrary Banach space E with the positive operator A and the function E(t) is the
solution of the Robin boundary value problem for the elliptic equation −

d2E(t)
dt2

+ AE(t) = 1
2
(f(t) + f(T − t)), 0 < t < T,

−E ′(0) + µE(0) = −O′(T ) + 1
2
µϕ+ ψ,

E ′(T ) + µE(T ) = −O′(T ) + 1
2
µϕ+ ψ

(3.13)

in an arbitrary Banach space E with the positive operator A, respectively.
By Theorems 2.1 and 2.2, we have the following estimates

‖O′′‖Cα(E) + ‖AO‖Cα(E) + ‖O′′‖C(Eα) (3.14)

≤ M

α(1− α)
‖f‖Cα(E) +

M

α
‖Aϕ− f(0) + f(T )‖Eα ,

‖O′′‖C(Eα) + ‖AO‖C(Eα) (3.15)

≤M [‖Aϕ‖Eα + α−1(1− α)−1 ‖f‖C(Eα)]

for the solution of the problem (3.12) and

‖E ′′‖Cα(E) + ‖AE‖Cα(E) + ‖E ′′‖C(Eα) (3.16)

≤ M

α(1− α)
‖f‖Cα(E) +

M

α

∥∥∥∥AE(0)− 1

2
(f(0) + f(T ))

∥∥∥∥
Eα

,

‖E ′′‖C(Eα) + ‖AE‖C(Eα) (3.17)

≤M [‖AE(0)‖Eα + α−1(1− α)−1 ‖ f ‖C(Eα)]

for the solution of the problem (3.13), respectively. Moreover, we have that the following
formulas

O(t) = (I − e−2TB)−1
{[
e−tB − e−(2T−t)B − e−(T−t)B + e−(T+t)B)

] ϕ
2

(3.18)

−(e−(T−t)B − e−(T+t)B)(2B)−1

∫ T

0

(e−(T−s)B − e−(T+s)B)
1

2
(f(s)− f(T − s))ds

}

+(2B)−1

∫ T

0

(e−|t−s|B − e−(t+s)B)
1

2
(f(s)− f(T − s))ds,

E(t) = (I − e−2TB)−1
{[
e−tB − e−(2T−t)B + e−(T−t)B − e−(T+t)B

]
E(0) (3.19)

−(e−(T−t)B − e−(T+t)B)(2B)−1

∫ T

0

(e−(T−s)B − e−(T+s)B)
1

2
(f(s) + f(T − s))ds

}

+(2B)−1

∫ T

0

(e−|t−s|B − e−(t+s)B)
1

2
(f(s) + f(T − s))ds
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give solutions of problems (3.13) and (3.12), respectively. Applying formula (3.18), we get

O′(T ) = (I − e−2TB)−1 (3.20)

×
[
−B

(
I + e−TB

)2 ϕ

2
−
∫ T

0

(e−(T−s)B − e−(T+s)B)
1

2
(f(s)− f(T − s)) ds

]
= (I − e−2TB)−1

{
−B

(
I + e−TB

)2 ϕ

2
−
(
I − e−TB

)2
B−1 1

2
(f(T )− f(0))

−
∫ T

0

(e−(T−s)B − e−(T+s)B)
1

2
(f(s) + f(T − s)− f(T ) + f(0)) ds

}
.

Using the triangle inequality, the estimates (2.1), (2.2), and the definition of the spaces Eα, we
get ∥∥λ1−αBe−λBBO′(T )

∥∥
E

(3.21)

≤ ‖(I − e−2TB)−1‖E→E
{
‖1

2

(
I + e−TB

)2 ‖E→Eλ1−α ∥∥Be−λBAϕ∥∥
E

+‖(I − e−2TB)−1‖E→E
{
‖1

2

(
I + e−TB

)2 ‖E→E

×λ1−α ∥∥Be−λB (Aϕ− f(0) + f(T ))
∥∥
E

+ λ1−α

×
∫ T

0

‖2
(
I − e−2sB

)
‖E→E

∥∥∥∥B2e−(λ+2T−s)B 1

2
(f(s) + f(T − s)− f(0) + f(T ))

∥∥∥∥
E

ds

≤M1 ‖Aϕ− f(0) + f(T )‖Eα +M2λ
1−α

∫ T

0

ds

(λ+ 2T − s) (T − s)1−α ‖f‖Cα(E)

≤M1 ‖Aϕ− f(0) + f(T )‖Eα +M3
1

α (1− α)
‖f‖Cα(E) ,∥∥λ1−αBe−λBBO′(T )

∥∥
E

(3.22)

≤ ‖(I − e−2TB)−1‖E→E
{
‖1

2

(
I + e−TB

)2 ‖E→Eλ1−α ∥∥Be−λBAϕ∥∥
E

+λ1−α
∫ T

0

‖1

2

(
I − e−2sTB

)
‖E→E

∥∥∥∥B2e−(λ+(T−s))B 1

2
(f(s) + f(T − s))

∥∥∥∥
E

ds

≤M1 ‖Aϕ‖Eα +M2λ
1−α

∫ T

0

ds

(λ+ T − s) (T − s)1−α ‖f‖C(Eα)

≤M1 ‖Aϕ‖Eα +M3
1

α (1− α)
‖f‖C(Eα) .

Applying formula (3.19) and condition −E ′(0) + µE(0) = −O′(T ) + 1
2
µϕ+ ψ, we get

E(0) =
(
B + µ− (B − µ) e−TB

)−1

×
{
−(I − e−TB)−1

∫ T

0

e−(2T−s)B 1

2
(f(s) + f(T − s)) ds

+(I − e−TB)−1

∫ T

0

e−B
1

2
(f(s) + f(T − s)− f(0)− f(T )) ds
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+(I + e−TB)

(
−O′(T ) +

1

2
µϕ+ ψ +B−1 1

2
(f(0) + f(T ))

)}
.

Then,

AE(0)− 1

2
(f(0) + f(T )) = B

(
B + µ− (B − µ) e−TB

)−1

×
{
−(I − e−TB)−1B

∫ T

0

e−(2T−s)B 1

2
(f(s) + f(T − s)) ds

+(I − e−TB)−1B

∫ T

0

e−B
1

2
(f(s) + f(T − s)− f(0)− f(T )) ds

+B(I + e−TB)

(
−O′(T ) +

1

2
µϕ+ ψ +

1

2
(f(0) + f(T ))

)
−B−1

(
B + µ− (B − µ) e−TB

) 1

2
(f(0) + f(T ))

}
= B

(
B + µ− (B − µ) e−TB

)−1

×
{
−(I − e−TB)−1B

∫ T

0

e−(2T−s)B 1

2
(f(s) + f(T − s)) ds

+(I − e−TB)−1B

∫ T

0

e−B
1

2
(f(s) + f(T − s)− f(0)− f(T )) ds

+(I + e−TB)−BO′(T ) +
1

2
µ (Aϕ− f(0) + f(T ))

+Bψ − µB−1f(T ) +B−1 (B − µ) e−TB
1

2
(f(0) + f(T ))

}
.

Using the triangle inequality, the estimates (2.1), (2.2),(3.22), (3.21), and the definition of the
spaces Eα, we get ∥∥∥∥AE(0)− 1

2
(f(0) + f(T ))

∥∥∥∥
Eα

≤M3
1

α (1− α)
‖f‖Cα(E) (3.23)

+M4

[
‖Aϕ− f (0) + f(T )‖Eα + ‖Bψ‖Eα

]
,

‖AE(0)‖Eα ≤M1(µ)
[
‖Aϕ‖Eα + ‖Bψ‖Eα

]
+M3(µ)

1

α (1− α)
‖f‖C(Eα) . (3.24)

Combining the estimates (3.14), (3.16), and (3.23), we get the coercive inequalities (3.6) and
(3.15), (3.17), and (3.24), we get the coercive inequalities (3.9). Theorems 3.1 and 3.2 are
established.

4. Applications of main Theorems 3.1 and 3.2

Finally, we consider the applications of Theorems 3.1 and 3.2 to the elliptic equations.
First, we consider the boundary value problem for the two dimensional elliptic equations −

∂2u
∂y2 − (a(x)ux)x + δu = f(y, x), 0 < y < T, 0 < x < l,

u(0, x) = u(T, x) + ϕ(x), uy(T, x) + µu(T, x) = ψ(x), 0 ≤ x ≤ l,
u(y, 0) = u(y, l), ux(y, 0) = ux(y, l), 0 ≤ y ≤ T,

(4.1)
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where δ > 0 is a sufficiently large number and a(x), ϕ(x), ψ(x) and f(t, x) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.1)
has a smooth solution u(t, x). We will assume that a(x) ≥ a > 0 and a(l) = a(0).Here δ > 0 is
a sufficiently large number.

We introduce the Banach spaces Cβ[0, l] (0 < β < 1) of all continuous functions ϕ(x)
satisfying a Hölder condition for which the following norms are finite

‖ ϕ ‖Cβ [0,l]=‖ ϕ ‖C[0,l] + sup
0≤x<x+τ≤l

|ϕ(x+ τ)− ϕ(x)|
τβ

,

where C[0, 1] is the space of the all continuous functions ϕ(x) defined on [0, 1] with the usual
norm

‖ ϕ ‖C[0,l]= max
0≤x≤l

|ϕ(x)|.

It is known that the differential expression

Axv = −a(x) (vx(x))x + δv(x)

define a positive operator Ax acting in Cβ[0, l] with domain Cβ+2[0, l] and satisfying the con-
ditions v(0) = v(l), vx(0) = vx(l). Therefore, we can replace boundary value problems (4.1) by
the abstract boundary value problem (1.2). Using the results of Theorems 3.1 and 3.2, we can
obtain the following result.

Theorem 4.1. Assume that ψ(x) ∈ C1+2α+β[0, l], − (a(x)ϕx(x))x + δϕ(x)− f(0, x) + f(T, x) ∈
C2α+β[0, l], f(t, x) ∈ Cα

(
Cβ[0, l]

)
. Then, for the solution of the boundary value problem (4.1)

the following coercive inequalities are valid:

‖ u ‖C2+α(Cβ [0,l]) + ‖ u ‖Cα(C2+β [0,l]) + ‖ u ‖C(C2α+β [0,l])≤M(α, δ, µ)
[
‖ f ‖Cα(Cβ [0,l])

+||ψ||C1+2α+β [0,l] + || − (a(·)ϕx(·))x + δϕ (·)− f(0, ·) + f(T, ·)||C2α+β [0,l]

]
,

‖ u ‖C2(C2α+β [0,l]) + ‖ u ‖C(C2+2α+β [0,l])

≤M(α, δ, µ)
[
‖ f ‖C(C2α+β [0,l]) +||ψ||C1+2α+β [0,l] + ||ϕ||C2+2α+β [0,l]

]
, 0 < 2α + β < 1.

Here M(α, δ, µ) is independent of ϕ(x), ψ(x) and f(y, x).

Second, we consider the nonlocal boundary value problems for the two dimensional elliptic
equations with involution in x

−∂2u(y,x)
∂y2 − ∂

∂x

(
a(x)∂u(y,x)

∂x

)
+ δu(y, x)− β

(
∂
∂x

(
a(−x)∂u(y,−x)

∂x

))
= f(y, x), 0 < y < T, x ∈ (−l, l) ,
u(0, x) = u(T, x) + ϕ(x), uy(T, x) + µu(T, x) = ψ(x), x ∈ [−l, l] ,
u(y,−l) = u(y, l) = 0, 0 ≤ y ≤ T,

(4.2)

where δ > 0 is a sufficiently large number and a(x), ϕ(x), ψ(x) and f(t, x) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.2)
has a smooth solution u(y, x).We will assume that a ≥ a (x) = a (−x) ≥ σ > 0, σ − a |β| ≥ 0.
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Theorem 4.2. Assume that ψ(x) = 0, − (a(x)ϕx(x)x−β (a(−x)ϕx (−x))x+ δϕ(x)−f(0, x)+
f(T, x) = 0, x ∈ [−l, l], f(t, x) ∈ Cα (L2[−l, l]) . Then, for the solution of the boundary value
problem (4.2) the following coercive inequalities are valid:

‖ u ‖C2+α(L2[−l,l]) + ‖ u ‖Cα(W 2
2 [−l,l])≤M(α, δ, µ, σ) ‖ f ‖Cα(L2[−l,l]),

where M(α, δ, µ, σ) is independent of f(y, x).

The proof of Theorem 4.2 is based on the abstract Theorem 3.1, on the self-adjointness and
positivity in L2 [−l, l] of a differential operator Ax defined by the formula (see,[6])

Axv(x) = − (a(x)vx(x)x − β (a(−x)vx (−x))x + δv (x)

with the domain D(Ax) = {u ∈ W 2
2 [−l, l] : u (−l) = u (l) = 0} .

Third, let Ω be the unit open cube in the n−dimensional Euclidean space Rn (0 < xk <
1, 1 ≤ k ≤ n) with boundary S, Ω = Ω ∪ S. In [0, T ] × Ω we consider the mixed boundary
value problem for the multidimensional elliptic equation

−∂2u(y,x)
∂y2 −

n∑
r=1

αr(x)∂
2u(y,x)
∂x2
r

+ δu(y, x) = f(y, x),

x = (x1, . . . , xn) ∈ Ω, 0 < y < T,
u(0, x) = u(T, x) + ϕ(x), uy(T, x) + µu(T, x) = ψ(x), x ∈ Ω,
u(y, x) = 0, x ∈ S,

(4.3)

where δ > 0 is a sufficiently large number and ar(x), ϕ(x), ψ(x) and f(y, x) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.3)
has a smooth solution u(t, x). We will assume that ar(x) ≥ a0 > 0.

We introduce the Banach spaces Cβ
01(Ω) (β = (β1, . . . , βn), 0 < xk < 1, k = 1, . . . , n) of all

continuous functions satisfying a Hölder condition with the indicator β = (β1, . . . , βn), βk ∈
(0, 1), 1 ≤ k ≤ n and with weight xβkk (1 − xk − hk)βk , 0 ≤ xk < xk + hk ≤ 1, 1 ≤ k ≤ n which
equipped with the norm (see, e.g., [34])

‖ f ‖Cβ01(Ω)=‖ f ‖C(Ω)

+ sup
0≤xk<xk+hk≤1,1≤k≤n

|f(x1, . . . , xn)− f(x1 + h1, . . . , xn + hn)|

×
n∏
k=1

h−βkk xβkk (1− xk − hk)βk ,

where C(Ω)-is the space of the all continuous functions defined on Ω, equipped with the norm

‖ f ‖C(Ω)= max
x∈Ω
|f(x)|.

It is known that the differential expression

Axv = −
n∑
r=1

αr(x)
∂2v(y, x)

∂x2
+ δv(y, x)

defines a positive operator Ax acting on Cβ
01(Ω) with domain D(Ax) ⊂ C2+β

01 (Ω) and satisfying
the condition v = 0 on S. Therefore, we can replace boundary value problems (4.3) by the
abstract boundary value problems (1.2). Using the results of Theorems 3.1, we can obtain that
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Theorem 4.3. Assume that

ψ(x) = 0,−
n∑
r=1

αr(x)
∂2ϕ(x)

∂x2
+ δϕ(x)− f(0, x) + f(T, x) = 0, x ∈ Ω, f(y, x) ∈ Cα

(
Cβ

01(Ω)
)
.

Then for the solution of the boundary value problem (4.3) the following coercive inequality is
valid:

‖u‖C2+α(Cβ01(Ω)) +
n∑
r=1

∥∥∥∥∂2u

∂x2
r

∥∥∥∥
Cα(Cβ01(Ω))

≤M(α, δ, µ) ‖f‖Cα(Cβ01(Ω)),

0 < α < 1, β = {β1, · · ·, βn}, 0 < βk < 1, 1 ≤ k ≤ n,

where M(α, δ, µ) is independent of f(y, x).

Fourth, we consider the boundary value problem on the range

{0 ≤ y ≤ T, x ∈ Rn}

for 2m−order multidimensional elliptic equations

−∂2u
∂y2 +

∑
|r|=2m

ar(x) ∂|τ |u
∂x
r1
1 ...∂xrnn

+ δu(y, x) = f(y, x),

0 < y < T, x, r ∈ Rn, |r| = r1 + · · ·+ rn,

u(0, x) = u(T, x) + ϕ(x), uy(T, x) + µu(T, x) = ψ(x), x ∈ Rn,

(4.4)

where δ > 0 is a sufficiently large number and ar(x), ϕ(x), ψ(x) and f(y, x) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.4)
has a smooth solution u(t, x). We will assume that ar(x) ≥ a0 > 0. We will assume that the
symbol

Bx(ξ) =
∑
|r|=2m

ar(x) (iξ1)r1 ... (iξn)rn , ξ = (ξ1, · · ·, ξn) ∈ Rn

of the differential operator of the form

Bx =
∑
|r|=2m

ar(x)
∂|r|

∂xr11 . . . ∂xrnn
(4.5)

acting on functions defined on the space Rn, satisfies the inequalities

0 < M1|ξ|2m ≤ (−1)mBx(ξ) ≤M2|ξ|2m <∞

for ξ 6= 0. The problem (4.4) has a unique smooth solution. This allows us to reduce the
boundary value problem (4.4) to the boundary value problem (1.2) in a Banach space E =
Cβ(Rn) of all continuous bounded functions defined on Rn satisfying a Hölder condition with
the indicator β ∈ (0, 1) with a strongly positive operator Ax = Bx + δI defined by (4.5).

Theorem 4.4. Assume that
ψ(x) ∈ Cm+2mα+β(Rn),∑

|r|=2m

ar(x)
∂|τ |ϕ(x)

∂xr11 ...∂x
rn
n

+ δϕ(x)− f(0, x) + f(T, x) ∈ C2mα+β(Rn),
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f(y, x) ∈ Cα
(
Cβ(Rn)

)
. Then, for the solution of the boundary value problem (4.4) the following

coercivity inequalities are satisfied

‖ u ‖C2+α(Cβ(Rn)) +
∑
|τ |=2m

∥∥∥∥∥ ∂|r|u

∂xr11 . . . ∂xrnn

∥∥∥∥∥
Cα(Cβ(Rn))

+
∑
|τ |=2m

∥∥∥∥∥ ∂|r|u

∂xr11 . . . ∂xrnn

∥∥∥∥∥
C(C2mα+β(Rn))

≤M(α, δ, µ)

‖f‖Cα(Cβ(Rn)) +

∥∥∥∥∥∥
∑
|r|=2m

ar(·)
∂|τ |ψ(·)

∂xr11 ...∂x
rn
n

+ δψ(·)− µf(T, ·)

∥∥∥∥∥∥
Cβ(Rn)

+

∥∥∥∥∥∥
∑
|r|=2m

ar(·)
∂|τ |ϕ(·)

∂xr11 ...∂x
rn
n

+ δϕ(·)− f(0, ·) + f(T, ·)

∥∥∥∥∥∥
C2mα+β(Rn)

 ,
‖ u ‖C2(C2mα+β(Rn)) +

∑
|τ |=2m

∥∥∥∥∥ ∂|r|u

∂xr11 . . . ∂xrnn

∥∥∥∥∥
C(C2mα+β(Rn))

≤M(α, δ, µ)

‖f‖C(C2mα+β(Rn)) +
∑
|τ |=2m

∥∥∥∥∥ ∂|r|ϕ

∂xr11 . . . ∂xrnn

∥∥∥∥∥
C2mα+β(Rn)

+
∑
|τ |=m

∥∥∥∥∥ ∂|r|ψ

∂xr11 . . . ∂xrnn

∥∥∥∥∥
C2mα+β(Rn)

 , 0 < 2mα + β < 1,

where M(α, δ, µ) does not depend on ϕ(x), ψ(x) and f(y, x).

The proof of Theorem 4.4 is based on the abstract Theorems 3.1 and 3.2, the positivity of
the operator Ax in Cβ(Rn), the structure of the fractional spaces Eα((Ax)

1
2 , C(Rn)) and the

coercivity inequality for an elliptic operator Ax in Cβ(Rn).

5. Conclusion and future plans

1. In the present paper, the nonlocal boundary value problem with Samarskii–Ionkin
condition I for elliptic equations in a Banach space with a positive operator is investigated. The
main theorems on well-posedness of this problem are proved. In practice, the coercive stability
estimates for solution of four types of nonlocal boundary value problems with Samarskii–Ionkin
condition I for elliptic differential equations are proved.

2. Investigate the high order of accuracy for the numerical solution of the nonlocal boundary
value problem for elliptic partial differential equations( see,[7]).

3. Investigate the uniform two-step difference schemes and asymptotic formulas for the
solution of the nonlocal boundary value perturbation problem{

−ε2 d
2v(t)
dt2

+ Av(t) = f(t), 0 < t < T,
u(0) = u(T ) + ϕ, u′(T ) + µu(T ) = ψ

for a linear elliptic equation in a Banach space E with the positive operator A and with
ε ∈ (0,∞) parameter multiplying the highest order derivative term (see, [7]).
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[2] Avalishvili G., Avalishvili M.; Nonclassical problem with integral boundary conditions for elliptic system.
Complex Var. Elliptic Equ.,–2018.–63.–No6.–P.836-853.

[3] Ashyralyev A.; A note on the Bitsadze-Samarskii type nonlocal boundary value problem in a Banach space.
Journal of Mathematical Analysis and Applications,–2008.–344.–No1.–P.557-573.

[4] Ashyralyev A., Hamad, A.; On the well-posedness of elliptic equations with nonlocal boundary conditions.
TWMS J. Pure Appl. Math.,–2025.–16–No1.–P. 59-70.

[5] Ashyralyev A., Agirseven D., Agarwal R.P.; Stability estimates for delay parabolic differential and difference
equations. Appl. Comput. Math.,–2020.–19.–P.175-204.

[6] Ashyralyev A., Sarsenbi A.M.; Well-posedness of an elliptic equation with involution. Electron. J. Differ.
Equ.,–2015.–2015. No284.–P.1-8.

[7] Ashyralyev A., Sobolevskii P.E.; New Difference Schemes for Partial Differential Equations. Operator
Theory: Advances and Applications .–148.- 443 pages. Birkhauser Verlag. Basel, Boston, Berlin.–2004.
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Abstract. This paper considers the optimal time control problem for a fourth-order para-
bolic equation with involution in a square domain. The solution with the control function on
the border of the considered domain is given. The constraints on the control are determined to
ensure that the average value of the solution within the considered domain attains a given value.
The initial-boundary problem is solved by the Fourier method, and the control problem under
consideration is analyzed with the Volterra integral equation of the first kind. The existence of
the control function was proved by the Laplace transform method, and an optimal estimate of
the minimum time required for a thin film to reach a given average height is found.
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1. Introduction

Three kinds of optimal control problems: time optimal control problem, target optimal
control problem and norm optimal control problem, are important and interesting problems
of optimal control theory. The aim of this work is to study the time-optimal control problem
for a fourth order parabolic equation. It is known that fourth-order parabolic equations were
introduced to describe the epitaxial growth of nanoscale thin films [28]. Therefore, interest in
materials science has been increasing in recent years.

A control problem associated with parabolic equations was studied by Friedman [21]. A great
deal of developments in the controllability theory of the linear second order parabolic equation
were initiated by Fattorini and Russell [22, 23]. Control problems for the infinite-dimensional
case were studied by Egorov [20], who generalized Pontryagin’s maximum principle to a class of
equations in Banach space, and the proof of a bang-bang principle was shown in the particular
conditions. The time-varying bang-bang property of time optimal controls for heat equation
and its applications is studied in [6].

Initially, the problem of time optimal control associated with a second-order parabolic-type
equation in a bounded n−dimensional domain was studied in [1, 2] and the minimal time
estimate for achieving a given average temperature was found. In [3], a mathematical model of
thermocontrol processes was studied.

Control problem for a second-order parabolic equation in a bounded two-dimensional domain
with a Dirichlet boundary condition is studied in [24]. In these article, the existence of the
control function was proved. Boundary control problems related to fast heating of the rod
when the conductivity of the rod is different were studied in [10, 11] and the existence of an
admissible control function was proved. Similar control problems were studied in work [12] for
equations of the second order parabolic type with different boundary conditions.

The monographs [25, 31] of Lions and Fursikov provide a lot of information about optimal
control problems. General numerical optimization and control problems associated with second-
order parabolic equations have been studied in many publications such as [4]. [32] studies some
practical problems for control problems related to parabolic equations of the second order.
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The control problems for the pseudoparabolic equation in the bounded domain were studied
in works [14, 15, 16] and the existence of an admissible control function was proved using the
Laplace transform method.

The optimal time control problem for a fourth-order parabolic equation in a multidimensional
domain is studied in [13]. In this work, an estimate of the optimal time to reach an average
thickness of a thin film is found. In [26], the null boundary control problem associated with a
fourth-order parabolic equation in a one-dimensional bounded domain was considered by the
method of reducing the control problem to well-posed problems proposed by Guo and Littman
[27]. In [40], the null interior controllability for a fourth order parabolic equation was studied.
The method they used is based on Lebeau-Rabbiano inequality. Further research results on the
global dynamic behavior of solutions associated with fourth-order parabolic equations for the
epitaxial thin film model were studied by Chen [7]. In [17], the boundary control problem for a
fourth-order parabolic equation in a bounded one-dimensional domain is studied. Optimal time
problems for the fourth-order parabolic equation in the two-dimensional domain are studied in
works [18, 19].

In recent years, there has also been a growing interest in the study of mixed problems for
parabolic-type equations involving involution. An inverse problems for equations of parabolic
type with involution are studied in work [35, 36]. In [33], a boundary value problem for the heat
equation associated with involution in a one-dimensional domain is studied. Many boundary
value problems for parabolic type equations with involution were studied in works [5, 29].
Boundary problems for fourth-order parabolic equation with involution is studied in work [30].

The solution of some inverse problems for the nonlocal analogue of the fourth-order parabolic
equation when the domain is a multidimensional parallelepiped was studied in [37]. The inverse
problem for a fractional-order parabolic equation involving a nonlocal biharmonic operator in
a two-dimensional domain is studied in detail in [34].

In the present paper, the time optimal control problem for a fourth-order parabolic equation
with involution is considered. The difference of this work from the previous works is that in this
problem, the time optimal control problem for the fourth-order parabolic type equation related
to involution is studied. Section 2 presents the time-optimal problem and the main theorem.
In Section 3, the control problem studied in this paper is reduced to the main integral equation
by the Fourier method, which is the Volterra integral equation of the first type. In Section 4,
the existence of a solution to the main integral equation is proved using the Laplace transform
method. In Section 5, the minimum time for a thin film to reach a given average thickness was
estimated.

2. Statement of problem

In the present paper, we consider the fourth order parabolic equation with involution in the
domain Ω = {(x, y) ∈ R2 : 0 < x < π, 0 < y < π}

∂

∂t
u(x, y, t) +

∂4

∂x4
u(x, y, t) +

∂4

∂y4
u(x, y, t)+

+ ε1
∂4

∂x4
u(π − x, y, t) + ε2

∂4

∂y4
u(x, π − y, t) = 0, (x, y, t) ∈ ΩT := Ω× (0,∞), (2.1)

with boundary value conditions

u(0, y, t) = ϕ(y) ν(t), u(π, y, t) = 0, u(x, 0, t) = 0, u(x, π, t) = 0, (2.2)

and
uxx(0, y, t) = 0, uxx(π, y, t) = 0, uyy(x, 0, t) = 0, uyy(x, π, t) = 0, (2.3)
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and initial value condition
u(x, y, 0) = 0, 0 ≤ x, y ≤ π, (2.4)

where εi (i = 1, 2) are nonzero real numbers such that |εi| < 1, ϕ(y) is a given function and
ν(t) is the control function.

In what follows, by R+ we denote the nonnegative half-line, R+ = {t ∈ R : t ≥ 0}. Assume
M > 0 is given constant. It is called that the control function ν(t) ∈ W 1

2 (R+) is admissible, if
it fulfills the conditions ν(0) = 0 and |ν(t)| ≤M on the half-line R+.

Differential equations with modified arguments are equations in which the unknown function
and its derivatives are evaluated with modifications of time or space variables; such equations
are called, in general, functional differential equations. Among such equations, one can single
out, equations with involutions [8].

Definition 2.1. ([9, 39]) A function f(x) 6≡ x maps bijectively a set of real numbers D, such
that

f(f(x)) = x or f−1(x) = f(x),

is called an involution on D.

It can be seen that equation (2.1) for εi = 0 (i = 1, 2) is a classical fourth order parabolic
equation. If εi 6= 0, equation (2.1) relates the values of the second derivatives at two different
points and becomes a nonlocal equation. It is known that boundary control problems for the
fourth order parabolic equation in the case εi = 0 were studied in details in work [19].

Now we present the following time optimal control problem.
Time Optimal Problem. For a given constant θ > 0 problem consist looking for the

minimal value of T ≥ 0, such that for t ≥ T the solution u(x, y, t) of the initial-boundary value
problem (2.1)-(2.4) with some admissible control ν(t) exists and for some T1 > T satisfies the
equation

π∫
0

π∫
0

u(x, y, t) dy dx = θ, T ≤ t ≤ T1, (2.5)

where function u(x, y, t) describes the height of the growth interface at the spatial point (x, y) ∈ Ω
at time t ≥ 0, and θ is the average value of the growth interface height of the thin film.

Consider the following spectral problem

∂4

∂x4
U(x, y)+

∂4

∂y4
U(x, y)+ε1

∂4

∂x4
U(π−x, y)+ε2

∂4

∂y4
U(x, π−y) = λU(x, y), (x, y) ∈ Ω, (2.6)

with boundary value conditions

U(0, y) = U(π, y) = 0, Uxx(0, y) = Uxx(π, y) = 0,

and
U(x, 0) = U(x, π) = 0, Uyy(x, 0) = Uyy(x, π) = 0, (x, y) ∈ ∂Ω,

where εi (i = 1, 2) are nonzero real numbers such that |εi| < 1. If we say U(x, y) = X(x)Y (y)
in Eq. (2.6), we have the following spectral problems.

Spectral problem 1.

X
′′′′

(x) + ε1X
′′′′

(π − x) = µ1X(x), 0 < x < π,

X(0) = X(π) = 0, X
′′
(0) = X

′′
(π) = 0, 0 ≤ x ≤ π.
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Spectral problem 2.

Y
′′′′

(y) + ε2 Y
′′′′

(π − y) = µ2 Y (y), 0 < y < π,

Y (0) = Y (π) = 0, Y
′′
(0) = Y

′′
(π) = 0, 0 ≤ y ≤ π.

We can see the solutions of the above spectral problems 1 and 2 in the works of [30, 34].
Then, from spectral problems 1 and 2 we have the following eigenvalues:

λm,n,1 = (1− ε1) 16m4 + (1− ε2) 16n4, m, n ∈ N, (2.7)

λm,n,2 = (1− ε1) 16m4 + (1 + ε2) (2n+ 1)4, m ∈ N, n ∈ N0 = N ∪ {0}, (2.8)

λm,n,3 = (1 + ε1) (2m+ 1)4 + (1− ε2) 16n4, m ∈ N0, n ∈ N, (2.9)

λm,n,4 = (1 + ε1) (2m+ 1)4 + (1 + ε2) (2n+ 1)4, m, n ∈ N0, (2.10)

and we have the following eigenfunctions

Um,n,1(x, y) = sin 2mx sin 2ny, m, n ∈ N,

Um,n,2(x, y) = sin 2mx sin(2n+ 1)y, m ∈ N, n ∈ N0,

Um,n,3(x, y) = sin(2m+ 1)x sin 2ny, m ∈ N0, n ∈ N,

and
Um,n,4(x, y) = sin(2m+ 1)x sin(2n+ 1)y, m, n ∈ N0.

Assume, the given function ϕ ∈ C5([0, π]) satisfies the conditions

ϕ(0) = ϕ(π) = ϕ(2)(0) = ϕ(2)(π) = 0, ϕn ≥ 0, (2.11)

where

ϕn =
2

π

π∫
0

ϕ(y) sinny dy, n = 1, 2, . . . . (2.12)

We set

Φmn =
8 (1 + ε1)

π

(2m+ 1)2 ϕ2n+1

2n+ 1
, m, n = 0, 1, . . . , (2.13)

and

λ0,0,4 = 2 + ε1 + ε2 = λ0, Φ00 =
8 (1 + ε1)ϕ1

π
= Φ0,

where ϕn is defined by (2.12).

Theorem 2.2. Let

0 < θ <
Φ0M

λ0

.

Set

T0 = − 1

λ0

ln

(
1− θ λ0

Φ0M

)
.

Then a solution Tmin of the Time optimal problem exists, and the estimate Tmin ≤ T0 is vaild.
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3. Integral equation for control function

In this section, we derive the basic integral equation to find the control function. We first
introduce the classical solution of the initial boundary value problem (2.1)-(2.4).

By the solution of mixed problem (2.1)–(2.4) we mean the function u(x, y, t) expressed in the
following form

u(x, y, t) =
π − x
π

ϕ(y) ν(t)− w(x, y, t), (3.1)

where the function w(x, y, t) with the regularity w(x, y, t) ∈ C4,4,1
x,y,t (ΩT )∩C(Ω̄T ) and wxx, wyy ∈

C(Ω̄) is the solution to the mixed problem

∂

∂t
w(x, y, t) +

∂4

∂x4
w(x, y, t) +

∂4

∂y4
w(x, y, t) + ε1

∂4

∂x4
w(π − x, y, t)+

+ε2
∂4

∂y4
w(x, π − y, t) = ϕ(y)

π − x
π

ν ′(t) + ϕ(4)(y)
π − x
π

ν(t) + ε2 ϕ
(4)(π − y)

π − x
π

ν(t),

with homogeneous boundary value conditions

w(0, y, t) = w(π, y, t) = 0, wxx(0, y, t) = wxx(π, y, t) = 0,

w(x, 0, t) = w(x, π, t) = 0, wyy(x, 0, t) = wyy(x, π, t) = 0,

and initial value condition

w(x, y, 0) = 0.

Using the condition (2.11) we can write

2

π

π∫
0

ϕ(4)(y) sinny dy = n4 ϕn,
2

π

π∫
0

ϕ(4)(π − y) sinny dy = (−1)n+1 n4 ϕn, n ∈ N,

where ϕn is the Fourier coefficient of the function ϕ(y).
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We solve the above mixed problem by the Fourier method. Thus, we get (see [38])

w(x, y, t) =
1

π

∞∑
m=1

∞∑
n=1

ϕ2n

m

( t∫
0

e−λm,n,1(t−s) ν ′(s) ds

)
sin 2mx sin 2ny+

+
1

π

∞∑
m=1

∞∑
n=0

ϕ2n+1

m

( t∫
0

e−λm,n,2(t−s) ν ′(s) ds

)
sin 2mx sin(2n+ 1)y+

+
2

π

∞∑
m=0

∞∑
n=1

ϕ2n

2m+ 1

( t∫
0

e−λm,n,3(t−s) ν ′(s) ds

)
sin(2m+ 1)x sin 2ny+

+
2

π

∞∑
m=0

∞∑
n=0

ϕ2n+1

2m+ 1

( t∫
0

e−λm,n,4(t−s) ν ′(s) ds

)
sin(2m+ 1)x sin(2n+ 1)y+

+
16

π

∞∑
m=1

∞∑
n=1

n4 ϕ2n (1− ε2)

m

( t∫
0

e−λm,n,1(t−s) ν(s) ds

)
sin 2mx sin 2ny+

+
1

π

∞∑
m=1

∞∑
n=0

(2n+ 1)4 ϕ2n+1 (1 + ε2)

m

( t∫
0

e−λm,n,2(t−s) ν(s) ds

)
sin 2mx sin(2n+ 1)y+

+
2

π

∞∑
m=0

∞∑
n=0

(2n+ 1)4 ϕ2n+1 (1 + ε2)

2m+ 1

( t∫
0

e−λm,n,4(t−s) ν(s) ds

)
sin(2m+ 1)x sin(2n+ 1)y+

+
32

π

∞∑
m=0

∞∑
n=1

n4 ϕ2n (1− ε2)

2m+ 1

( t∫
0

e−λm,n,3(t−s) ν(s) ds

)
sin(2m+ 1)x sin 2ny, (3.2)

where λm,n,i, (i = 1, 4) are defined by (2.7)-(2.10), respectively.
By (3.1) and (3.2), we have the solution of the initial-boundary problem (2.1)–(2.4)

u(x, y, t) =
π − x
π

ϕ(y) ν(t)−

− 1

π

∞∑
m=1

∞∑
n=1

ϕ2n

m

( t∫
0

e−λm,n,1(t−s) ν ′(s) ds

)
sin 2mx sin 2ny−

− 1

π

∞∑
m=1

∞∑
n=0

ϕ2n+1

m

( t∫
0

e−λm,n,2(t−s) ν ′(s) ds

)
sin 2mx sin(2n+ 1)y−

− 2

π

∞∑
m=0

∞∑
n=1

ϕ2n

2m+ 1

( t∫
0

e−λm,n,3(t−s) ν ′(s) ds

)
sin(2m+ 1)x sin 2ny−

− 2

π

∞∑
m=0

∞∑
n=0

ϕ2n+1

2m+ 1

( t∫
0

e−λm,n,4(t−s) ν ′(s) ds

)
sin(2m+ 1)x sin(2n+ 1)y−

− 16

π

∞∑
m=1

∞∑
n=1

n4 ϕ2n (1− ε2)

m

( t∫
0

e−λm,n,1(t−s) ν(s) ds

)
sin 2mx sin 2ny−
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− 1

π

∞∑
m=1

∞∑
n=0

(2n+ 1)4 ϕ2n+1 (1 + ε2)

m

( t∫
0

e−λm,n,2(t−s) ν(s) ds

)
sin 2mx sin(2n+ 1)y−

− 32

π

∞∑
m=0

∞∑
n=1

n4 ϕ2n (1− ε2)

2m+ 1

( t∫
0

e−λm,n,3(t−s) ν(s) ds

)
sin(2m+ 1)x sin 2ny−

− 2

π

∞∑
m=0

∞∑
n=0

(2n+ 1)4 ϕ2n+1 (1 + ε2)

2m+ 1

( t∫
0

e−λm,n,4(t−s) ν(s) ds

)
sin(2m+ 1)x sin(2n+ 1)y.

Using the solution of the mixed problem (2.1)-(2.4) and the condition (2.5) we can write

φ(t) = ν(t)

π∫
0

π∫
0

π − x
π

ϕ(y) dy dx−

− 8

π

∞∑
m=0

∞∑
n=0

ϕ2n+1

(2m+ 1)2 (2n+ 1)

t∫
0

e−λm,n,4(t−s) ν ′(s) ds−

− 8

π

∞∑
m=0

∞∑
n=0

(2n+ 1)3 ϕ2n+1 (1 + ε2)

(2m+ 1)2

t∫
0

e−λm,n,4(t−s) ν(s) ds, (3.3)

where φ(t) = θ for t ∈ [T, T1].
According to Parseval equality, we get

π∫
0

π∫
0

ϕ(y)
π − x
π

dx dy =
8

π

∞∑
m=0

∞∑
n=0

ϕ2n+1

(2m+ 1)2 (2n+ 1)
. (3.4)

Using the definition of the admissible control ν(t) and (3.3), (3.4), we can write

φ(t) =
8 (1 + ε1)

π

∞∑
m=0

∞∑
n=0

(2m+ 1)2 ϕ2n+1

2n+ 1

t∫
0

e−λm,n,4(t−s) ν(s) ds, (3.5)

where λm,n,4 is defined by (2.10).
Let us introduce the function

K(t) =
∞∑
m=0

∞∑
n=0

Φmn e
−λm,n,4t, t > 0, (3.6)

where Φmn is defined by (2.13).
Then equality (3.5) takes the form

t∫
0

K(t− s) ν(s) ds = φ(t), t > 0, (3.7)

where function φ(t) = θ for t ∈ [T, T1].
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For any M0 > 0, we denote W (M0) the set of functions φ ∈ W 2
2 (−∞,+∞) which satisfy

the conditions
‖φ‖W 2

2 (R+) ≤M0, φ(t) = 0 for t ≤ 0.

The resulting Volterra integral equation (3.7) is the main equation for admissible control
ν(t). Therefore, we present the following theorem.

Theorem 3.1. There exists M0 > 0 such that for any function φ ∈ W (M0) the solution ν(t)
of the equation (3.7) exists and satisfies condition |ν(t)| ≤M .

Proposition 3.2. Let |εi| < 1 (i = 1, 2) and α ∈ (3
4
, 1). Then the kernel K(t) satisfies the

estimate

0 < K(t) ≤ Cα
tα
, 0 < t ≤ 1.

Proof. According to condition (2.11), ϕn coefficients are non-negative. By (2.10) and (3.6),
we have

0 < K(t) =
8 (1 + ε1)

π

∞∑
m=0

(2m+ 1)2 e−(1+ε1)(2m+1)4 t
∞∑
n=0

ϕ2n+1

2n+ 1
e−(1+ε2)(2n+1)4 t = A(t)W (t),

where

W (t) =
8

π

∞∑
n=0

ϕ2n+1

2n+ 1
e−(1+ε2)(2n+1)4 t, t > 0,

and

A(t) = (1 + ε1)
∞∑
m=0

(2m+ 1)2 e−(1+ε1)(2m+1)4 t.

For any t ∈ (0, T ], the function W (t) satisfies the inequality

0 < W (T ) ≤ W (t) < W (0). (3.8)

Let the function f(t) = tαe−β t be given, where α, β > 0. It is clear that the maximum value
of this function is reached at the point t0 = α

β
and this value is equal to αα

βα
e−α. We will use

this information in the following evaluation.
For any α ∈ (3

4
, 1), the function A(t) satisfies the estimate

A(t) = (1 + ε1)
∞∑
m=0

(2m+ 1)2 e−(1+ε1) (2m+1)4 t =

=
1 + ε1

tα

∞∑
m=0

(2m+ 1)2 tα e−(1+ε1) (2m+1)4 t ≤

≤ (1 + ε1)1−α αα e−α

tα

∞∑
m=0

(2m+ 1)2

(2m+ 1)4α
≤ Cα t

−α, (3.9)

where
∞∑
m=0

(2m+ 1)2

(2m+ 1)4α
=

∞∑
m=0

1

(2m+ 1)4α−2
< +∞.

The proof of proposition follows from (3.8) and (3.9).
2
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4. Proof of Theorem 3.1

It is known that the Laplace transform of the function ν(t) is defined as follows

ν̃(p) =

∞∫
0

e−pt ν(t) dt, where p = σ + i τ, σ > 0, τ ∈ R.

Using the Laplace transform and the integral equation (3.7), we get

φ̃(p) =

∞∫
0

e−pt dt

t∫
0

K(t− s) ν(s)ds = K̃(p) ν̃(p).

Then,

ν̃(p) =
φ̃(p)

K̃(p)
,

and we may write

ν(t) =
1

2πi

σ+i∞∫
σ−i∞

φ̃(p)

K̃(p)
eptdp =

1

2π

+∞∫
−∞

φ̃(σ + i τ)

K̃(σ + i τ)
e(σ+i τ)t dτ. (4.1)

We present the following lemma, which is necessary to prove the existence of admissible
control.

Lemma 4.1. The following estimate is valid:

|K̃(σ + i τ)| ≥ Cσ√
1 + τ 2

, σ > 0, τ ∈ R,

where Cσ > 0 is a constant only depending on σ.

Proof. Using (3.6), we can write

K̃(p) =

∞∫
0

K(t) e−pt dt =
∞∑

m,n=0

Φmn

∞∫
0

e−(p+λm,n,4)t dt =
∞∑

m,n=0

Φmn

p+ λm,n,4
,

and for p = σ + i τ

K̃(σ + i τ) =
∞∑

m,n=0

Φmn

σ + λm,n,4 + i τ
=

∞∑
m,n=0

Φmn (σ + λm,n,4)

(σ + λm,n,4)2 + τ 2
− i τ

∞∑
m,n=0

Φmn

(σ + λm,n,4)2 + τ 2

= ReK̃(σ + i τ) + i ImK̃(σ + i τ),

where λm,n,4 is defined by (2.10), and

ReK̃(σ + i τ) =
∞∑

m,n=0

Φmn (σ + λm,n,4)

(σ + λm,n,4)2 + τ 2
,

ImK̃(σ + i τ) = −τ
∞∑

m,n=0

Φmn

(σ + λm,n,4)2 + τ 2
.
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We can see that the following inequalities hold

(σ + λm,n,4)2 + τ 2 ≤ [(σ + λm,n,4)2 + 1](1 + τ 2),

and
1

(σ + λm,n,4)2 + τ 2
≥ 1

1 + τ 2

1

(σ + λm,n,4)2 + 1
. (4.2)

By (??), we get the estimates

|ReK̃(σ + i τ)| =
∞∑

m,n=0

Φmn (σ + λm,n,4)

(σ + λm,n,4)2 + τ 2
≥ 1

1 + τ 2

∞∑
m,n=0

Φmn (σ + λm,n,4)

(σ + λm,n,4)2 + 1
=

C1,σ

1 + τ 2
, (4.3)

and

|ImK̃(σ+i τ)| = |τ |
∞∑

m,n=0

Φmn

(σ + λm,n,4)2 + τ 2
≥ |τ |

1 + τ 2

∞∑
m,n=0

Φmn

(σ + λm,n,4)2 + 1
=
C2,σ |τ |
1 + τ 2

, (4.4)

where C1,σ, C2,σ as follows

C1,σ =
∞∑

m,n=0

Φmn (σ + λm,n,4)

(σ + λm,n,4)2 + 1
, C2,σ =

∞∑
m,n=0

Φmn

(σ + λm,n,4)2 + 1
.

By (??) and (4.4), we get the required estimate

|K̃(σ + i τ)| ≥ Cσ√
1 + τ 2

, where Cσ = min(C1,σ, C2,σ). (4.5)

2

Consequently, proceeding to the limit as σ → 0 from (4.1), we have the equality

ν(t) =
1

2π

+∞∫
−∞

φ̃(i τ)

K̃(i τ)
ei τt dτ. (4.6)

Proposition 4.2. [10] Let φ(t) ∈ W (M0). Then for the imaginary part of the Laplace transform
of function φ(t) the inequality

+∞∫
−∞

|φ̃(i τ)|
√

1 + τ 2 dτ ≤ C1 ‖φ‖W 2
2 (R+),

is valid, where C1 > 0 is a constant.

Proposition 4.3. Let φ(t) ∈ W (M0). Then ν ∈ W 1
2 (R+).

Proof. By (4.5) and (4.6), we have the estimate

+∞∫
−∞

|ν̃(τ)|2(1 + |τ |2) dτ =

+∞∫
−∞

∣∣∣∣∣ φ̃(i τ)

K̃(i τ)

∣∣∣∣∣
2

(1 + |τ |2) dτ ≤

≤ C0

+∞∫
−∞

|φ̃(i τ)|2(1 + |τ |2)2 dτ = C0‖φ‖2
W 2

2 (R),
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where C0 = min(C1,0, C2,0) which is defined by (4.5). Next, we can write

|ν(t)− ν(s)| =

∣∣∣∣∣∣
t∫
s

ν ′(ξ) dξ

∣∣∣∣∣∣ ≤ ‖ν ′‖L2(t− s)1/2.

Hence, ν ∈ Lipα, where α = 1/2.
2

Proof of Theorem 3.1. Using (4.5), (4.6) and Proposition ??, we have the estimate

|ν(t)| ≤ 1

2π

+∞∫
−∞

|φ̃(i τ)|
|K̃(i τ)|

dτ ≤ 1

2πC0

+∞∫
−∞

|φ̃(i τ)|
√

1 + τ 2dτ ≤

≤ C1

2πC0

‖φ‖W 2
2 (R+) ≤

C1M0

2πC0

= M,

where M0 as follows

M0 =
2πC0

C1

M.

2

5. Proof of Theorem 2.2

We consider the integral equation (3.7) for the case t ∈ [T, T1]

t∫
0

K(t− s) ν(s) ds = θ,

where the kernel K(t) is defined by (3.6).

Proposition 5.1. For the kernel K(t) the following estimate is valid:

K(t) ≥ Φ0 e
−λ0t, t > 0.

Proof. The proof of this proposition follows from the fact that the kernel K(t) is positive on
the half-line t ≥ 0

2

We introduce the function

H(t) =

t∫
0

K(t− s) ds =

t∫
0

K(s) ds.

It is known H(0) = 0 and H ′(t) = K(t) > 0. The physical meaning of this function is that
H(t) is the average thickness of the thin film in the Ω.

Define

H∗ = lim
t→∞

H(t) =

∞∫
0

K(s) ds.

It is known that H∗ is finite. Indeed,

H∗ =

∞∫
0

K(s) ds =
∞∑

m,n=0

Φmn

λm,n,4
< +∞,

where Φmn and λm,n,4 are defined by (2.13), (2.10), respectively. In conclusion, we can say that
the average thickness of a thin film in the domain Ω cannot be greater than H∗.
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Proposition 5.2. (see [19]) Let 0 < θ < M H∗. Then there exist T > 0 and an admissible
control ν(t) and the following equality is valid:

T∫
0

K(T − s) ν(s)ds = θ. (5.1)

Remark 5.3. It can be seen that the value of T is the solution to the time optimal problem
and it is the root of the following equation

H(T ) =
θ

M
. (5.2)

Lemma 5.4. Let be

0 < θ <
Φ0M

λ0

.

Then there exists T > 0 so that

T < − 1

λ0

ln

(
1− θ λ0

Φ0M

)
,

and the Eq. (5.2) is fulfilled.

Proof. Using Proposition 5.1, we can write the following inequality

H(t) =

t∫
0

K(s) ds ≥ Φ0

t∫
0

e−λ0sds =
Φ0

λ0

(
1− e−λ0t

)
. (5.3)

At t = T0 we consider the equation (5.3), then we have the equation

Φ0

λ0

(
1− e−λ0 T0

)
=

θ

M
. (5.4)

Thus,

T0 = − 1

λ0

ln

(
1− θ λ0

Φ0M

)
.

According to (5.3) and (5.4) we get

0 <
θ

M
≤ H(T0).

Then it is clear that T (0 < T < T0) exists, which is a solution to the equation (5.2).
2

The proof of main Theorem 2.2 follows easily from Lemma 5.4.
Acknowledgments. The authors are grateful to Academician Sh.A. Alimov for his valuable

comments.
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[4] Altmüller A., Grüne L.; Distributed and boundary model predictive control for the heat
equation. Technical report, University of Bayreuth, Department of Mathematics, –2012.
https://doi.org/10.1002/gamm.201210010

[5] Ahmad B., Alsaedi A., Kirane M., Tapdigoglu R.; An inverse problem for space and time fractional
evolution equations with an involution perturbation. Quaest. Math, –2017. –40. –P.151-160.

[6] Chen N., Wang Y., Yang D.; Time-varying bang-bang property of time optimal controls
for heat equation and its applications. Systems and Control Letters, –2018. –112. –P.18–23.
https://doi.org/10.1016/j.sysconle.2017.12.008

[7] Chen Y.; Global dynamical behavior of solutions for finite degenerate fourth-order parabolic equations
with mean curvature nonlinearity. Communications in Analysis and Mechanics, –2023. –15. –P.658–694.
https://doi.org/10.3934/cam.2023033

[8] Cabada A., Tojo F. A. F.; General Results for Differential Equations with Involutions, In: Differential
Equations with Involutions, Atlantis Press, Paris, –2015. –P.17–23. http://dx.doi.org/10.2991/978-94-6239-
121-5-2

[9] Carleman T.; Sur la theorie des equations integrales et ses applications, Verhandl. des internat. Mathem.
Kongr. I. Zurich., –1932. –P.138–151.

[10] Dekhkonov F.N., Kuchkorov E.I.; On the time-optimal control problem associated with the heat-
ing process of a thin rod. Lobachevskii Journal of Mathematics, –2023. –44. –No3. –P.1134–1144.
https://doi.org/10.1134/S1995080223030101

[11] Dekhkonov F.N.; Boundary control associated with a parabolic equation. Journal of Mathematics and
Computer Science, –2024. –33. –P.146–154. https://doi.org/10.22436/jmcs.033.02.03

[12] Dekhkonov F.N.; Boundary control problem for the heat transfer equation associated with heating
process of a rod. Bulletin of the Karaganda University. Mathematics Series, –2023. –110. –P.63–71.
https://doi.org/10.31489/2023M2/63-71

[13] Dekhkonov F.N.; On the time-optimal control problem associated with the epitaxial growth of thin film.
Uzbek Mathematical Journal, –2024. –68. –No4. P.37–47. ttp://dx.doi.org/10.29229/uzmj.2024-4-4

[14] Dekhkonov F.N.; On one boundary control problem for a pseudo-parabolic equation in a
two-dimensional domain. Communications in Analysis and Mechanics, –2025, –17. –P.1–14.
https://doi.org/10.3934/cam.2025001

[15] Dekhkonov F.N.; Boundary control problem associated with a pseudo-parabolic equa-
tion. Stochastic Modelling and Computational Sciences, –2023. –3. –P.117–128.
https://doi.org/10.61485/SMCS.27523829/v3n1P9

[16] Dekhkonov F.N.; On the control problem associated with a pseudo-parabolic type equation in
an one-dimensional domain. International Journal of Applied Mathematics, –2024. –37. –P.109–118.
https://dx.doi.org/10.12732/ijam.v37i1.9

[17] Dekhkonov F.N.; Time-optimal control problem associated with a fourth-order parabolic equation. Math-
ematical notes of NEFU, –2024. –31. –P.70–80.

[18] Dekhkonov F. N., Li W.; On the boundary control problem associated with a fourth order parabolic
equation in a two-dimensional domain. Discrete and Continuous Dynamical Systems - S, –2024. –17. –No8.
–P.2478–2488.

[19] Dekhkonov F. N.; On the time-optimal control problem for a fourth order parabolic equation in a two-
dimensional domain. Bulletin of the Karaganda University. Mathematics Series, –2024. –114. –P.57–70.

[20] Egorov Yu.V.; Optimal control in Banach spaces. Dokl. Akad. Nauk SSSR, –1963. –150. –No2. –P.241–244
(in Russian).

[21] Friedman A.; Differential equations of parabolic type. XVI, Englewood Cliffs, New Jersey,–1964.
https://doi.org/10.1016/0022-247X(67)90040-6

[22] Fattorini H.O., Russell D. L.; Exact controllability theorems for linear parabolic equations in one space
dimension. Arch. Rational Mech. Anal., –1971. –43. –P.272–292.



Time-optimal control problem for a fourth order parabolic equation with involution 67

[23] Fattorini H.O.; Time-optimal control of solutions of operational differential equations. SIAM J. Control,
–1964.–2.–P.49–65.

[24] Fayazova Z.K.; Boundary control of the heat transfer process in the space. Russian Mathematics, –2019.
–63. –No12. –P.71–79. https://doi.org/10.26907/0021-3446-2019-12-82-90

[25] Fursikov A. V.; Optimal Control of Distributed Systems, Theory and Applications, 187, Amer. Math. Soc.,
Providence, RI, Transl. Math. Monogr., –2000.

[26] Guo Y. J. L.; Null boundary controllability for a fourth order parabolic equation. Taiwanese J. Math.,
–2002. –6. –P.421–431. https://doi.org/10.11650/twjm/1500558308

[27] Guo Y. J. L., Littman W.; Null boundary controllability for semilinear heat equations. Appl. Math. Opt.,
–1995. –32. –P.281–316. https://doi.org/10.1007/BF01187903

[28] King B.B., Stein O., Winkler M.; A fourth-order parabolic equation modeling epitaxial thin film growth.
J. Math. Anal. Appl., –2003. –286. –P.459–490.

[29] Kopzhassarova A., Sarsenbi A.; Basis Properties of Eigenfunctions of Second- Order Differ-
ential Operators with Involution. Abstr. Appl. Anal., –2012. Article ID 576843, 6 pages.
https://doi.org/10.1155/2012/576843

[30] Kirane M., Sarsenbi A. A.; Solvability of Mixed Problems for a Fourth-Order Equation with Involution
and Fractional Derivative. Fractal Fract., –2023. –7. –P.131.
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Abstract. A second-order parabolic equation with an inhomogeneity of the form
q(x′, t)u1+α(x, t), where x = (x′, xn) = (x1, · · · , xn−1, xn) and α > 0, is considered in both
direct and inverse problems. The inverse problem focuses on determining the coefficient q(x′, t)
under heterogeneity. The trace of the direct problem solution is provided at the hyperplane
xn = 0 as supplementary information. Conditions for the unique solvability of the direct prob-
lem are established. For the inverse problem, local existence and uniqueness theorems are
proven.
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1. Introduction. Statement of the problem

In recent years, there has been a growing body of scientific literature focused on solving both
direct and inverse problems associated with nonlinear parabolic equations. Mathematical mod-
els that describe a series of physical and chemical processes, involving changes in the internal
properties of materials, form a nonlinear system governed by a parabolic equation with an un-
known coefficient. The complexity of such systems, along with their significant differences from
conventional boundary value problems with fixed coefficients in parabolic equations, generates
substantial theoretical interest in formulating their structure.

The determination of unknown coefficients in nonlinear parabolic partial differential equa-
tions from additional boundary conditions - such as measured data obtained at the boundary
or at a finite time - is a well-established problem in the literature, commonly referred to as
inverse coefficient problems [3]-[10]. The papers [3], [4] investigate the coefficient-to-data map-
pings associated with inverse problems involving unknown coefficients in nonlinear parabolic
partial differential equations. The authors present a method that utilizes adjoint versions of
the direct problem to derive equations that explicitly relate changes in the inputs (coefficients)
to changes in the outputs (measured data). Using these equations, the authors demonstrate
that the coefficient-to-data mappings are continuous, strictly monotone, and injective. Integral
identities are derived, showing that the coefficient-to-data mapping is monotone and invertible
when there is a single unknown coefficient, and the mapping is invertible when two unknown co-
efficients are determined simultaneously. The results of several numerical experiments are also
presented. In [5]-[10], the problem of identifying potentially discontinuous diffusion coefficients
in nonlinear parabolic equations is explored. A necessary condition for solving the parameter
estimation problem is provided. Additionally, the study investigates a regularization method
for solutions to ill-posed problems involving hemivariational inequalities in Banach spaces.
Under the assumption that the hemivariational inequality is solvable, a strongly convergent
approximation procedure is developed using the Browder-Tikhonov regularization method.

The work [14] deals with the determination of a pair (p, u) in the nonlinear parabolic equation
ut − 4u + p(x)f(u) = 0, with initial and boundary conditions u(x, 0) = 0, u

∣∣
∂Ω×[0,T ]

= g,
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from the overdetermination data u(., T ) = q. The problem is reduced to a nonlinear operator
equation and solved based on a fixed point theory in ordered Banach spaces. In the paper [12],
a nonlinear problem is considered, where the unknown coefficient depends on the derivative
of the solution. A uniqueness result is established using the method of Carleman estimates.
The applicability of this result is demonstrated through parameter identification problems in
population dynamics and magnetism. For the magnetism application, we present numerical
results based on a reconstruction method that employs a multiharmonic formulation of the
problem. In [13], the authors prove a uniqueness result for the inverse problem of determining
several non-constant coefficients in a system of two parabolic equations that corresponds to a
Lotka-Volterra competition model. The result provides a sufficient condition for the uniqueness
of determining four coefficients in the system.

In this study, we investigate the inverse problem of determining the multidimensional non-
constant coefficients of an inhomogeneity term of the form u1+α(x, t) in a parabolic equation.
Consider the Cauchy problem for the nonlinear parabolic equation

∂u

∂t
−∆u+ q(x′, t)u1+α(x, t) = 0, (x, t) ∈ RnT , (1.1)

with the initial condition

u(x, 0) = ϕ(x), x ∈ Rn, (1.2)

where ∆ denotes the Laplacian in the spatial variables x = (x′, xn) = (x1, . . . , xn−1, xn), and
RnT := {(x, t) | x ∈ Rn, 0 < t ≤ T}, α > 0 is a real constant, and q(x′, t), ϕ(x) are given
functions.

The problem of finding a function u(x, t) that satisfies (1.1) and (1.2) is referred to as the
direct problem.

In this paper, for the direct problem we study the inverse problem: determine the function
q(x′, t), (x′, t) ∈ Rn−1

T , given a solution u(x, t) on the hyperplane xn = 0 :

u(x′, 0, t) = h(x′, t), h(x′, 0) = ϕ(x′, 0), (x′, t) ∈ Rn−1
T . (1.3)

The inverse problem for the linear case of the corresponding equation (1.1), along with the
conditions (1.2) and (1.3), is explored in works [1], [2].

We will assume that ϕ(x) ∈ H l+4 (Rn) , h(x′, t) ≥ h0 > 0, h0 = const, h(x′, t) ∈
H l+4, l+4

2

(
Rn−1

T

)
. The Holder spaces Hγ (Ω) , Hγ,γ/2 (ΩT ) and the norms in them are well known

(see, for example, [6, pp. 10-20]). In what follows we will omit the indices Ω and ΩT in the
notations of the norms of these spaces, |u|γT ≡ |u|

γ
ΩT
, in our case Ω = Rn, or Rn−1.

2. Study of the direct problem

The following statement is true:

Lemma 2.1. The solution to the direct problem satisfies the integral equation

u(x, t) = Γ(x, t) ∗ ϕ(x)−
t∫

0

Γ(x, t− τ) ∗
[
q(x′, τ)u1+α(x, τ)

]
dτ, (2.1)

where Γ(x, t) is the fundamental solution of the operator ∂
∂t
− ∆ [6, p. 305]), f(x) ∗ g(x) =∫

Rn
f(x− ξ)g(ξ)dξ.
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Proof. For the right-hand side of (2.1) the following equalities hold:

Γ(x, t) ∗ ϕ(x)−
t∫

0

Γ(x, t− τ)q(x′, τ)u1+α(x, τ)dτ = Γ(x, t) ∗ ϕ(x)

+

t∫
0

Γ(x, t− τ) ∗
[
uτ (x, τ)−4u(x, τ)

]
dτ = Γ(x, t) ∗ ϕ(x)

+ lim
τ→t

[
Γ(x, t− τ) ∗ u(x, τ)

]
− lim

τ→0+

[
Γ(x, t− τ) ∗ u(x, τ)

]
−

t∫
0

∫
Rn

[∂Γ

∂τ
(x− ξ, t− τ) +4ξΓ(x− ξ, t− τ)

]
u(ξ, τ)dξdτ.

Using the relations lim
t→0+

Γ(x, t) = δ(x), where δ(x) is the Dirac delta function, δ(x)∗g(x) = g(x)

and ∂Γ
∂τ

(x − ξ, t − τ) + 4ξΓ(x − ξ, t − τ) = 0, we conclude that the right-hand side of these
equalities is equal to u(x, t). Passing to the limit as t→ 0+ in (2.1), we obtain (1.2). �

Lemma 2.2. Let ϕ(x) ∈ H l+2 (Rn) , q(x′, t) ∈ H l+2, l+2
2

(
Rn−1

T

)
, 0 < l < 1, and 1 ≤ ϕ(x) ≤

ϕ0 = const. Then there exists T ∗ ∈ (0, T ] such that the direct problem has a non-negative

solution u(x, t) from the class H l+2, l+2
2

(
RnT
)
.

Proof. According to Lemma 2.1, the solution to the direct problem satisfies the integral equation
(2.1). We write (2.1) in operator form

u(x, t) = (Au)(x, t), (x, t) ∈ RnT , (2.2)

where

(Au)(x, t) = Φ(x, t)−
t∫

0

Γ(x, t− τ) ∗
[
q(x′, τ)u1+α(x, τ)

]
dτ, (2.3)

and
Φ(x, t) := Γ(x, t) ∗ ϕ(x).

We will show that the operator A is contractive on a suitable set of functions if T is small.
Consider a closed ball

B1
T :=

{
ψ(x, t) ∈ H l, l

2

(
RnT
) ∣∣∣ |ψ − Φ|lT ≤ 1

}
. (2.4)

Since a closed subset of a complete metric space is complete, the ball B1
T is a complete metric

space with respect to the metric defined by the norm |·|lT .
Under the conditions of the lemma |ϕ|l ≤ ϕ0. Let u ∈ B1

T , then according to (2.4) we have

|u|lT = |u− Φ + Φ|lT ≤ |u− Φ|lT + |Φ|lT ≤ 1 + ϕ0. (2.5)

We prove that for sufficiently small T the operator A maps B1
T to itself and is a contraction

operator. Using (2.3), (2.5) and the estimate of the thermal volume potential in Holder norms
[6, p. 318], we obtain

|Au− Φ|lT =

∣∣∣∣∣
t∫

0

Γ(x, t− τ) ∗
[
q(x′, τ)u1+α(x, τ)

]
dτ

∣∣∣∣∣
l

T

≤ m(T )q0 (1 + ϕ0)1+α , (2.6)
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q0 = |q|lT m(T ) → 0 at T → 0. By choosing T 0 = min {T, T1}, where T1 is defined as

the smallest positive root of the equation m(T )q0 (1 + ϕ0)1+α = 1 (this is possible due to the
property of m(T )), we conclude that Au ∈ B1

T 0 .
We will now show that the operator A for some T on the set B1

T is contractive. First, note
that if u ∈ B1

T , then

u(x, t) ≥ Φ(x, t)− |u(x, t)− Φ(x, t)| ≥ 0, (x, t) ∈ RnT .

Let ui(x, t) ∈ B1
T , i = 1, 2 and write the difference u1+α

1 (x, t)− u1+α
2 (x, t) in the form

u1+α
1 (x, t)− u1+α

2 (x, t) = (1 + α)

u1(x,t)∫
u2(x,t)

ηαdη.

Next we change the variable

η = u1(x, t)η′ + u2(x, t) (1− η′) , dη = [u1(x, t)− u2(x, t)] dη′,

η = u2(x, t)⇒ η′ = 0, η = u1(x, t)⇒ η′ = 1,

and in the end we get

u1+α
1 (x, t)− u1+α

2 (x, t) = [u1(x, t)− u2(x, t)]Wα

(
u1(x, t), u2(x, t)

)
, (2.7)

where

Wα

(
u1(x, t), u2(x, t)

)
:= (1 + α)

1∫
0

[u1(x, t)η′ + u2(x, t)(1− η′)]α dη′. (2.8)

Using (2.5) and (2.7), we find the following estimates:∣∣∣Wα

(
u1(x, t), u2(x, t)

)∣∣∣l
T
≤ (1 + α) (1 + ϕ0)α , (2.9)∣∣∣u1+α

1 (x, t)− u1+α
2 (x, t)

∣∣∣l
T
≤ (1 + α) (1 + ϕ0)α

∣∣∣u1(x, t)− u2(x, t)
∣∣∣l
T
. (2.10)

Taking into account (2.9) and (2.10), we estimate the difference

|Au1 − Au2|lT =

∣∣∣∣∣
t∫

0

Γ(x, t− τ) ∗
[
q(x′, τ)

(
u1+α

1 (x, τ)− u1+α
2 (x, τ)

) ]
dτ

∣∣∣∣∣
l

T

≤ m(T )q0(1 + α) (1 + ϕ0)α
∣∣∣u1(x, t)− u2(x, t)

∣∣∣l
T
. (2.11)

It follows from (2.11) that if we choose T0 = min {T 0, T2}, where T2 is the smallest positive root
of the equation m(T )q0(1 + α) (1 + ϕ0)α = 1, then for T ∈ (0, T ) the operator A performs a
contraction mapping of the set B1

T into itself. Then, by the Banach fixed point principle, there
is a unique solution of the operator equation (2.2) in B1

T . Therefore, solving (2.2), for example
by the method of successive approximations (the Banach principle guarantees convergence to
the solution), we uniquely determine the function u(x, t). Moreover, under the conditions of

the lemma Φ(x, t) ∈ H l+2, l+2
2

(
RnT
)
, and since q(x′, t) ∈ H l+2, l+2

2

(
Rn−1

T

)
, then each iteration

leads to a function from the class H l+2, l+2
2

(
RnT
)
. Due to the uniform convergence of successive

approximations to u(x, t), we conclude that this function belongs to the class H l+2, l+2
2

(
RnT
)

for
T ∈ (0, T0) and is a solution of the direct problem. �
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3. Study of the inverse problem

Lemma 3.1. The inverse problem (1.1)-(1.3) is equivalent to the problem of determining the

functions v(x, t) ∈ H l+2, l+2
2

(
RnT
)

and q(x′, t) ∈ H l+2, l+2
2

(
Rn−1

T

)
from the equations

∂v

∂t
−4v + (1 + α)q(x′, t)uα(x, t)v(x, t) = 0, (x, t) ∈ RnT , (3.1)

v(x, 0) = ϕxn(x), x ∈ Rn, (3.2)

vxn(x′, 0, t) = ht −4h+ q(x′, t)h1+α(x′, t), (x′, t) ∈ Rn−1
T , (3.3)

where u(x, t) ∈ H l+3, l+3
2

(
RnT
)

is the solution to problem (1.1), (1.2).

Proof. Let (u, q) be a solution to problem (1.1)-(1.3). Then, setting v(x, t) = uxn , by direct
differentiation of (1.1), (1.2), we obtain (3.1), (3.2). Equalities (3.3) are easily derived from
equation (1.1) and condition (1.3).

Conversely, let (v, q) satisfy equations (3.1)-(3.3). Then, we show that the problem (1.1)-(1.3)
has a unique solution (u, q) with the same function q. Uniqueness follows from the uniqueness
of the solution to the problem (1.1), (1.2), proved in Section 2. To prove existence, note that
since v(x, t) = uxn(x, t), then

u(x, t) = ψ(x′, t) +

xn∫
0

v(x′, y, t)dy, (3.4)

where ψ(x′, t) = v(x′, 0, t). Let us choose ψ(x′, t) so that (1.1)-(1.3) hold. From (1.3) and (3.4)
it follows that ψ(x′, t) ≡ h(x′, t). Further, from here and from (3.4) if the consistency condition
h(x′, 0) = ϕ(x′, 0) is satisfied, we obtain

u(x, 0) = h(x′, 0) +

xn∫
0

v(x′, y, 0)dy = ϕ(x′, 0) +

xn∫
0

ϕy(x
′, y)dy = ϕ(x),

i.e. condition (1.2 is satisfied). It remains to verify that equality (1.1) holds. Integrating (3.1)
from 0 to xn, and using (3.3) we find

xn∫
0

[∂v
∂t
−4v + (1 + α)q(x′, t)uα(x′, y, t)v(x′, y, t)

]
dy =

xn∫
0

[∂ut
∂y
− (4x′u(x′, y, t))y

]
dy

−vxn(x, t) + vxn(x′, 0, t) + q(x′, t)
[
u1+α(x, t)− u1+α(x′, 0, t)

]
= ut(x, t)− ut(x′, 0, t)−4x′u(x, t) +4x′u(x′, 0, t)− uxnxn(x, t) + ht −4h

+q(x′, t)h1+α(x′, t) + q(x′, t)
[
u1+α(x, t)− u1+α(x′, 0, t)

]
= ut −4u(x, t) + q(x′, t)u1+α(x, t) = 0.

�
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The solution to problem (3.1), (3.2) is reduced to solving the integral equation

v(x, t) = Γ(x, t)∗ϕxn(x)− (1 +α)

t∫
0

Γ(x, t− τ)∗ [q(x′, t)uα(x, t)v(x, t)] dτ, (x, t) ∈ RnT , (3.5)

where u(x, t) ∈ H l+3, l+3
2

(
RnT
)

is the solution of equation (2.1).
Using (3.5) we calculate the derivative vxn(x, t). In this case, taking into account the formula

for differentiation of the convolution f(x) ∗ g(x) = fxn(x) ∗ g(x) = f(x) ∗ gxn(x), we have

vxn(x, t) = Γ(x, t) ∗ ϕxnxn(x)− (1 + α)

t∫
0

Γxn(x, t− τ) ∗ [q(x′, t)uα(x, t)v(x, t)] dτ, (3.6)

where (x, t) ∈ RnT . The kernel Γxn(x, t) has a weak singularity at x = 0, t = 0.
From (3.3) and (3.6, we obtain

q(x′, t) =
1

h1+α(x′, t)

[
Γ(x, t) ∗ ϕxnxn(x)

∣∣
xn=0
− ht +4x′h

]

− 1 + α

h1+α(x′, t)

t∫
0

Γxn(x, t− τ) ∗
[
q(x′, t)uα(x, t)v(x, t)

]
xn=0

dτ, (x′, t) ∈ Rn−1
T , (3.7)

The system of equations (2.1), (3.5), (3.6) is a system of nonlinear integral equations in the
domain RnT for unknown functions u(x, t), v(x, t) and q(x′, t). We write it in vector-operator
form

U = L(U), (3.8)

in which

U(x, t) =
(
U1, U2, U3

)
=
(
u(x, t), v(x, t), q(x′, t)

)
, L(U) =

(
L1(U), L2(U), L3(U)

)
and the operators L1(U), L2(U), L3(U) are defined in accordance with the right-hand sides
of equations (2.1), (3.5), (3.6). We show that for sufficiently small T the operator L(U) is
contractive on a suitable set of functions.

Let’s denote

U0(x, t) =
(
U0

1 , U
0
2 , U

0
3

)
:=
(
u0(x, t), v0(x, t), q0(x′, t)

)
:=
(

Φ(x, t), Γ(x, t) ∗ ϕxn(x),
1

h1+α(x′, t)

[
Γ(x, t) ∗ ϕxnxn(x)

∣∣
xn=0
− ht +4x′h

])
. (3.9)

From (3.9) the estimate follows∣∣∣U0
∣∣∣l
T

= max
{∣∣u0

∣∣l
T
,
∣∣v0

∣∣l
T
,
∣∣q0

∣∣l
T

}
≤ max

{
ϕ00,

1

h0

[
ϕ00 +

∣∣ht +4x′h
∣∣l
T

]}
:= K, (3.10)

where ϕ00 := max
{∣∣ϕ∣∣l, ∣∣ϕxn∣∣l, ∣∣ϕxnxn∣∣l}.

Definition 3.2. Let K(T,K) =
{
u(x, t), v(x, t), q(x′, t)

}
be the set of functions belonging to

the class H l,l/2 (RnT ) , and satisfying the conditions∣∣∣U − U0
∣∣∣l
T
≤ K, u(x, t) > 0, (x, t) ∈ RnT . (3.11)
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Theorem 3.3. Let ϕ(x) ∈ H l+4 (Rn) , ϕ(x) ≤ 1, h(x′, t) ∈ H l+4, l+4
2

(
Rn−1

T

)
, h(x′, t) ≥ h0 > 0,

h0 = const, 0 < l < 1 and h(x′, 0) = ϕ(x′, 0). Then there exists T ∗ ∈ (0, T ] such that equation
(3.8) has a unique solution on the set K(T ∗, K).

Proof. First, we note that the functions from K(T,K) satisfy the inequalities∣∣u∣∣l
T
≤ 2K,

∣∣v∣∣l
T
≤ 2K,

∣∣q∣∣l
T
≤ 2K. (3.12)

Let us first show that there exists some T3 ∈ (0, T ] for which the operator L maps the set
K(T3, K) to itself. Using estimates (3.12) and equation (2.1), we obtain

u(x, t) ≥ Γ(x, t) ∗ ϕ(x)−
t∫

0

Γ(x, t− τ) ∗
[∣∣q(x′, τ)

∣∣∣∣u∣∣1+α
(x, τ)

]
dτ

≥ 1− (2K)2+α T, (x, t) ∈ RnT .

It follows that if T < (2K)−2−α , then u(x, t) > 0 for (x, t) ∈ RnT . Further we will assume that
this condition on T is satisfied.

Using (2.1), (3.5), (3.6), we find estimates for
∣∣∣Lk(U)− U0

k

∣∣∣l
T
, k = 1, 2, 3, (x, t) ∈ RnT :

∣∣∣L1(U)− U0
1

∣∣∣l
T

=

∣∣∣∣∣−
t∫

0

Γ(x, t− τ) ∗
[
q(x′, τ)u1+α(x, τ)

]
dτ

∣∣∣∣∣
l

T

≤ m1(T ) (2K)2+α ,

∣∣∣L2(U)−U0
2

∣∣∣l
T

=

∣∣∣∣∣− (1+α)

t∫
0

Γ(x, t− τ)∗ [q(x′, t)uα(x, t)v(x, t)] dτ

∣∣∣∣∣
l

T

≤ m1(T )(1+α) (2K)2+α ,

∣∣∣L3(U)− U0
3

∣∣∣l
T

=

∣∣∣∣∣− 1 + α

h1+α(x′, t)

t∫
0

Γxn(x, t− τ)
∣∣
xn=0
∗
[
q(x′, t)uα(x, t)v(x, t)

]
xn=0

dτ

∣∣∣∣∣
l

T

≤ m2(T )
1 + α

h1+α
0

(2K)2+α ,

where mi(T )→ 0, i = 1, 2, for T → 0.
We choose T3 ∈ (0, T ) from the conditions T3 = min {T 0

3 , T
00
3 } , where T 0

3 , T
00
3 are the

smallest positive roots of the equations

m1(T )(1 + α) (2K)1+α =
1

2
, m2(T )

1 + α

h1+α
0

(2K)1+α =
1

2
,

respectively. Then we obtain the inequalities∣∣∣U − U0
∣∣∣l
T

= max
1≤i≤3

{∣∣∣Li(U)− U0
i

∣∣∣l
T

}
≤ K, u(x, t) > 0, (x, t) ∈ RnT3

,

from which it follows that the operator L(U) maps the set K(T3, K) into itself.
Let us now show that L(U) is a contraction operator on K(T ∗, K) for some T ∗ ∈ (0, T3].

Take two elements U(x, t) =
(
U1, U2, U3

)
∈ K(T3, K) and Ũ(x, t) =

(
Ũ1, Ũ2, Ũ3

)
∈ K(T3, K).

Then we have ∣∣∣qu1+α − q̃ũ1+α
∣∣∣l
T

=
∣∣∣q(u1+α − ũ1+α

)
+ ũ1+α

(
q − q̃

)∣∣∣l
T
.
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Using relations similar to (2.7)-(2.10) to estimate u1+α − ũ1+α, we continue∣∣∣qu1+α − q̃ũ1+α
∣∣∣l
T
≤ 2

∣∣U − Ũ ∣∣l
T

max
{

(1 + α)(2K)α
∣∣U3

∣∣l
T
,
∣∣U1+α

1

∣∣l
T

}
≤ 2(1 + α)(2K)1+α

∣∣U − Ũ ∣∣l
T

; (3.13)

Such reasoning will lead to inequalities∣∣∣quαv − q̃ũαṽ∣∣∣l
T

=
∣∣∣qv(uα − ũα)+ ũαq

(
v − ṽ

)
+ ũαṽ

(
q − q̃

)∣∣∣l
T

≤ 3
∣∣U − Ũ ∣∣l

T
max

{
α(2K)α

∣∣U2U3

∣∣l
T
,
∣∣Ũα

1 U3

∣∣l
T
,
∣∣Ũα

1 Ũ2

∣∣l
T

}
≤ 3 max

{
α(2K)2+α, (2K)1+α

}∣∣U − Ũ ∣∣l
T
. (3.14)

We will use (3.13) and (3.14) to estimate the norm of the differences
(
L(U1) − L(U2)

)
i
,

i = 1, 2, 3. Then we get

∣∣∣(L(U)− L(Ũ)
)

1

∣∣∣l
T

=

∣∣∣∣∣
t∫

0

Γ(x, t− τ) ∗
[
q(x′, τ)u1+α(x, τ)− q̃(x′, τ)ũ1+α(x, τ)

]
dτ

∣∣∣∣∣
l

T

≤ 2m1(T )(1 + α)(2K)1+α
∣∣U − Ũ ∣∣l

T
,

∣∣∣(L(U)−L(Ũ)
)

2

∣∣∣l
T

=

∣∣∣∣∣−(1+α)

t∫
0

Γ(x, t−τ)∗
[
q(x′, t)uα(x, t)v(x, t)− q̃(x′, t)ũα(x, t)ṽ(x, t)

]
dτ

∣∣∣∣∣
l

T

≤ 3m1(T ) max
{
α(2K)2+α, (2K)1+α

}∣∣U − Ũ ∣∣l
T
,

∣∣∣(L(U)− L(Ũ)
)

3

∣∣∣l
T

=

∣∣∣∣∣− 1 + α

h1+α(x′, t)

t∫
0

Γxn(x, t− τ)
∣∣
xn=0
∗
[
q(x′, t)uα(x, t)v(x, t)

−q̃(x′, t)ũα(x, t)ṽ(x, t)
]
xn=0

dτ

∣∣∣∣∣
l

T

≤ 3m2(T )
1 + α

h1+α
0

max
{
α(2K)2+α, (2K)1+α

}∣∣U − Ũ ∣∣l
T
.

Let ρ ∈ (0, 1) and T ∗(0, T3] be chosen as T ∗ = min {T4, T5} , where Ti, i = 4, 5 are the smallest
positive roots of the equations (with respect to T )

3m1(T ) max
{
α(2K)2+α, (1 + α)(2K)1+α

}
= ρ, 3m2(T )

1 + α

h1+α
0

max
{
α(2K)2+α, (2K)1+α

}
= ρ,

respectively (this is possible due to the properties mi(T ), i = 1, 2). Then the inequality∣∣L(U)− L(Ũ
∣∣l
T

= max
1≤i≤3

{∣∣(L(U)− L(Ũ)
)
i

∣∣l
T

}
≤ ρ

∣∣U − Ũ ∣∣l
T
,

which means that L(U) is a contraction operator on the set K(T ∗, K). Then it follows from
the Banach principle that the operator equation (3.8) has on the set K(T ∗, K) unique solution.
Theorem 3.3 is proved. �
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Note that the found functions u(x, t) and q(x′, t) will be solutions of the direct and inverse

problems from the classes H l+2, l+2
2

(
RnT
)

and q(x′, t) ∈ H l+2, l+2
2

(
Rn−1

T

)
, respectively. To show

this, we construct successive approximations for equation (3.8):

Un+1 = L(Un), n = 0, 1, 2, · · · . (3.15)

Under the conditions of the lemma, U0(x, t) ∈ H l+2, l+2
2

(
RnT
)
, then each iteration leads to a

function from the class H l+2, l+2
2

(
RnT
)
. Due to the uniform convergence of successive approxi-

mations (3.15) to U(x, t) (Theorem 3.3 guarantees convergence to a solution), we conclude that

this vector function belongs to the class H l+2, l+2
2

(
RnT ∗

)
, and the first two components U(x, t)

are solutions of the direct and inverse problems.
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Abstract. This work is devoted to the investigation of initial-boundary value and inverse
problems for mixed-type equations involving a time-fractional derivative of order ρ in the sense
of Caputo, together with a Bessel operator. By applying the method of separation of variables,
the problem is reduced to solving a system of ordinary differential equations for the coefficients
of the series expansions of the unknown functions. These expansions are represented as Fourier-
Bessel series in terms of orthonormal Bessel functions of the first kind and zero order. The
conditions for the existence and uniqueness of the solution are established. Further, it is
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this parameter is considered. An additional condition is found that guarantees the existence
and uniqueness of a solution to this inverse problem.
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1. Introduction

Let ρ ∈ (0, 1) be a fixed number. The fractional derivative of order ρ of a function f in the
Caputo sense is defined as

Dρ
t f(t) =

1

Γ(1− ρ)

t∫
0

f
′
(τ)

(t− τ)ρ
dτ,

where Γ(·) denotes the well-known gamma function.
In the domain Q := {(x, t)| 0 < x < 1,−α < t < ∞} consider the following mixed type

equation:

f(x, t) =

{
Dρ
t u−B0u, 0 < x < 1, 0 < t <∞,

utt −B0u, 0 < x < 1, −α < t < 0,
(1.1)

where f(x, t) is a given sufficiently smooth function and α > 0 is given real number and

B0u = uxx(x, t) +
1

x
ux(x, t) (1.2)

is the Bessel operator.
Forward problem. Find a function u(x, t) satisfying equation (1.1) and the boundary

conditions
lim
x→0

xux(x, t) = 0, u(1, t) = 0, (1.3)

and gluing conditions

lim
t→+0

u(x, t) = lim
t→−0

u(x, t), lim
t→+0

Dρ
t u(x, t) = lim

t→−0
ut(x, t), (1.4)
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and also a initial condition
u(x,−α) = ϕ(x), 0 < x < 1, (1.5)

where ϕ(x) is a given function.
Next, it is convenient to introduce the following designations: Q+ = Q × (0,∞), Q− =

Q× (−α, 0).
Let us present the definition of the solution of the problem (1.1)-(1.5).

Definition 1.1. A function u(x, t) ∈ C(Q) and u(x, t) ∈ AC(Q+) is called the (classical)
solution of the forward problem, if u(x, t) ∈ C2

x(Q), Dρ
t u(x, t) ∈ C(Q+), ut(x, t) ∈ C(Q−),

utt(x, t) ∈ C(Q−), and u(x, t) satisfies all conditions of forward problem.

Let τ− be an arbitrary real number. In the space L2(0, 1), we introduce the operator A,
which operates according to the rule

Aτf(x) =
∞∑
k=1

λτkfkJ0(λkx),

here fk = (f, J0(λkx)) are the Fourier-Bessel coefficients of a element f ∈ L2(0, 1) and λk and
J0(λkx) are eigenvalues and eigenfunctions of the Bessel operator.

Obviously, this operator A with the domain of the definition

D (Aτ ) =

{
f ∈ L2(0, 1) :

∞∑
k=1

λ2τ
k |fk|

2 <∞
}

is selfadjoint.
Let us denote by B0 the operator in L2(0, 1) acting according to the rule (1.2) and with the

domain of definition

D(B0) =
{
f ∈ C2(0, 1) : lim

x→0
xf
′
(x) = 0, f(1) = 0

}
.

The selfadjoint extension in L2(0, 1) of operator B0 is A (see [5], p. 139).
Inverse problem. Find a pair of fuctions {u(t), ρ} such that ρ ∈ [ρ0, 1], 0 < ρ0 < 1 and

u(t) and ρ together satisfy the conditions of Definition 1.1 and the additional condition :

U(t0, ρ) = ||u(t0)− A−2f ||2 = u0, 0 < t0 <∞, (1.6)

where u0 ∈ L2(0, 1) is given vector. When solving the inverse problem, we will assume that
f(x, t) = f(x).

The similar problems to problem (1.1)-(1.5) for various operators have been considered by a
number of authors. Let us mention only some of these works. For example, in works [6] - [4]
forward and inverse problems for mixed-type equations with the Bessel operator of fractional
Caputo order have been studied. It should be noted that in all these works , the inverse
problem consisted of finding the right-hand side. The authors of the work [2] also study the
inverse problem of determinig unknown parametr ρ for the following mixed type equations{

Dρ
t u(t)− Au(t) = 0, 0 < t ≤ t2,

u′(t)− Au(t) = 0, −t1 ≤ t < 0,

where A is positive selj-adjoint abstract operator. In this work additional condition (1.6) looks
like

U(ρ) = ||u(t0)||2 = u0, −t1 < t0 < 0.
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2. Preliminaries

The corresponding eigenvalue problem is given by

X
′′

+
1

x
X
′
+ λ2X = 0, 0 < x < 1, (2.1)

together with
X(1) = 0. (2.2)

At the singular end point x = 0, from applications point of view, we impose a boundary
condition of the form

lim
x→0

xX
′
(x) = 0. (2.3)

The corresponding eigenfunctions are the Bessel functions of the first kind of order zero are
solutions of Eq.(2.1)

Xk(x) = J0(λkx), k = 1, 2, 3....

We find the eigenvalues using the boundary conditions (2.2) and the positive roots of the
equation J0(λk) = 0, i.e., the values of λk represent the zeros of the Bessel function J0(x),
which has the following asymptotic representation (see [10], p.213):

J0(x) =

√
2

πx
sin
(
x+

π

4

)
+
r0(x)

x
√
x
,

where the function r0(x) remains bounded as x → ∞. Hence, the zeros of J0(x) are given by
([11], p.556):

λk ' kπ − π

4
+

1

8πk
+O

(
1

k2

)
.

The uniform convergence of Fourier-Bessel series are stated in the following theorems:

Theorem 2.1. (see [10], p.230-231) Let f(x) be a function defined on the interval [0, 1] such
that f(x) is differentiable 2s, s ∈ N times s ≥ 1 and such that

(1) f(0) = f
′
(0) = ... = f 2s−1(0) = 0;

(2) f(1) = f
′
(1) = ... = f 2s−1(1) = 0;

(3) f 2s(x) are bounded (this derivative may not exist at certain points);

Then the following inequality is satisfied by the Fourier-Bessel coefficients of f(x):

|fk| ≤
C

λ
2s−1/2
k

(c = const).

Theorem 2.2. (see [10], p.225) If ν ≥ 0, M > 0 and if

|fk| ≤
M

λ1+ε
k

, (2.4)

where ε is a positive constant, then the series

∞∑
k=1

fkJν(λkx),

converges absolutely and uniformly on [0, 1].
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Next, we recall some properties of the Mittag-Leffler functions.
Let 0 < ρ < 1 and µ be an arbitrary complex number. The function defined by the following

equation

Eρ,µ(t) =
∞∑
k=0

tk

Γ(ρk + µ)

is called the Mittag-Leffler function with two-parameters (see [7], p. 12).

Lemma 2.3. (see [7], p. 61) For all positive t and ρ > 0 one has∫ t

0

ηρ−1Eρ,ρ (−ληρ) dη = tρEρ,ρ+1 (−λtρ) . (2.5)

3. Investigation of the forward problem

Now we expand functions u(x, t) and f(x, t) in the Fourier-Bessel series (see e.g. [10], p.211),
writing them in the form

u(x, t) =
∞∑
k=1

Tk(t)J0(λkx), (3.1)

f(x, t) =
∞∑
k=1

fk(t)J0(λkx). (3.2)

Substituting (3.1) and (3.2) into (1.1), and applying the gluing conditions (1.4), we obtain

Tk(t) =


AkEρ,1

(
−λ2

kt
ρ
)

+

t∫
0

(t− τ)ρ−1Eρ,ρ(−λ2
k(t− τ)ρ)fk(τ) dτ, t > 0,

Ak (cosλkt− λk sinλkt) +
fk(0) sinλkt

λk
+
F1(λk, t)

λk
, t < 0,

(3.3)

where Ak are arbitrary constants and

F1(λk, t) =

t∫
0

fk (η) sinλk (t− η) dη.

If ∆α(k) =
√

1 + λ2
k sin

(
λkα + θk

)
6= 0 for all k ∈ N, then for Ak one has

Ak =
ϕ∗k

∆α(k)
, (3.4)

where ϕ∗k = ϕk − F1(λk,−α) + fk(0) sinλkα
λk

.

Thus, if ∆α(k) 6= 0 for all k, then the unknown coefficients Ak are found uniquely and
problem (1.1)-(1.5) also has a unique solution. Thus, we arrive at the following criterion for
the uniqueness of the solution to problem (1.1)-(1.5):

Theorem 3.1. If there is a solution to problem (1.1)-(1.5), then this solution is unique if and
only if the condition ∆α(k) 6= 0 is fulfilled for all k ∈ N.

When solving the problem by the Fourier method, ∆α(k) appears in the denominator. There-
fore, we need to estimate ∆α(k) from below.
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Lemma 3.2. If α is a positive rational number, then there exists a positive constant C0 and
k0,(k0 ∈ N) such that for all k > k0 the following estimate from below holds

|∆α(k)| > C0. (3.5)

Proof. Case 1. Let α = 4l, l ∈ N. Then we obtain

∆α(k) = cos 4λkl + λk sin 4λkl =

= (−1)l
(

1− 16l2
(

1

8πk
+O

(
1

k2

))2
)

+

(
kπ − π

4
+

1

8πk
+O

(
1

k2

))
(−1)l sin

(
l

2πk
+O

(
1

k2

))
.

From this, we get

|∆α(k)| >
∣∣∣∣∣1− 16l2

(
1

8πk
+O

(
1

k2

))2

+
2

π

(
kπ − π

4
+

1

8πk
+O

(
1

k2

))(
l

2πk
+O

(
1

k2

))∣∣∣∣∣ .
Thus, there exists a k2 ∈ N such that, for all k > max{k1, k2} we have

|∆α(k)| >
∣∣∣∣1 +O

(
1

k

)
+
l

π

∣∣∣∣ > 1

2
+
l

π
≥ C1 > 0. (3.6)

Case 2. Let α = 4p/q p, q ∈ N is a rational number, where p and q are coprime numbers, i.e,
GCF (p, q) = 1. Dividing (4k−1)p by q with remainder (4k−1)p = sq+r, s, r ∈ N0 = N∪{0},
0 ≤ r < q, we have

|∆α(k)| =
∣∣∣∣(−1)s

√
1 + λ2

k sin

(
rπ

q
+

p

2πqk
+O

(
1

k2

)
+ θk

)∣∣∣∣ . (3.7)

If r = 0 then, (3.7), we obtain

|∆α(k)| =
√

1 + λ2
k

∣∣∣∣sin( p

2πqk
+O

(
1

k2

)
+ θk

)∣∣∣∣ . (3.8)

θk satisfies the estimate
1√

1 + λ2
k

≤ θk ≤
π

2

1√
1 + λ2

k

<
1

k
. (3.9)

Using (3.8) and (3.9) we have

|∆α(k)| > 2

π

√
1 + λ2

k

(
p

2πqk
+O

(
1

k2

)
+

1√
1 + λ2

k

)
=

p

π2qk

√
1 + λ2

k +
2

π
+O

(
1

k2

)
.

There exists a k4 ∈ N such that, for all k > max{k3, k4} we have

|∆α(k)| ≥ p

4πq
+

2

π
≥ C2 > 0. (3.10)

Now let r > 0. Then, obviously, 1 ≤ r ≤ q − 1, q ≥ 2. Since the expression

∆̃α(k) = sin

(
rπ

q
+

p

2πqk
+O

(
1

k2

)
+ θk

)
,
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has a non zero positive limit as k →∞, there exists a k5 ∈ N such that, for all k > k5 we can
write

|∆α(k)| ≥ 1

2

√
1 + λ2

k

∣∣∣∣sin πrq
∣∣∣∣ ≥ πk

4

∣∣∣∣sin πq
∣∣∣∣ = kC3 ≥ C3 > 0. (3.11)

Then inequalities (3.6), (3.10) and (3.11) imply the validity of estimate (3.5) for all values of k
satisfying the inequality k > k0 = max{k1, k2, k3, k4, k5}.

If, for the numbers α from Lemma 3.1, for some k = p = k1, k2, ..., km, where 1 ≤ k1 < k2 <
... < km ≤ k0, ∆α(k) = 0 then problem (1.1)-(1.5) has a solution if and only if ϕ∗k = 0 (see
(3.4)). Naturally, in this case the solution of forward problem is determined as the sum of the
series

u(x, t) =

k1−1∑
k=1

+...+
km−1∑

k=km−1+1

+
∞∑

k=km+1

Tk(t)vk(x) +
∑
p

ApTp(t)vp(x), (3.12)

where, in the last sum, p takes the values k1, k2, ..., km and Tp(t) is defined by formula (3.3);
here k must be replaced by p and Ap is an arbitrary constant.

4. Justification of formal solution

The formal solution to problem (1.1)-(1.5) has the form (3.3). Now we show that the series
(3.3) satisfies all conditions of Definition 1.1.

To estimate the coefficients of the Fourier-Bessel series of the function u(x, t) and the series
obtained by its differentiation, we calculate the general terms of these series. Consider the case
for t > 0, and in the case t < 0 the absolute convergence of solution (3.1) is proved in a similar
way. Let

u(x, t) =
∞∑
k=1

((
ϕk

∆α(k)
+
fk(0) sinλkα

λk∆α(k)
+
F1(λk,−α)

λk∆α(k)

)
Eρ,1(−λ2

kt
ρ) + F1(λk, t)

)
J0(λkx), t ≥ 0.

(4.1)
According to Theorem 2.2, we conclude that the representation of the series of u(x, t) con-

verges absolutely and uniformly in Q+.
Now we prove the uniform convergence of the series Dρ

t u(x, t). It is not hard to see that
Dρ
tF1(λk, t) = fk(t)− λ2

kF1(λk, t). By Theorem 2.2, we conclude that, the series representation
of Dρ

t u(x, t) converges absolutely and uniformly in Q+.
Finally, it remains to show the uniform convergence of the series representation of uxx(x, t),

which is given by

uxx(x, t) =
∞∑
k=1

λ2
k

2
(U(k, t) + F1(λk, t)) [J2(λk(x))− J0(λk(x))].

Hence, for convergence, we have the following estimate:∣∣∣∣λ2
k

2
(U(k, t) + F1(λk, t))

∣∣∣∣ ≤ M10

λ
3/2
k

+
M11

λ
5/2
k

+
M12

λ
5/2
k

+
M13

λ
3/2
k

.

Therefore, by Theorem 2.2, we conclude that, the series representation of uxx(x, t) converges

absolutely and uniformly in Q+. The convergence of series ∂2u(x,t)
∂t2

, ∂2u(x,t)
∂x2 in Q− can be shown

in a similar way.
Thus we have the following theorem
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Theorem 4.1. Let the functions ϕ(x) and f(x, t) are differentiable four times with respect to
x, and for derivatives with respect to x the following equalities be satisfied:

(1) f(0, t) = f
′
(0, t) = f

′′
(0, t) = f

′′′
(0, t) = 0; f(1, t) = f

′
(1, t) = f

′′
(1, t) = 0; ∀t ∈

(−α, β);

(2) ϕ(0) = ϕ
′
(0) = ϕ

′′
(0) = ϕ

′′′
(0) = 0; ϕ(1) = ϕ

′
(1) = ϕ

′′
(1) = 0;

(3) ∂4f(x, t)/∂x and ∂4ϕ(x)/∂x, ∀t ∈ (−α, β), x ∈ (0, 1), are bounded;

(4) f(x, t) is continuous and continuously differentiable with respect to t.

and let α be a positive rational number. In that case, if ∆α(k) 6= 0 for k = 1, ..., k0, then
there exists a unique solution of problem (1.1)-(1.5), which is determined by the series (3.1).
If ∆α(k) = 0 for some k = 1, ..., k0 ≤ k0, then problem (1.1)-(1.5) is solvable if and only if
conditions

ϕk = F1(λk,−α)− fk(0) sinλkα

λk
, (4.2)

hold, and, in this case, the solution is determined as the sum of the series (3.12).

Remark 4.2. We especially emphasize that conditions (4.2) are both necessary and sufficient.
However, these conditions are somewhat difficult to check. Therefore, we can formulate the
following sufficient conditions

ϕk = (ϕ,Xk) = 0, fk(t) = (f(t), Xk) = 0,

which, on the one hand, are easily verified, and, on the other hand, when they are satisfied, the
necessary and sufficient conditions (4.2) are also satisfied.

5. Existence and uniqueness of the solution of the inverse problem

In order to find a formal solution to the inverse problem, we repeat all the actions that were
used in the forward problem, and by virtue of (3.3) and (2.5) we have

Tk(t) =


a1kEρ,1(−λ2

kt
ρ) + fkt

ρEρ,ρ+1(−λ2
kt
ρ), t > 0,

b1k cosλkt+ c1k sinλkt+
fk
λ2
k

(1− cosλkt) , t < 0.
(5.1)

After applying the conditions (1.4) we find the unknown coefficients a1k, b1k, c1k as follows

a1k = b1k =
λkϕk + fk(∆α(k)− 1)

∆α(k)
, c1k =

fk − λka1k

λk
. (5.2)

Taking (5.2) into account (5.1) we get

Tk(t) =

Eρ,1(−λktρ)
(
ϕkλ

2
k

∆α(k)
− fk
λ2
k∆α(k)

)
+
fk
λ2
k

, t > 0,

fk (∆α + sinλkt− λk cosλkt) + λ2
kϕk, t < 0.

(5.3)

For the solution the forward problem (3.1), function U(t0, ρ), defined in the additional con-
dition (1.6), has the form

U(t0, ρ) =
∞∑
k=1

∣∣∣∣Eρ,1(−λktρ0)

∣∣∣∣2∣∣∣∣ ϕkλ2
k

∆α(k)
− fk
λ2
k∆α(k)

∣∣∣∣2, 0 < t0 <∞.
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Lemma 5.1. Let ρ0 ∈ (0, 1) and conditions of Theorem 2.2 be satisfied. There exists a number
T0 = T0(ρ0) > 0, such that for all t0 ≥ T0, function U(t0, ρ) decreases monotonically with
respect to ρ ∈ [ρ0; 1].

It is easy to see that the following main result on the inverse problem is an immediate
consequence of this lemma.

Theorem 5.2. Let ρ0 ∈ (0, 1) and let number T0 be from Lemma 5.1. Then for all t0 ≥ T0 the
solution of the inverse problem {u(t), ρ}, ρ ∈ [ρ0, 1], exists and is unique if and only if

U(t0, 1) ≤ u0 ≤ U(t0, ρ0). (5.4)

To prove Theorem 5.2 we need the following lemma.

Lemma 5.3. Let λ1 > 0 be the first eigenvalue of Bessel operator. Given ρ0 from the interval
0 < ρ0 < 1, there exists a number T0 = T0(λ1, ρ0), such that for all t0 ≥ T0 and λ ≥ λ1 the
function eλ(ρ) = Eρ,1(−λ2tρ0) is positive and monotonically decreasing with respect to ρ ∈ [ρ0, 1]
and

eλ(1) ≤ eλ(ρ) ≤ eλ(ρ0).

Proof of Lemma 5.3 can be found in [2].
The proof of the main Lemma 5.1 follows easily from Lemma 5.3.

6. Proof of the main Lemma 5.1

Let us denote

Ck =

∣∣∣∣ϕkλ2
k − fk/λ2

k

∆α(k)

∣∣∣∣2 ≥ 0,

so that the function U(t0, ρ) can be written as

U(t0, ρ) =
∞∑
k=1

|Eρ,1(−λktρ0)|2Ck.

From Lemma 5.3, we know that there exists T0 = T0(λ1, ρ0) such that for all t0 ≥ T0 and all
λk ≥ λ1, the function

eλk(ρ) = Eρ,1(−λktρ0)

is positive and strictly decreasing with respect to ρ ∈ [ρ0, 1]. Therefore, for each k, the term

|Eρ,1(−λktρ0)|2 is decreasing with respect to ρ.
Since Ck ≥ 0 and independent of ρ, each summand in the series defining U(ρ) is monotonically

decreasing in ρ on the interval [ρ0, 1]. As a sum of monotonically decreasing nonnegative
functions, the function U(ρ) is also monotonically decreasing on this interval. Hence, for all
t0 ≥ T0, U(t0, ρ) is decreasing with respect to ρ ∈ [ρ0, 1].

As mentioned above, the Theorem 5.2 is a consequence of Lemma 5.1.
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1. Introduction

We consider the solvability of one class of boundary value problems for a fourth order mixed type
equation of the form

Lu = Pu+Mu+ λu = f(x, t), (x, t) ∈ Q = Ω× (0, T ), (1.1)

where λ – is some real parameter and Ω is a bounded domain with boundary Γ ∈ C5. Here

Pu =
4∑
i=0

Ki(x, t)∂
i
tu,

where ∂itu =
∂iu

∂ti
, ∂0

t u = u, (i = 0, 1, 2, 3, 4). The operator M is defined by the differential expression

Mu =
∑

|α|+|β|≤4

Dα
x (aαβ(x)Dβ

x), aαβ(x) = aβα(x)

and the boundary conditions

Bju|Γ = 0, Bju =
∑
|β|≤mj

bjβ(x)Dβu, (j = 1, 2), m1 < m2. (1.2)

2. Boundary value problem

Find a solution u(x, t) of equation (1.1), satisfying boundary conditions (1.2) and conditions

∂pt u|t=0 = α∂pt u|t=T ; p = 0, 1, 2, (2.1)

where α 6= 0 – is some real number.

In A.V. Bitsadze [3] it is shown that the Dirichlet problem for a second order mixed type equation

is incorrect. The question naturally arises: is it not possible to replace the conditions of the Dirichlet

problem by other conditions defined on the entire boundary, which ensure the correctness of the

problem? For the first time such boundary value problems (nonlocal boundary value problems) for a

mixed type equation of the second order were proposed and studied in the work of F.I. Frankl [12]. As

close in formulation to the studied ones, the problem for a mixed-type equation of the second order
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was studied in bounded domains in [13], [6], [7], [8], [17], [22]. Nonlocal boundary value problems for

a high-order partial derivative equation without derivation have been studied by many scientists, a

complete bibliography is available in the book by A. Dezin [5]. For high order mixed type equations

with local boundary conditions have been studied in different spaces in [25], [11], [4] and with nonlocal

boundary conditions such problems have been very little studied [9], [18], [10]. In this paper, using

the results of [25], [11], [7], [8] and applying the modified Galerkin method and a priori estimates, we

study the single-valued solvability and smoothness of the regular generalized solution of the boundary

value problem (1.1)-(2.1). We consider a model case, a 4th order equation; however, the reasoning is

general and can be easily transferred to the case of higher order equations.

Problem statement and main results

Let us give conditions on the data. We assume that M , with the domain of definition D(M) =
{u ∈ W 4

2 (Ω) : Bju|Γ = 0, j = 1, . . . , 4} is self-adjoint and positively defined in L2(Ω), i.e.,
there exists a constant δ0 such that (Mu, u)0 ≥ δ0‖u‖2

0 for all u ∈ D(M), where ‖ · ‖0, (·, ·)0 –
are the norm and scalar product in the space L2(Ω). The conditions when positive definiteness
of the operator M takes place are discussed, for example, in [21]. We may not specify specific
smoothness conditions on the coefficients of the operators M,Bj, however, from the point of
view of the general theory [1], [21] it is enough to assume that

aαβ ∈ Cmax(|α|,|β|)(Ω), bjβ ∈ Cβj(Ω), βj > 2m−mj − 1/2.

We first assume that

K4t, K4, K3 ∈ L∞(Q), Ki ∈ L∞(0, T ;Lpi(Ω)), i = 0, 1, 2, (2.2)

where pi > n/2 for n ≥ 4, pi = 2 for n < 4, i = 0, 1; p2 > n for n ≥ 2 and p2 = 2 for n = 1.
Equation (1.1) belongs to mixed type equations of the second kind, since no restrictions are
imposed on the sign of the function K4(x, t) on the variable t inside the interval [0, T ] [26], [8].
However, we still need some sign-conditioning. We assume that the following inequalities are
satisfied

K4(x, T ) ≥ 0, K4(x, 0) ≤ 0, K3 −
(γK4 +K4t)

2
−K4β ≥ δ1, γ =

2

T
ln |α|, (2.3)

for all (x, t) ∈ Q and some constants β < 3γ/2, δ1 > 0. When obtaining various a priori

estimates, we often use the inequality of the

|ab| ≤ ε
|a|p

p
+ ε−1/(p−1) |b|q

q
, 1/p+ 1/q = 1. (2.4)

We will need the following auxiliary statement.

Lemma 2.1. Let P0u = eγt(∂3
t u+ β∂2

t u). Then there exists a number λ0 ≥ 0 such that,∫ T

0

(P0u+ λ0u)u dt ≥ δ2‖u‖2
W 1

2 (0,T ), γ =
2

T
ln |α|, β < 3γ/2.

for all u ∈ W 3
2 (0, T ) satisfying condition (1.2).

The statement of the lemma is a consequence of Theorem 1 and Remark 1 in [9]. Let us give
some properties of the operator M .

The operators M s (s ∈ R) under our assumptions on Γ and on the coefficients of the boundary
operators Bj, belong to the class C4(Γ). So we have (a consequence of the equality D(M s) =
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(D(M), L2(Ω))1−s,2 = [D(M), L2(Ω)]1−s (in Section 1.18.2 in [24] and in Theorem 8.1 of [15])
(See also the descriptions of the space (D(M), L2(Ω))θ,2 in Section 4.3.3 of [24] and in Theorem
7.5 of [16].))

D(M s) = {u ∈ W 4s
2 (Ω) : Bju|Γ = 0 for all j such that mj < 4s− 1/2,∫

Ω

1

ρ
|Bju|2 dx <∞ if mj = 4s− 1/2}, ρ(x) = dist (x,Γ).

Apparently, there are also results where the previous equations are obtained under weaker con-
ditions on the coefficients of the operators Bj.Let us assume that the two previous equations are
satisfied. As a consequence, we have that either D(M1/4) = W 1

2 (Ω) if the first of the boundary

operators B1 does not impose the boundary condition Dirichlet u|Γ = 0, or D(M1/4) =
◦

W1
2(Ω)

otherwise. Let us also give another description of D(M s). Let λk, ωk (k = 1, 2, . . . ) – be the
eigennumbers and eigenvalues of the operator M . Without restriction of generality, we may
assume that the eigenfunctions form an orthonormalized basis in L2(Ω). Then

D(M s) = {u ∈ L2(Ω) :
∞∑
k=1

λ2s
k |(u, ωk)0|2 <∞}, s > 0,

respectively, M su =
∑∞

k=1 λ
s
k(u, ωk)0ωk. We will also use the equality

(W s
2 (0, T ;L2(Ω)), L2(0, T ;W r

2 (Ω)))θ,2 = W
s(1−θ)
2 (0, T ;W rθ

2 (Ω)), θ ∈ (0, 1). (2.5)

Next, let us put D(M s) = W̃ 4s
2 (Ω). The dual space to W̃ s

2 (Ω), constructed using the scalar
product in L2(Ω) denote by W̃−s

2 (Ω) (s > 0). The following two theorems are actually
corollaries of the corresponding results in [9] (see Theorems 3,4).

Theorem 2.2. Let the above conditions on the operator be satisfied M and conditions (2.3),
(2.2) for the coefficients of the operator P . Let f(x, t) ∈ L2(Q), then there is a constant λ0

such that at λ ≥ λ0 the problem (1.1)–(1.2) has generalized solution u(x, t) from the class
u ∈ L2(0, T ; W̃ 3

2 (Ω)) ∩W 3
2 (0, T ;L2(Ω)), ∂t(K4u

(2n−1)) ∈ L2(0, T ;W−1
2 (Ω)).

Here, as usual, by the space W−1
2 (Ω)) we mean the dual space to

◦
W1

2(Ω) with respect to the
duality defined by the scalar production in L2(Ω). If we additionally demand that

Ki = Ki(t) (i = 3, 4), K4 ∈ C1([0, T ]), (2.6)

then the following theorem holds.

Theorem 2.3. Let the conditions of Theorem 4.1 and condition (2.6) be satisfied. Then the
solution constructed in Theorem 4.1 is unique.

The assertion follows from Theorem 4 in [9]. Let us give additional conditions on the coeffi-
cients Kj:

Ki ∈ L∞(0, T ;Lri(Ω)), ∇xKi ∈ L∞(0, T ;Lqi(Ω)), (2.7)

where at i=0,1, ri > n/2 at n ≥ 4, ri = 2 at n < 4, qi > n/3 at n ≥ 6, pi = 2 at n < 6, and at
i = 2 r2 > n at n ≥ 2, r2 = 2 at n < 2, q2 > n/2 at n ≥ 4, q2 = 2 at n < 4.

Let (u, v) =
∫
Q u(x, t)v(x, t) dxdt – be a scalar product in L2(Q). The following theorem is

the main result of our work. Here we show we obtain regular solvability of the problem, and
the obtained solution possesses all generalized derivatives included in the equation.
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Theorem 2.4. Suppose that conditions (2.2), (2.3), (2.6), (2.7) are satisfied and f ∈
L2(0, T ; W̃ 1

2 (Ω)). Then we find λ1 ≥ 0 such that, given λ ≥ λ1 there exists a single solu-
tion to problem (1.1)-(2.1) such that u ∈ L2(0, T ; W̃ 4

2 (Ω)) ∩ W 3
2 (0, T ;L2(Ω)), ∂t(K4∂

3
t u) ∈

L2(0, T ;L2(Ω)).

Proof. The proof is in general similar to the proof of Theorem 3 in [9], but it requires a number
of additional considerations related to obtaining a priori estimates and the limit transition. Let
us take the basis ψj(t) in the space W 1

2 (0, T ) and the orthonormalized basis {ωi} in the space

L2(Ω) of the eigenfunctions of the operator M . It will also be and orthogonal basis in W̃ 4
2 (Ω),

with scalar product < u, v >= (Mu,Mv)0.
Then the system {ψjωi} – is a basis in the space W 1

2 (0, T ;L2(Ω))∩L2(0, T ; W̃ 4
2 (Ω)). Consider

the operator P0 + λ0. Let us construct the function ϕj(t) as a solution of (P0 + λ0)ϕj = ψj
satisfying boundary conditions (1.2). We look for an approximation the solution of our problem

in the form uN =
∑N

i,j=1 ci,jϕjωi, where the constants ci,j are determined by the from the system
of equations

(LuN , ψjωi) = (f, ψjωi), i, j = 1, . . . , N. (2.8)

Let us show the solvability of this system for suitable λ. The proof of the first a priori
estimate is quite similar to the corresponding proof of Theorem 3 of [9]. Therefore, we will only
give its scheme. Multiply (2.8) by ci,j and summarize the result for i, j. We obtain the equality

(LuN , (P0 + λ0)uN) = (f, (P0 + λ0)uN). (2.9)

We have by the force of Lemma 2.5 (we consider that λ > 0)

(MuN + λuN , (P0 + λ0)uN) = (M1/2uN , (P0 + λ0)M1/2uN) + λ (uN , (P0 + λ0)uN) ≥
δ1(‖uN‖2

W 1
2 (0,T ;W 2

2 (Ω)) + λ‖uN‖2
W 1

2 (0,T ;L2(Ω))), (2.10)

where δ1 – is some positive constant. We can visualize the expression PuN in the form PuN =
K4∂

4
t uN + K3∂

3
t uN + luN . Repeating the reasoning from the proof of Theorem 3 in [10], we

arrive at the estimate

(K4∂
4
t uN +K3∂

3
t uN , (P0 + λ0)uN) ≥ δ2(‖

√
|K4(T )|∂3

t uN(x, T )‖2
L2(Ω)+

‖
√
|K4(0)|∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;L2(Ω)))− c1‖uN‖2

L2(Q). (2.11)

Finally, the expression (luN , (P0 + λ0)uN) admits an estimate of

|(luN , (P0 +λ0)uN)| ≤ ε0(‖u‖2
W 3

2 (0,T ;L2(Ω)) +‖u‖2
W 1

2 (0,T ;W 2
2 (Ω)))+c(ε0)‖uN‖2

L2(Q), ε0 > 0, (2.12)

where the parameter ε0 is arbitrary (see the proof of Theorem 3 in [10]). The embedding
theorems, interpolation inequalities and inequality (2.4) were used to obtain this estimate. We
do not specify the deductions; below we will give analogous deductions in the proof of the
second a priori estimate. Adding (2.10), (2.11), we obtain

(K4∂
4
t uN +K3∂

3
t uN +MuN + λuN , (P0 + λ0)uN) ≥ δ2(‖

√
|K4(T )|∂3

t uN(x, T )‖2
L2(Ω)

+ ‖
√
|K4(0)|∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;L2(Ω)) + δ1(‖uN‖2

W 1
2 (0,T ;W 2

2 (Ω))+

λ‖uN‖2
W 1

2 (0,T ;L2(Ω)))− c2‖uN‖2. (2.13)



90 Dzhamalov S.Z., Pyatkov S.G., Khalkhadzhaev B.B.

Using (2.12), we obtain

(LuN , (P0 + λ0)uN) ≥ δ1(‖uN‖2
W 1

2 (0,T ;W 2
2 (Ω)) + λ‖uN‖2

W 1
2 (0,T ;L2(Ω)))+

δ2(‖
√
|K4(T )|∂3

t uN(x, T )‖2
L2(Ω) + ‖

√
|K4(0)|∂3

t uN(x, 0)‖2
L2(Ω)+

‖uN‖2
W 3

2 (0,T ;L2(Ω))− ε0(‖u‖2
W 3

2 (0,T ;L2(Ω)) + ‖u‖2
W 1

2 (0,T ;W 2
2 (Ω)))− c1(ε0)‖uN‖2

L2(Q). (2.14)

Choosing the parameter ε0 < min(δ1, δ2)/2 and then a sufficiently large parameter λ1, (λ1 ≥
2c1(ε0)/δ1) we find that at λ ≥ λ1 the following estimate is valid

(LuN , (P0 + λ0)uN) ≥ δ3(‖uN‖2
W 1

2 (0,T ;W 2
2 (Ω)) + λ‖uN‖2

W 1
2 (0,T ;L2(Ω)))+

‖
√
|K4(T )|∂3

t uN(x, T )‖2
L2(Ω) + ‖

√
|K4(0)|∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;L2(Ω))), (2.15)

where δ3 – is some real constant and λ ≥ λ1. Using inequality (2.4), we have

|(f, (P0 + λ0)uN)| ≤ c(ε)‖f‖2
L2(Q) + ε‖uN‖L2(0,T ;W 3

2 (Ω)), ε > 0.

Then, choosing a sufficiently small parameter ε and using equality (2.9) and estimation (2.15),
we arrive at the first a priori estimation

‖uN‖2
W 1

2 (0,T ;W 2
2 (Ω)) + λ‖uN‖2

W 1
2 (0,T ;L2(Ω)) + ‖

√
|K4(T )|∂3

t uN(x, T )‖2
L2(Ω)+

‖
√
|K4(0)|∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;L2(Ω)) ≤ c1‖f‖2

L2(Q), (2.16)

where the constant c1 does not depend on N . The solvability of the system (2.8) follows from
this estimate and the sharp angle lemma. Let us proceed to the proof of the second a priori

estimate. Multiply (2.8) by λ
1/2
i ci,j and summarize the result for i, j. We obtain equality

(LuN ,M
1/2(P0 + λ0)uN) = (f,M1/2(P0 + λ0)uN). (2.17)

We have that Lemma 2.5 holds (assuming that λ ≥ λ1)

(MuN + λuN ,M
1/2(P0 + λ0)uN) = (M3/4uN , (P0 + λ0)M3/4uN)+

λ (M1/4uN , (P0 + λ0)M1/4uN) ≥ δ1(‖uN‖2
W 1

2 (0,T ;W 3
2 (Ω)) + λ‖uN‖2

W 1
2 (0,T ;W 1

2 (Ω))). (2.18)

Then, as before, we have an estimate (see inequality (2.15))

(K4∂
4
t uN +K3∂

3
t uN ,M

1/2(P0 + λ0)uN) =

(K4∂
4
tM

1/4uN +K3∂
3
tM

1/4uN , (P0 + λ0)M1/4uN) ≥

δ2(‖
√
|K4(T )|M1/4∂3

t uN(x, T )‖2
L2(Ω) + ‖

√
|K4(0)|M1/4∂3

t uN(x, 0)‖2
L2(Ω)

+ ‖M1/4∂3
t uN‖2)− c4‖M1/4uN‖2. (2.19)

Adding the estimates (2.18), (2.19), we arrive at the inequality

(K4∂
4
t uN +K3∂

3
t uN +MuN + λuN ,M

1/2(P0 + λ0)uN) ≥ δ3(‖uN‖2
W 1

2 (0,T ;W 3
2 (Ω))

+ λ‖uN‖2
W 1

2 (0,T ;W 1
2 (Ω))) + ‖

√
|K4(T )|M1/4∂3

t uN(x, T )‖2
L2(Ω)+

‖
√
|K4(0)|M1/4∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;W 1

2 (Ω))− c5‖uN‖2
L2(0,T ;W 1

2 (Ω)). (2.20)
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Note that the estimate for the last summand follows from the first a priori estimate. Let us eval-
uate the expression |(luN ,M1/2(P0 + λ0)uN)|. Consider the senior slavable, e.g., the expression
J1 = |(K2(x, t)∂2

t uN ,M
1/2∂3

t uN)|. Note that if the first boundary condition B1u|Γ = 0 is the
Dirichlet condition, then the function K2(x, t)∂2

t uN by construction also satisfies this condition.
Then if K2(x, t)∂2

t uN ∈ L2(0, T ;W 1
2 (Ω)), then in either case K2(x, t)∂2

t uN ∈ L2(0, T ; W̃ 1
2 (Ω))

and we can write that J1 = |(K2(x, t)∂2
t uN ,M

1/2∂3
t uN)| = |(M1/4K2(x, t)∂2

t uN ,M
1/4∂3

t uN)|.
Let us show that K2(x, t)∂2

t uN ∈ L2(0, T ;W 1
2 (Ω)). Taking into account the above, we obtain

the following estimate

‖K2(x, t)∂2
t uN‖2

L2(0,T ;W 1
2 (Ω)) ≤ ‖K2(x, t)∂2

t uN‖2
L2(Q) + 2‖∇xK2(x, t)∂2

t uN‖2
L2(Q)

+ 2‖K2(x, t)∇x∂
2
t uN‖2

L2(Q). (2.21)

Let’s estimate each summand, for example, using Holder’s inequality we have

‖K2xi∂
2
t uN‖2

L2(Q) ≤
∫ T

0

‖K2xi‖2
Lq2 (Ω)‖∂2

t uN‖2
L2q′2

(Ω) dt ≤

‖K2xi‖2
L∞(0,T ;Lq2 (Ω))‖∂2

t uN‖2
L2(0,T ;L2q′2

(Ω)), q
′
2 = q2/(q2 − 2).

Let, for example, n ≥ 4. By convention q2 > n/2. Then 2q′2 < 2n(n− 4) at n > 4 and 2q′2 <∞
at n = 4. Hence, there is s < 2 such that 2q′2 = 2n/(n− 2s) and hence there is an embedding
W s

2 (Ω) ⊂ L2r′2
(Ω) Then, using the interpolation inequalities from [24] of the form

‖u‖W s
2 (Ω) ≤ c‖u‖θ

W
s1
2 (Ω)
‖u‖1−θ

W
s2
2 (Ω)

, s1θ + s2(1− θ) = s, s1 < s < s2

and inequality (2.4), we obtain

‖∂2
t uN‖2

L2(0,T ;L2q′2
(Ω)) ≤ ε‖∂2

t uN‖2
L2(0,T ;W 2

2 (Ω)) + c(ε)‖uN‖2
L2(Q), (2.22)

where ε – is an arbitrary positive number. The final estimate is

‖K2xi∂
2
t uN‖2

L2(Q) ≤ c0ε‖∂2
t uN‖2

L2(0,T ;W 2
2 (Ω)) + c1(ε)‖∂2

t uN‖2
L2(Q), (2.23)

where ε is an arbitrary positive number and c0 ε and N . Let now n < 4. Then we have the
estimation

‖K2xi∂
2
t uN‖2

L2(Q) ≤
∫ T

0

‖K2xi‖2
L2(Ω)‖∂2

t uN‖2
L∞(Ω) dt ≤ c2‖∂2

t uN‖2
L2(0,T ;L∞(Ω) ≤

c3‖∂2
t uN‖2

L2(0,T ;W s
2 (Ω)), (2.24)

where 2 > s > n/2. Then, using again the interpolation inequality and inequality (2.4), we
arrive at an inequality of the form (2.23). Let us now consider the norm

‖K2∂
2
t uNxi‖2

L2(Q) ≤
∫ T

0

‖K2‖Lr2 (Ω)‖∂2
t uNxi‖2

L2r′2
(Ω)) dt ≤

c2‖∂2
t uNxi‖2

L2(0,T ;L2r′2
(Ω)) dt ≤ c3‖∂2

t uN‖2
L2(0,T ;W 1+s

2 (Ω))
, (2.25)

where r′2 = r2/(r2 − 2), 2r′2 = 2n/(n − 2s), s < 1. We have r2 > n, then 2r′2 < 2n/(n − 2)
and so we find such s < 1, that the equality 2r′2 = 2n/(n− 2s) is satisfied. Again applying the
interpolation inequality and inequality (2.4),we obtain

‖K2∂
2
t uNxi‖2

L2(Q) ≤ c4ε‖∂2
t uN‖2

L2(0,T ;W 2
2 (Ω)) + c5(ε)‖uN‖2

L2(Q), (2.26)
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where the constant c4 is independent of ε and ε – is an arbitrary positive number. Estimation

‖K2∂
2
t uN‖2

L2(Q) ≤ c6ε‖∂2
t uN‖2

L2(0,T ;W 2
2 (Ω)) + c7(ε)‖uN‖2

L2(Q), (2.27)

is now obvious. The estimates are similarly proved

‖Kj(x, t)∂
j
tuN‖2

L2(0,T ;W 1
2 (Ω)) ≤ ‖Kj(x, t)∂

j
tuN‖2

L2(Q)+

2‖∇xKj(x, t)∂
j
tuN‖2

L2(Q) + 2‖Kj(x, t)∇x∂
j
tuN‖2

L2(Q), (2.28)

‖Kj∂
j
tuNxi‖2

L2(Q) ≤ c7ε‖∂jtuN‖2
L2(0,T ;W 3

2 (Ω)) + c8(ε)‖∂jtuN‖2
L2(Q), (2.29)

‖Kjxi∂
j
tuN‖2

L2(Q) ≤ c9ε‖∂jtuN‖2
L2(0,T ;W 3

2 (Ω)) + c10(ε)‖∂jtuN‖2
L2(Q), (2.30)

where constants c7, c9 are independent of ε and ε – is an arbitrary positive number, i =
1, 2, . . . , n, j = 0, 1. Using the estimates (2.21), (2.23), (2.26)-(2.29), we obtain the inequality

2∑
j=0

‖Kj(x, t)∂
j
tuN‖2

L2(0,T ;W 1
2 (Ω)) ≤ c8ε(‖uN‖2

L2(0,T ;W 3
2 (Ω)) + ‖∂tuN‖2

L2(0,T ;W 3
2 (Ω))

+ ‖∂2
t uN‖2

L2(0,T ;W 2
2 (Ω))) + c9(ε)

2∑
j=0

‖∂jtuN‖2
L2(Q). (2.31)

Thus, we have evaluated all the summands in the expression |(luN ,M1/2(P0 +λ0)uN)|. Finally,
using (2.31) and inequality (2.4), we have that

|(luN ,M1/2(P0 + λ0)uN)| = |(M1/4luN ,M
1/4(P0 + λ0)uN)| ≤

C(ε1)‖M1/4luN‖L2(Q) + ε1‖M1/4(P0 + λ0)uN‖L2(Q) ≤
C1(ε1)‖luN‖L2(0,T ;W 1

2 (Ω)) + c10ε1‖(P0 + λ0)uN‖L2(0,T ;W 1
2 (Ω)) ≤

c11(εC(ε1) + ε1)(‖uN‖2
L2(0,T ;W 3

2 (Ω)) + ‖∂tuN‖2
L2(0,T ;W 3

2 (Ω)) + ‖∂2
t uN‖2

L2(0,T ;W 2
2 (Ω))

+ ‖∂3
t uN‖2

L2(0,T ;W 1
2 (Ω))) + c12(ε, ε1)

2∑
j=0

‖∂jtuN‖2
L2(Q), (2.32)

where the constant c11 is independent of, ε, ε1 > 0. Note that the last summand, by virtue
of the first a priori estimate, is estimated by a constant independent of N . There is also an
estimation

|(f,M1/2(P0 + λ0)uN)| = |(M1/4f,M1/4(P0 + λ0)uN)| ≤
ε2‖uN‖W 3

2 (0,T ;W 1
2 (Ω)) + c(ε2)‖f‖L2(0,T ;W 1

2 (Ω)). (2.33)

From equality (2.17) and (2.33) we have

(LuN ,M
1/2(P0 + λ0)uN) ≤ ε2‖uN‖W 3

2 (0,T ;W 1
2 (Ω)) + c(ε2)‖f‖L2(0,T ;W 1

2 (Ω)). (2.34)

On the other hand, the left part of the inequality, using (2.18), (2.19) is evaluated from below
through

δ3(‖uN‖2
W 1

2 (0,T ;W 3
2 (Ω)) + λ‖uN‖2

W 1
2 (0,T ;W 1

2 (Ω)) + ‖
√
|K4(T )|M1/4∂3

t uN(x, T )‖2
L2(Ω)+

‖
√
|K4(0)|M1/4∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;W 1

2 (Ω))−

c5‖uN‖2
L2(0,T ;W 1

2 (Ω)) − |(luN ,M
1/2(P0uN + λ0)uN)
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In view of the estimate (2.32) the last inequality, if you choose a small parameter ε1 and then
a sufficiently small parameter ε, is estimated from below via

δ3

2
(‖uN‖2

W 1
2 (0,T ;W 3

2 (Ω)) + λ‖uN‖2
W 1

2 (0,T ;W 1
2 (Ω)) + ‖

√
|K4(T )|M1/4∂3

t uN(x, T )‖2
L2(Ω)

+ ‖
√
|K4(0)|M1/4∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;W 1

2 (Ω))

= c13‖uN‖2
L2(0,T ;W 1

2 (Ω)) − c14(ε, ε1)(
2∑
j=0

‖∂jtuN‖2
L2(Q). (2.35)

Using the already obtained estimate (2.16), from (2.34), (2.35) we obtain an estimate of

‖uN‖2
W 1

2 (0,T ;W 3
2 (Ω)) + λ‖uN‖2

W 1
2 (0,T ;W 1

2 (Ω))) + ‖
√
|K4(T )|M1/4∂3

t uN(x, T )‖2
L2(Ω)+

‖
√
|K4(0)|M1/4∂3

t uN(x, 0)‖2
L2(Ω) + ‖uN‖2

W 3
2 (0,T ;W 1

2 (Ω)) ≤ c‖f‖2
L2(0,T ;W 1

2 (Ω)). (2.36)

Estimates (2.16), (2.36) guarantee that a subsequence uNk such that, there is convergence of

Dα∂ituNk → Dα∂itu weakly in L2(Q), MuNk → Mu weakly in L2(0, T ; W̃−1
2 Ω)), where |α| ≤ 3

at i = 0, 1, |α| ≤ 2 at i = 2, |α| ≤ 1 at i = 3,
u ∈ W 3

2 (0, T ; W̃ 1
2 (Ω)) ∩W 1

2 (0, T ; W̃ 3
2 (Ω)); there is also weak convergence

K4(T )∂3
t uNk(x, T )→ uT ∈ W̃ 1

2 (Ω), K4(0)∂3
t uNk(x, 0)→ u0 ∈ W̃ 1

2 (Ω).

Consider the equality (2.35). Let us rewrite it in the form

(−∂3
t uNk , (ψjK4)tωi) + (K3∂

3
t uNk , ψjωi) + (M1/2uNk ,M

1/2ψjωi) + (luNk + λuNk , ψjωi)

+ (K4(T )∂3
t uNk(x, T ), ψj(T )ωi)− (K4(0)∂3

t uNk(x, 0), ψj(0)ωi) = (f, ψjωi), (2.37)

where i, j = 1, . . . , Nk. Multiplying (2.37) by the constants γi,j and summing over i, j, we
obtain

(−∂3
t uNk , (vK4)t) + (K3∂

3
t uNk , v) + (M1/2uNk ,M

1/2v) + (luNk , v) + (λuNk , v)

+ (K4(T )∂3
t uNk(x, T ), v(x, T ))− (K4(0)∂3

t uNk(x, 0), v(x, 0)) = (f, v), (2.38)

where v =
∑N

i,j=1 γi,jψjωi. Passing to the limit on k, we obtain the integral identity

(−∂3
t u, (vK4)t) + (K3∂

3
t u, v) + (M1/2u,M1/2v) + (lu, v) + (λu, v)

+ (uT (x), v(x, T ))− (u0(x), v(x, 0)) = (f, v), (2.39)

by virtue of the arbitrariness of the constants γi,j, we conclude that equality (2.39) is satisfied

for all functions v ∈ L2(0, T ; W̃ 1
2 (Ω)) ∩ W 1

2 (0, T ;L2(Ω)). From the definition of generalized
we obtain, that there exists a generalized derivative ∂t(K4∂

3
t u) ∈ L2(0, T ; W̃−1

2 (Ω)). Moreover
the traces K4∂

3
t u(x, t)|t=T = uT ∈ W̃ 1

2 (Ω), K4∂
3
t u(x, t)|t=0 = u0 ∈ W̃ 1

2 (Ω) are defined. Then
equation (1.1) is fulfilled in space L2(0, T ; W̃−1

2 (Ω)). Note that, by virtue of the estimates
obtained in the proof above, lu ∈ L2(0, T : W̃ 1

2 (Ω)). Integrating (2.39) from zero to t, we
obtain

Mv + λv =

∫ t

0

f(x, τ) dτ +

∫ t

0

(K4t −K3)∂3
t u(x, τ)− lu(x, τ) dτ

−K4∂
3
t u(x, t) + u0(x) ∈ L2(0, T ; W̃ 1

2 (Ω)), v =

∫ t

0

u(x, τ) dτ. (2.40)
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Since the right-hand side in (2.40) belongs to L2(0, T ; W̃ 1
2 (Ω)), v ∈ L2(0, T ;W 5

2 (Ω)). Since

v ∈ W 3
2 (0, T ;W 1

2 (Ω)), we have from (2.5) that ∂itv ∈ L2(0, T ;W
5(1−i/4)+i/4
2 (Ω)). In particular,

v′ = u ∈ L2(0, T ;W 4
2 (Ω)).Then it follows from the equation and the definition of the generalized

Sobolev derivative that there exists a generalized derivatived ∂t(K4∂
3
t u) ∈ L2(Q).

�

Remark 2.5. The methodology of the proof is sufficiently general and transferable to arbitrary
high-order mixed-type equations of the form

2n∑
i=0

Ki(x, t)∂
i
tu+Mu = f,

where M a self-adjoint positive elliptic operator of order 2m. To this equation can also be
added the minor terms depending on all variables of the form aβ,kD

β∂kt u.

Remark 2.6. The question arises regarding the further improvement of the smoothness of
solutions with respect to the variable t. This question can be easily studied using the same
Galerkin method, but with the use of a special basis {ψj} and additional a priori estimates. As
such a basis it is most convenient to take the eigenfunctions of the problem

v′ = λv, v(0) = αv(T ),

which coincide with the functions eβte2πjt/T (j=0,1,2,. . . ), forming a basis in L2(0, T ) (β = β(α)
- is a numerical parameter). The solution itself in this case is sought in the form u =

∑
ij cijψjωi.

Since the eigenvalues are complex numbers, in this case it is natural to consider complex function
spaces, which will not really affect the estimates. When obtaining additional estimates in the
proof, additional conditions such as periodicity on the coefficients of Ki will arise.
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Abstract. We consider a boundary value problem for a network beam equation with a forcing

term. The main aim of the paper is to study oscillatory property of the corresponding forth-order

differential operator. The definition of the oscillation of an operator is given in terms of a special

fundamental system of solutions of the corresponding homogeneous equation on a graph. We study

sign-regularity properties of solutions of the corresponding homogeneous equations on a graph and

show that the positivity of a special system of solutions implies disconjugacy of the operator on each

edge of the graph.
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1. Introduction

The aim of this paper is to develop the disconjugacy theory for a forth-order differential
equation on a graph. In recent years, differential equations on metric graphs (networks) and
boundary value problems for such equations have attracted much attention from researchers.
This is due to the fact that network equations arise in models describing multi-link flexible
engineering structures, the propagation of waves in thin channels, the propagation of nerve
impulses, in the hydrodynamics of a network of thin vessels, etc. [5, 16, 20, 21, 23, 22, 27, 28].
We also mention papers [1, 3, 26] in which inverse spectral problems for network equations were
studied.

In this paper we study the linear differential operator Lr of the fourth-order boundary value
problem on a graph that arises in modeling Euler-Bernoulli beam systems. We briefly write
the corresponding boundary value problem as

Lru ≡ L0u+ r(x)u = f(x), x ∈ Γ, (1.1)

u|∂Γ = (ϑu′ − βu′′)|∂Γ = 0. (1.2)

Here Lr is a differential operator with the forcing term r(x)u; the operator L0 is defined by
Euler-Bernoulli beam equations on the edges of Γ, and by sets of the rigid joint conditions at
the junction nodes (see Section 2.2); ∂Γ is the boundary of Γ.

We study sign regularity property of the differential operator Lr. The sign regularity of a
differential operator has a significant importance in the qualitative theory of ordinary differential
equations [2, 4, 7, 18, 24] and differential equations on metric graphs [21, 19]. This property is
mainly used for the study of oscillation properties of spectra of boundary value problems and
the positivity of the Green function for some classes of boundary value problems [6, 13, 14].

It is known that the positivity of the Green’s function is closely related to the property of the
disconjugacy of the differential operator, and the disconjugacy is related to the sign-regularity
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of special fundamental systems of solutions of the corresponding homogeneous differential equa-
tion. In the papers [2, 10, 11, 12], it was shown that for fourth-order equations on graphs the
positivity of the Green’s function is equivalent to the positivity of a special system of solutions
of the homogeneous equation. In the present paper we show that the positivity of a special
system of solutions implies disconjugacy of the operator on each edge of the graph.

Notice that the properties of the fourth-order equation on the graph have fundamental dif-
ferences from the one-dimensional case. The one-dimensional operator `u = (p(x)u′′)′′ (p is
uniformly positive) on the finite interval with the boundary conditions (1.2) is inverse-positive,
whereas in general the operator on a graph with the same differential expression `u on the
graph edges is not inverse positive [6, 7]. The properties of the operator on a graph essen-
tially depend on the connection conditions at the nodes [10, 11, 14, 16]. The properties of the
model of a planar system consisting of beam elements rigidly connected to each other ([6, 12])
differ significantly from the properties of the model with elastic hinged joints ([21, 9, 14]).
The properties of the operator with elastic hinge joints are similar to the properties of the
Sturm-Liouville operator. In particular, it was shown (see [21]) that for a model of beams with
elastic hinge joints the maximum principle is valid and the corresponding differential operator
is inverse-positive. At the same time, the differential operator L0 with rigid joints may not be
inverse-positive [6, 10, 12].

In the paper [6] we studied the operator L0 with rigid joints corresponding to the boundary
value problem (1.1), (1.2). It was shown in [6] that oscillatory property, i.e. positivity of a
special system of solutions of the homogeneous equation L0u = 0, is equivalent to the inverse
positivity of L0. This result made it possible to formulate the maximum principles for solutions
to the equation L0u = 0 with rigid joints [11, 12]. In the present paper we consider the
perturbed operator Lr = L0 + rI with the forcing term rI.

Taking our cue from the one-dimensional homogeneous equation

uIV + r(x)u = 0, x ∈ (a, b) ⊂ R,

whose oscillatory behavior is very different according as r is positive or negative (see [15, 25]),
we shall distinguish between two cases r ≤ 0 and r ≥ 0 on Γ. In the paper [13], we showed
that the oscillatory of the operator Lr guarantees the positive invertibility of the perturbed
operator Lr, provided −λ0 < r(x) ≤ 0, where λ0 is the lowest eigenvalue of the operator L0.
In the present paper we consider the case r ≥ 0 on Γ. We show that the oscillatory implies
disconjugacy of the operator on each edge of the graph. We hope that this result will allow us
to obtain conditions for the inverse positivity of the operator Lr in the case r ≥ 0 on Γ.

2. Main notations and statement of the problem

2.1. Terminology of networks. Throughout the paper, Γ ⊂ R2 denotes a simple connected
and finite metric graph without loops, with a finite set of vertices V (Γ) and a set of edge points
E(Γ). An edge of a graph is an open interval of finite length, and a vertex of a graph is an
endpoint of one or more edges. The edges of a graph are labeled by γi, the vertices are denoted
by a, b, c, etc. Each edge γi is is an open interval (ai, bi) of finite length li = ‖bi − ai‖R2 and is
assumed to be parameterized such that

γi =
{
x ∈ R2

∣∣x = ai + t(bi − ai)/li, 0 < t < li
}
.

For any a ∈ V (Γ) by I(a) we denote the index set of the edges incident to a vertex a, and
by |I(a)| denote the number of elements of the set I(a). Elements of the sets J(Γ) = {a ∈
V (Γ) : |I(a)| ≥ 2} and ∂Γ = {a ∈ V (Γ) : |I(a)| = 1} are called interior and boundary vertices,
respectively. For the boundary edge adjacent to the vertex a ∈ ∂Γ, we also use the notation γa.
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We assume that Γ = E(Γ) ∪ J(Γ) and ∂Γ 6= ∅. Note that the boundary vertices are not
included in the graph. Let Γ0 and Γ be two graphs. The graph Γ0 is said to be a subgraph of a
graph Γ if Γ0 is a connected subset of Γ such that J(Γ0) ⊂ J(Γ).

Let us define the concept of a neighborhood of a point on a graph. The distance d(x1, x2)
between two points x1, x2 ∈ E(Γ)∪V (Γ) is defined as the length of a shortest directed polygonal
path from x1 to x2 within the graph. By definition, the ε-neighborhood of a point x0 ∈ Γ∪ ∂Γ
is the set Nε(x0) = {x ∈ Γ| d(x0, x) < ε}. With this definition, the neighborhood of a boundary
vertex does not contain the boundary vertex itself.

We further use the function spaces:

C[Γ] = {u : Γ→ R |u is uniformly continuous on each edge γ ⊂ E(Γ)};
C[E(Γ)] = {u : E(Γ)→ R |u is uniformly continuous on each edge γ ⊂ E(Γ)}.

By ui we denote the restriction of a function u ∈ C[Γ] (or C[E(Γ)]) to the edge γi ⊂ Γ. Every
function u ∈ C[Γ] (or C[E(Γ)]) has a limit lim

γi3x→a
ui(x) at each vertex a ∈ V (Γ) for i ∈ I(a); we

denote it by ui(a). Note that uk(a) are not necessarily equal to ui(a) or u(a), where k, i ∈ I(a)
(k 6= i).

Identifying the edges γi with intervals (0, li) on the real line, we define derivative of the
function u(x) on the edge γi as the derivative on an oriented manifold and denote it by u′i(x).
Higher-order derivatives are defined analogously.

By Cn[Γ] (or Cn[E(Γ)]) we denote the space of functions u ∈ C[Γ] (or C[E(Γ)]) whose
derivatives up to and including order n exist and belong to the space C[E(Γ)]. For a function

u ∈ Cn[Γ] (or Cn[E(Γ)]), at any vertex a ∈ V (Γ), the set of derivatives u
(j)
i (a), 1 ≤ j ≤ n,

along the edges adjacent to that vertex is defined.
For the sake of simplicity, we shall write

∫
Γ

u(x) dx =
∑

γi⊂E(Γ)

li∫
0

ui(x(t)) dt.

2.2. Data and framework. We are concerned with boundary value problem (1.1). By a
differential equation on a graph, following [13, 21], we understand the set of differential equations
on the edges and the set of consistency conditions at the interior vertices. The equations on
the edges have the form

(p(x)u′′)′′ − (q(x)u′)′ + r(x)u = f(x), x ∈ E(Γ), (2.1)

where p ∈ C2[E(Γ)], and r, f ∈ C[Γ].
At each junction node c ∈ J(Γ), |I(c)| ≥ 3, we impose the following transmission conditions:

ui(c) = uk(c), ∀i ∈ I(c) \ k,
u′i(c) = αki(c)u

′
k(c) + αji(c)u

′
j(c), ∀i ∈ I(c) \ {j, k},

(2.2)

(pku
′′
k)(c) +

∑
i∈I(c)\{j,k}

αki(c)(piu
′′
i )(c) = 0,

(pju
′′
j )(c) +

∑
i∈I(c)\{j,k}

αji(c)(piu
′′
i )(c) = 0

(2.3)

∑
i∈I(c)

D3ui(c) + r(c)u(c) = f(c), c ∈ J(Γ). (2.4)
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Here k and j are fixed indices from I(c); αki(c), αji(c) are given real numbers, D3u = (pu′′)′−qu′.
In conditions (2.2)-(2.4) all the derivatives are calculated in the direction moving away from
the vertex c ∈ J(Γ).

If an interior vertex c is incident to just two edges γi and γk, then in the system of conditions
(2.2)-(2.4) one needs to delete all the terms with the index j. In this case conditions (2.2)-(2.4)
become

ui(c) = uk(c), u′i(c) = αki(c)u
′
k(c),

(pku
′′
k)(c) + αki(c)(piu

′′
i )(c) = 0,

D3ui(c) +D3uk(c) + r(c)u(c) = f(c).

(2.5)

The system of relations (2.1)-(2.4) is called the differential equation on the graph Γ and is
denoted by L0u = f(x). A solution of this equation is any function u(x) ∈ C4[Γ] continuous
on Γ that satisfies the corresponding ordinary differential equation (2.1) on E(Γ) and obeys
conditions (2.2)-(2.4) at each inner vertex.

Thus, the differential operator L0 : D → C[Γ] is defined by relations

D = {u ∈ C4[Γ] : u satisfies (2.2), (2.3) on J(Γ)},

L0u(x) :=


(p(x)u′′)′′ − (q(x)u′)′, x ∈ E(Γ),∑
i∈I(x)

[(pi(x)u′′i )
′ − qi(x)u′i], x ∈ J(Γ);

Lru(x) := L0u(x) + r(x)u(x), x ∈ Γ.

(2.6)

Remark 2.1. Note carefully that by definition a solution of equation Lru = f(x) is continuous
on Γ, i.e. ui(c) = u(c) for all c ∈ J(Γ) and i ∈ I(c).

Remark 2.2. Relations (2.1)-(2.4) have a natural physical interpretation (see [13, 17]). They
appear in a simulating small deformations of a planar framework, a network structure of thin
straight beams. We assume that in the equilibrium the beams are placed in a plane forming
graph Γ. The nodes of the system are the endpoints of three or more distinct beams which
are rigidly coupled together. It is also assumed that at some points (not necessarily nodal or
boundary points) the system is elastically supported.

Throughout we assume that the following conditions hold:

• the differential equation Lru = f is an equality generated by the system of relations
(2.1)-(2.4), where f is the union of right-hand sides of relations (2.1) and (2.4);

• p ∈ C2[Γ], infx∈Γ p(x) > 0, q ∈ C1[Γ], r ∈ C[Γ], and q, r > 0 on Γ;

• for any vertex c ∈ J(Γ) and any index i ∈ I(c) at least one of the constants αji(c), αki(c)
is nonzero;

• for any vertex c ∈ J(Γ), |I(c)| ≥ 3, we can define basis indices k, j ∈ I(c) such that
the inequalities αki1(c) < 0, αji1(c) ≤ 0 both hold for some index i1 ∈ I(c) \ {j, k} and
αki2(c) ≤ 0, αji2(c) < 0 both hold for some index i2 ∈ I(c)\{j, k}; and for any vertex
c ∈ J(Γ) with |I(c)| = 2, we assume αki1(c) < 0;

• in the boundary and transmission conditions all the derivatives are calculated in the
direction moving away from the vertex;

• the graph Γ is a tree and J(Γ) 6= ∅.

Here, assumptions regarding the coefficients αki(c) and αki(c) ensure the unique solvability
of the boundary value problem (1.1), (1.2) (see [8]).
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3. Some qualitative properties of solutions of equation (1.1)

In this section we study sign-regularity properties of solutions of the homogeneous equation
(1.1) generated by relations (2.1)-(2.4).

The following results are needed for the sequel.

Lemma 3.1. For each f ∈ C[Γ] the linear boundary value problem

Lru = f(x), x ∈ Γ, (3.1)

(u+ αD3u)|∂Γ = (ϑu′ − βu′′)|∂Γ = 0, (3.2)

where α, ϑ, β : ∂Γ→ [0,+∞) and ϑ+ β > 0, is uniquely solvable.

Proof. Let u be a solution to the homogeneous problem (3.1), (3.2). Using (3.4), we have

0 =

∫
Γ

u · Lru dx+
∑
c∈J(Γ)

u(c)Lru(c) =

∫
Γ

(pu′′2 + qu′2 + ru2)dx

+
∑
c∈∂Γ

(pu′′)(c)u′(c)−
∑
c∈∂Γ

D3u(c)u(c) +
∑
c∈J(Γ)

r(c)u2(c).

It follows from (3.2) and from p > 0, r ≥ 0 that all terms in the right-hand side are nonnegative
and therefore equal to zero. Hence u′′ ≡ 0 on E(Γ). By virtue of the boundary conditions (3.2),
u|∂Γ = 0. Thus, u solves the homogeneous problem (1.1), (1.2). It was shown in the paper [8]
that this problem is uniquely solvable. Hence u ≡ 0 on Γ. The lemma is proved. 2

Definition 3.2. The homogeneous equation

Lu ≡ (p(x)u′′)′′ − (q(x)u′)′ + r(x)u = 0, x ∈ [a, b] ⊂ R, (3.3)

is said to be disconjugate on the real interval [a, b] if every non-trivial solution has at most three
zero on [a, b].

Recall (see, for instance, [18]) that the disconjugacy is of great importance in the qualitative
theory of ordinary differential equations. In particular, if the operator L is disconjugate, then
L can be represented in the form of the decomposition

Lu = h0(x)
d

dx

(
h1(x)

d

dx

(
h2(x)

d

dx

(
h1(x)

d

dx

(
h0(x)u

)))
, x ∈ [a, b].

Lemma 3.3. Suppose that the homogeneous equation (3.3) is not disconjugate on [a, b]. If u
is a non-trivial solution of the homogeneous equation (3.3) satisfying conditions u(a) = 0 and
u′(a)u′′(a) ≥ 0, then u has a simple zero in (a, b].

Proof. Let us consider a solution v of the homogeneous equation (3.3) that has a triple zero
at the point a. Since equation (3.1) is not disconjugate on [a, b], we have that v has a zero
x0 ∈ (a, b] (see [15, Lemma 2.4]) such that v > 0 on (a, x0). Now, assuming that u has no
zeros in (a, b], we can find a linear combination of solutions λu + µv, which has a double zero
in (a, x0). By virtue of Lemma 3.1 there is no a nontrivial solution of equation (3.3) satisfying
u(a) = 0 and u′(a)u′′(a) ≥ 0 that has a double zero x∗ ∈ (a, b). Therefore, λu+ µv ≡ 0. This,
however, contradicts linear independence of u and v. 2

An extreme point of a function is called nontrivial if the function is different from the iden-
tically constant in any neighborhood of this point.
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Let u, z ∈ D. By multiplying the function u by Lrz and by integrating by parts, we obtain∫
Γ

u · Lrz dx =

∫
Γ

(pz′′u′′ + qu′z′ + rzu)dx+
∑
c∈∂Γ

(pz′′)(c)u′(c)

−
∑
c∈∂Γ

D3z(c)u(c) +
∑
c∈J(Γ)

∑
i∈I(c)

(piz
′′
i )(c)u′i(c)−

∑
c∈J(Γ)

u(c)
∑
i∈I(c)

D3zi(c).

For the sake of generality of notation we set αkk(c) = αjj(c) = 1, αkj(c) = αjk(c) = 0 for each
vertex c ∈ J(Γ). Then using (2.2)-(2.3), we get∫

Γ

u · Lrz dx =

∫
Γ

(pz′′u′′ + qu′z′ + rzu)dx+
∑
c∈∂Γ

(pz′′)(c)u′(c)−
∑
c∈∂Γ

D3z(c)u(c)

−
∑
c∈J(Γ)

u(c)

∑
i∈I(c)

D3zi(c) + r(c)z(z)

+
∑
c∈J(Γ)

r(c)u(c)z(c)

+
∑
c∈J(Γ)

u′k(c)
∑
i∈I(c)

αki(c)(pz)′′i (c) +
∑
c∈J(Γ)

u′j(c)
∑
i∈I(c)

αji(c)(pz)′′i (c).

Hence ∫
Γ

u · Lrz dx+
∑
c∈J(Γ)

u(c)Lrz(c) =

∫
Γ

(pz′′u′′ + qz′u′ + rzu)dx

+
∑
c∈∂Γ

(pz′′)(c)u′(c)−
∑
c∈∂Γ

D3z(c)u(c) +
∑
c∈J(Γ)

r(c)u(c)z(c).
(3.4)

Integrating by parts twice again, we have∫
Γ

u · Lrz dx+
∑
c∈J(Γ)

u(c)Lrz(c)−
∫
Γ

z · Lru dx

=
∑
c∈∂Γ

p(c)(z′′(c)u′(c)− u′′(c)z′(c))−
∑
c∈∂Γ

D3z(c)u(c) +
∑
c∈∂Γ

D3u(c) z(c)

−
∑
c∈J(Γ)

z′k(c)
∑
i∈I(c)

αki(c)(pu)′′i (c)−
∑
c∈J(Γ)

z′j(c)
∑
i∈I(c)

αji(c)(pu)′′i (c)

+
∑
c∈J(Γ)

z(c)

∑
i∈I(c)

D3ui(c) + r(c)u(c)

 .

Now we finally get∫
Γ

u · Lrz dx+
∑
c∈J(Γ)

u(c)Lrz(c)−
∫
Γ

z · Lru dx−
∑
c∈J(Γ)

z(c)Lru(c)

=
∑
c∈∂Γ

p(c)(z′′(c)u′(c)− u′′(c)z′(c))−
∑
c∈∂Γ

D3z(c)u(c) +
∑
c∈∂Γ

D3u(c) z(c).
(3.5)

For each vertex a ∈ ∂Γ, we define a pair of functions wa, va that are solutions of the equation
Lru(x) = 0, x ∈ Γ, satisfying the following boundary condition

wa(a) = 1, ϑ(a)w′a(a)− β(a)w′′a(a) = 0, wa|∂Γ\a = (ϑw′a − βw′′a)|∂Γ\a = 0;
va(a) = 0, ϑ(a)v′a(a)− β(a)v′′a(a) = 1, va|∂Γ\a = (ϑv′a − βv′′a)|∂Γ\a = 0.

(3.6)
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It follows from Lemma 3.1 that, for any vertex a ∈ ∂Γ, the set of all 2|∂Γ| solutions of these
problems forming a fundamental system of solutions of the homogeneous equation (1.1).

Denote by B[u, v] the bilinear form

B[u, v] =

∫
Γ

(pu′′v′′ + qu′v′ + ruv) dx+
∑
c∈J(Γ)

r(c)u(c)v(c).

Using (3.4) and the boundary conditions from (3.6), we get

0 =

∫
Γ

va · Lrva dx+
∑
c∈J(Γ)

va(c)Lrva(c)

= p(a)v′′a(a)v′a(a) +B[va, va] +
∑
c∈∂Γ\a
ϑ(c)6=0

pβ

ϑ
(c)v′′2a (c), (3.7)

0 =

∫
Γ

wa · Lrwa dx+
∑
c∈J(Γ)

wa(c)Lrwa(c)

= −D3wa(a) +B[wa, wa] +
∑
c∈∂Γ\a
ϑ(c)6=0

pβ

ϑ
(c)w′′2a (c). (3.8)

Similarly, using (3.4) and (3.5), we have the following equalities

0 =

∫
Γ

va · Lrwa dx+
∑
c∈J(Γ)

va(c)Lrwa(c)

= p(a)w′′a(a)v′a(a) +B[wa, va] +
∑

c∈∂Γ\a

(pw′′a)(c)v
′
a(c).

(3.9)

0 =

∫
Γ

wa · Lrva dx+
∑
c∈J(Γ)

wa(c)Lrva(c)−
∫
Γ

va · Lrwa dx−

∑
c∈J(Γ)

va(c)Lrwa(c) = −D3va(a) + (p(a)v′′a(a)w′a(a)− p(a)w′′a(a)v′a(a))

+
∑

c∈∂Γ\a

((pv′′a)(c)w′a(c)− (pw′′a)(c)v
′
a(c)).

(3.10)

If c ∈ ∂Γ \ a and ϑ(c) = 0, then v′′a(c) = w′′a(c) = 0, and so (pv′′a)(c)w′a(c) − (pw′′a)(c)v
′
a(c) = 0.

Otherwise, ϑ(c)w′a(c) = β(c)w′′a(c), and by (3.6),

(pw′′a)(c)

(
v′a(c)− v′′a(c)

β(c)

ϑ(c)

)
= 0.

It follows from (3.10) that

0 =

∫
Γ

wa · Lrva dx+
∑
c∈J(Γ)

wa(c)Lrva(c)−
∫
Γ

va · Lrwa dx−
∑
c∈J(Γ)

va(c)Lrwa(c)

= −D3va(a) + (p(a)v′′a(a)w′a(a)− p(a)w′′a(a)v′a(a)).

(3.11)
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Lemma 3.4. Let u be a solution of equation (1.1). If u vanishes at an inner vertex c ∈ J(Γ)
and does not change sign in some neighborhood of it, then u′i(c) = 0 for all i ∈ I(c).

Proof. Suppose that u(x) ≥ 0 in some neighborhood of c. Since u(c) = 0, we have u′i(c) ≥ 0
for all i ∈ I(c). Let us consider conditions (2.2) at the vertex c ∈ J(Γ). If |I(c)| = 2, then
u′i(c) = αki(c)u

′
k(c), where αki(c) < 0. Therefore u′i(c) = u′k(c) = 0.

Now consider the case |I(c)| > 2. It follows from properties of coefficients αki, αji (see
Section 2.2) that there exist indices i1, i2 ∈ I(c) \ {k, j} such that αji1(c) < 0, αki1(c) ≤ 0 and
αji2(c) ≤ 0, αki2(c) < 0. Therefore

0 ≤ u′i1(c) = αki1(c)u′k(c) + αji1(c)u′j(c) ≤ 0,

0 ≤ u′i2(c) = αki2(c)u′k(c) + αji2(c)u′j(c) ≤ 0.

Consequently, the derivatives u′k(c), u
′
j(c) are simultaneously zero, and so u′i(c) = 0 for all

indices i ∈ I(c). 2

Corollary 3.5. Let c ∈ J(Γ) and i0 ∈ I(c). Assume that u solves the homogeneous equation
(1.1), and ui ≡ 0 for all i ∈ I(c) \ i0. Then ui0 ≡ 0 as well.

An extreme point of a function is called nontrivial if the function is different from the iden-
tically constant in any neighborhood of this point.

Lemma 3.6. For any a ∈ ∂Γ the following inequalities hold:

(i) v′a(a) > 0 and v′′a(a) < 0;

(ii) D3wa(a) > 0;

(iii) D3va(a) =

{
− (pw′a)(a)/β(a), if ϑ(a) = 0,

− (pw′′a)(a)/ϑ(a), if ϑ(a) 6= 0;

Proof. Since p(x) > 0 and q(x), r(x) > 0, we deduce that B[va, va] is nonnegative, and so
v′′a(a)v′a(a) 6 0. Assume that v′′a(a)v′a(a) = 0. Then the function va(x) is a solution of the
homogeneous equation (1.1) on Γ satisfying the conditions va(a) = 0, v′′a(a) = 0 (or v′a(a) = 0)
at the boundary vertex a ∈ ∂Γ. But boundary problem (1.1), (1.2) is unique solvable. Therefore
va is trivial on Γ, a contradiction. This contradiction proves the property (i).

Let us proceed to the proof of property 2). It follows from (3.8) and B[wa, wa] > 0 that
D3wa(a) > 0. Let us show that in fact there is a strict inequality.

Assume by way of contradiction that D3wa(a) = 0. It follows from (3.8) that B[wa, wa] = 0.
Therefore the function wa(x) is linear on every edge of the graph Γ and wa = 0 on V (Γ) \ a.
Therefore wa ≡ 0 on Γ \ γa. Let c ∈ J(Γ) be the endpoint of the boundary edge γa. Then c is
a nontrivial minimum of the function wa. However, this contradicts Lemma 3.4. The proof of
property (ii) is finished.

Let’s now prove property (iii). If ϑ(a) = 0, then v′′a(a) = −1/β(a), and w′′a(a) = 0. So

(pv′′a)(a)w′a(a)− (pw′′a)(a)v′a(a) = −(pw′a)(a)/β(a).

Otherwise, ϑ(c)w′a(c) = β(c)w′′a(c), and by (3.6),

(pv′′a)(a)w′a(a)− (pw′′a)(a)v′a(a) = −(pw′′a)(a)

(
v′a(a)− v′′a(a)

β(a)

ϑ(a)

)
= −(pw′′a)(a)/ϑ(a).
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Now property (iii) follows from (3.11). The lemma is proved. 2

A point x0 ∈ Γ ∪ ∂Γ is said to be a trivial zero of a function u ∈ C[Γ] if u(x0) = 0 and there
exists ε > 0 such that u ≡ 0 in Nε(x0).

If a function u ∈ C[Γ] has a finite number of zeros in the edge γi adjacent to a vertex
c ∈ V (Γ), then we shall denote by sgnui(c + 0) the limit lim

γi3x→c
sgnui(x), assuming that the

edge γi is directed away from the vertex c. In the case ui(x) ≡ 0, x ∈ γi, we put, by definition,
sgnui(c+ 0) = 0.

Let us consider an arbitrary vertex c ∈ J(Γ). Since the graph Γ is a tree, the point c splits
the graph Γ into several subgraphs for which c is a boundary vertex. Hence we can say that
each vertex c ∈ J(Γ) generates a finite set of disjoint branches {Γi(c)}i∈I(a) of Γ, and the branch
Γi(c) containing the edge γi.

4. Oscillation of solutions of the equation Lru = 0

In the present section we define an oscillatory operator and show that if the operator Lr is
oscillatory on a graph, then it is disconjugate on every edge of the graph.

We still assume r ≥ 0 in Γ. Denote by SL[Γ] the space of all solutions of the homoge-
neous equation Lru(x) = 0, x ∈ Γ, generated by (2.1)-(2.4). From Lemma 3.1 it follows that
dimSL[Γ] = 2|∂Γ| and {wa, va}a∈∂Γ is a basis of SL[Γ].

Definition 4.1. The differential operator Lr is said to be nonoscillatory on a graph Γ if for
each vertex a ∈ ∂Γ the corresponding solution va is positive on Γ.

Before proceeding further, we need the following lemma that will be used in the sequel.

Lemma 4.2. If graph Γ is a tree, then

|∂Γ| = 2 +
∑
c∈J(Γ)

(I(c)− 2). (4.1)

Proof. The proof is by induction over the number N of inner vertices of the graph Γ.
For N = 1 the proof is trivial. Now for the induction argument, assume the result to be true

for all natural numbers not exceeding N .
Consider a graph Γ such that |J(Γ)| = N + 1. Take an arbitrary vertex c0 ∈ J(Γ). Delete

the vertex c0 from the graph Γ, and it splits into |I(c0)| branches Γi(c0) for which the point c0

is a boundary vertex. It is clear that |J(Γi(c0))| ≤ N for each i ∈ I(c0). It follows from our
induction hypothesis that

|∂Γ| =
∑
i∈I(c0)

(
2 +

∑
c∈J(Γi(c0))

(I(c)− 2)
)
− |I(c0)|

=
∑
i∈I(c0)

2 +
∑

c∈J(Γ)\c0

(I(c)− 2)− |I(c0)| = 2 +
∑
c∈J(Γ)

(I(c)− 2).

The lemma is proved. 2

Lemma 4.3. Let m = |∂Γ| − 1, and let {u[n]}2m−1
n=1 be a set of nontrivial functions from SL[Γ].

If u[n] ≡ 0 on the boundary edge incident to the vertex a ∈ ∂Γ for all 1 ≤ n ≤ 2m− 1, then the
functions u[1], u[2], . . . , u[2m−1] are linearly dependent.

Proof. The plan is to construct a nontrivial linear combination of the functions u[1], . . . , u[2m−1],
which is identically zero on Γ.

If m = 1, then |I(c)| = 2. From Corollary (3.5) it follows that u[1] is trivial on Γ.
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Suppose m ≥ 2. Let γk = (a, c) be a boundary edge incident to the vertex a ∈ ∂Γ, where
c ∈ J(Γ). Without loss of generality we can assume that k is a basis index in I(c) (see Section
2.2). As usual, we denote by j ∈ I(c) \ k the second basis index in I(c).

1. Passing to linear combinations, from the set {u[n]}2m−1
n=1 we can obtain a set {v[n]}2m−2

n=1 of

functions such that
(
v

[n]
j

)′
(c) = 0 for all 1 ≤ n ≤ 2m − 2. To do this we take a function u[n0]

such that
(
u

[n0]
j

)′
(c) 6= 0 and construct linear combinations

u[n](x)−
(
u

[n]
j

)′
(c) · u[n0](x)

/(
u

[n0]
j

)′
(c), n ∈ {1, . . . , 2m− 1} \ n0.

In the case
(
u

[n0]
j

)′
(c) = 0 for all 1 ≤ n ≤ 2m − 1, we can set, for example, v[n] = u[n] for

1 ≤ n ≤ 2m− 2.

Since v[n](x) ≡ 0 on γk, it follows from (2.2) that v
[n]
i (c) =

(
v

[n]
i

)′
(c) = 0 for each i ∈ I(c)

and for each 1 ≤ n ≤ 2m− 2.
2. Using the set {v[n]}2m−2

n=1 we can obtain (as above) a set {w[n]}2m−|I(c)|+1
n=1 of functions from

SL[Γ] such that
(
w

[n]
i

)′′
(c) = 0 for each i ∈ I(c) \ {j, k, i0}, where i0 ∈ I(c) \ {j, k}.

Since w[n](x) ≡ 0 on γk, it follows from (2.3) that
(
w

[n]
i0

)′′
(c) = 0 for each 1 ≤ n ≤ 2m −

|I(c)|+ 1, and so

w
[n]
i (c) =

(
w

[n]
i

)′
(c) =

(
w

[n]
i

)′′
(c) = 0, ∀i ∈ I(c), 1 ≤ n ≤ 2m− |I(c)|+ 1.

3. Finally, we can construct a set {z[n]}2m−2|I(c)|+3
n=1 of functions from SL[Γ] such that(

z
[n]
i

)′′′
(c) = 0 for all i ∈ I(c) \ {k, i1}, where i1 ∈ I(c) \ {k}. Since z[n](x) ≡ 0 on γk, it

follows from (2.4) that
(
z

[n]
i

)′′′
(c) = 0 for all i ∈ I(c) and 1 ≤ n ≤ 2m− 2|I(c)|+ 3. It follows

from Lemma 4.1 that 2m− 2|I(c)|+ 3 = 2m− 1− 2(|I(c)| − 2) ≥ 1.

Thus, we have the set of functions {z[n]}2m−1−2(|I(c)|−2)
n=1 those are nontrivial linear combina-

tions of functions {u[n]}2m−1
n=1 . It is easy to see that each function z[n] is identically zero on the

star
⋃

i∈I(c)
γi.

If J(Γ) = {c}, then the theorem is proved. Otherwise, consider an arbitrary vertex c1 ∈ J(Γ)

adjacent to c. Repeating the steps 1–3 for the functions {z[n]}2m−1−2(|I(c)|−2)
n=1 we can obtain the

set of 2m − 1 − 2(|I(c)| − 2) − 2(|I(c1)| − 2) functions from SL[Γ], all of which are identically
zero on

⋃
i∈I(c)∪I(c1)

γi, and so on.

It follows from (4.1) that there is at least one nontrivial linear combination of the functions
u[1], . . . , u[2m−1] identically equal to zero on Γ. This completes the proof of the lemma. 2

Corollary 4.4. Let a0 ∈ ∂Γ. There are at least two functions from the set {wa, va}∂Γ\a0 that
are linearly independent on the boundary edge γa0.

Proof. Indeed, suppose by contradiction that any two functions from the set {wa, va}∂Γ\a0 are
linearly dependent on the edge γa0 . Then it is possible to construct a system of 2m− 1 linearly
independent functions identically equal to zero on γa0 , which is a contradiction. 2

Theorem 4.5. If the operator Lr is nonoscillatory on the graph Γ, then its restriction to the
closure of any edge γ ⊂ E(Γ) is disconjugate on γ.
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Proof. Since Lr is nonoscillatory on the graph Γ then Lr is disconjugate on the closure γa of
each boundary edge γa, a ∈ ∂Γ. Otherwise, by Lemma 3.3, wa has a zero in γa \ a.

Now suppose to the contrary that Lr is disconjugate on the closure γk of the edge γk =
(c1, c2) ⊂ E(Γ), where c1, c2 ∈ J(Γ). As usual, denote by ∂Γk(c1) the branch containing
the edge γk, k ∈ I(c1). Using Corollary 4.3, it is easy to show that at least two functions
from the set {wa, va}a∈∂Γk(c1)\c1 are linearly independent on the edge γk. Indeed, suppose
by contradiction that there exists the vertex a0 ∈ ∂Γk(c1) \ c1 such that each function from
the set {wa, va}a∈∂Γk(c1)\c1 is a constant multiple of wa0 (or va0) on the edge γk. Then it is
possible to construct a system of 2|∂Γk(c1)| − 3 linearly independent on Γk(c1) functions those
identically equal to zero on the boundary edge γk of the branch ∂Γk(c1). But this fact implies
a contradiction to Lemma 4.2.

Take two linearly independent on the edge γk functions from the set {wa, va}a∈∂Γk(c1)\c1 and
denote them by w and by v. Since L is nonoscillatory on Γ, we have w > 0 and v > 0 on Γ.
Consider the nontrivial solution u(x) = w(x)v(c1)− w(c1)v(x). It is clear that u(c1) = 0 and

u(b) = ϑ(b)u′(b)− β(b)u′′(b) = 0 ∀b ∈ ∂Γ \ ∂Γk(c1). (4.2)

Let us delete the point c1 from the graph Γ, and it splits into several connected components
Γi(c1) for which the point c1 is a boundary vertex. We claim u′k(c1)u′′k(c1) ≥ 0 (as usually,
we assume that the edge γk is parameterized away from the vertex c1 into the branch Γk(c1)).
Without loss of generality we can assume sgnuk(c1 + 0) > 0. Fix now an arbitrary vertex
a ∈ ∂Γk(c1) \ c1 and let consider the solution z(x) = u(x) − εwa(x), where ε > 0. It is clear
that z(c1) < 0 and z has a zero ξ ∈ γk ⊂ Γk(c1), provided ε > 0 is sufficiently small. Denote by
Γ(ξ) the branch of Γ \ ξ such that c1 ∈ Γ(ξ). It is clear that z satisfies the boundary conditions

z|∂Γ(ξ) = (ϑz′ − βz′′)|∂Γ(ξ)\ξ = 0.

By virtue of Lemma 3.6 and z(c1) 6= 0, we have z′k(ξ)z
′′
k(ξ) > 0 for all sufficiently small

ε > 0 (recall that the parameterization on γk is defined from the vertex c1 to the point ξ).

Moreover, by definition of the solution z, ξ → c1 as ε→ 0. Since z
C2[Γ]−−−→ u as ε→ 0, we have

u′k(c1)u′′k(c1) ≥ 0.
According to our assumption, Lr is not disconjugate on γk. It follows from Lemma 3.3 that

u has at least one zero x0 ∈ γk. Fix an arbitrary vertex a∗ ∈ ∂Γ ∩ ∂Γ(c1). Since uk(c1) =
uk(x0) = 0 and va∗(x) > 0 on Γ, we deduce that there exists µ such that y(x) = va∗(x)−µu(x)
has a double zero η ∈ (c1, x0) ⊂ γk. Denote by Γ(η) the branch of Γ \ η such that c1 ∈ Γ(η). It
follows from (4.2) that y solves the boundary value problem

Lry = 0, x ∈ Γ(η),

y|∂Γ(η) = y′(η) = (ϑy′ − βy′′)|∂Γ(η)\η = 0.

It follows from Lemma 3.1 that y ≡ 0 on Γ(η), and so va∗ is a constant multiple of u on Γ(η).
But u(c1) = 0 and va∗(c1) > 0, a contradiction. The theorem is proved. 2

Remark 4.6. Note that the disconjugacy of the operator Lr on each edge γ ⊂ Γ does not imply
nonoscillatory on the graph Γ. As an example, we can consider the operator L0, corresponding
to a three-point boundary value problem

uIV = f(x), x ∈ (0, 1) ∪ (1, 3.5),

u(1 + 0)− u(1− 0) = 0, u′(1 + 0) + u′(1− 0) = 0, u′′(1 + 0)− u′′(1− 0) = 0,

u′′′(1 + 0)− u′′′(1− 0) + δu(1) = 0,

u(0) = u′(0) = 0, u(3.5) = u′(3.5) = 0.

(4.3)
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If δ > 16.5, then the solution v0 of the boundary value problem

L0u = 0, u(0) = 0, u′(0) = 1, u(3.5) = u′(3.5) = 0

is not positive (see [7]). Nevertheless, if we consider the restriction Lu = uIV of L0 to [0, 1] and
to [1, 3.5], it is easy to see that L is disconjugate on [0, 1] and on [1, 3.5].

Acknowledgments. This work was supported by the Ministry of Science and Higher Edu-
cation of the Russian Federation. Agreement No. 075-02-2025-1447.

References

[1] Bondarenko N. Inverse problems for the differential operator on the graph with a cycle with
different orders on different edges. Tamkang Journal of Mathematics, 2015, 46(3), 229–243.
https://doi.org/10.5556/j.tkjm.46.2015.1694

[2] Borovskikh A.V. Sign Regularity Conditions for Discontinuous Boundary-Value Problems. Math. Notes.
2003, 74(5), 607–618.

[3] Buterin S.A. On Damping a Control System of Arbitrary Order with Global Aftereffect on a Tree. Math
Notes. 2024, 115, 877–896.

[4] Derr V.Ya. Disconjugacy of solutions of linear differential equations. Vestn. Udmurtsk. Univ. Mat. Mekh.
Komp. Nauki, 2009, no. 1, 4–89. (Russian)

[5] Exner P., Lipovsky̌ J. Topological bulk-edge effects in quantum graph transport. Physics Letters A, 2020,
384(18), 126390.

[6] Kulaev R. Ch. Necessary and sufficient condition for the positivity of the Green function of a boundary
value problem for a fourth-order equation on a graph. Differential Equations. 2015, 51(3), 303–317.

[7] Kulaev R. Ch. Criterion for the positiveness of the Green function of a many-point boundary value problem
for a fourth-order equation. Diff. Equ. 2015, 51(2), 1–14.

[8] Kulaev R. Ch. On the solvability of a boundary value problem for a fourth-order equation on a graph. Diff.
Equ. 2014, 50(1), 27–34.

[9] Kulaev R. Ch. The qualitative theory of fourth-order differential equations on a graph. Mediterr. J. Math.
2022, 19(73), 1-15.

[10] Kulaev R. Ch. The Green function of the boundary value problem on a star-shaped graph. Russ. Math.
(Iz. VUZ), 2013, 57(2), 48–57.

[11] Kulaev R. Ch. Disconjugacy of fourth-order equations on graphs. Sb. Math. 2015, 206(12), 1731–1770.

[12] Kulaev R. Ch. On the nonoscillation of an equation on a graph. Diff. Equ. 2015, 50(12), 1565–1566.

[13] Kulaev R., Karkuzaev S. On the positive invertibility of a differential operator on a graph. Applicable
Analysis, 2024, 1–15.

[14] Kulaev R., Urtaeva A. Spectral properties of a fourth-order differential operator on a network. Math. Meth.
Appl. Sci. 2023, 1–21.

[15] Kondrat’ev V. A. Oscillation of solutions of linear equations of third and fourth order. (Russian) Trudy
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Abstract. In this article, the Cauchy problem for the Langevin-type time-fractional equation
Dβ
t (Dα

t u(t)) + Dβ
t (Au(t)) = f(t), (0 < t ≤ T ) is studied. Here α, β ∈ (0, 1), Dα

t , D
β
t is the

Caputo derivative and A is an unbounded self-adjoint operator in a separable Hilbert space.
Under certain conditions, we establish the existence and uniqueness of the solution and provide
an explicit representation of it using eigenfunction expansions.

Keywords: Cauchy problem; Langevin-type fractional equation; Caputo fractional deriva-
tive
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1. Introduction

The Langevin equation is an important mathematical physics equation used to model phe-
nomena occurring in fluctuating environments such as Brownian motion ([18],[12]). The clas-
sical form of this equation was derived in terms of ordinary derivatives by P. Langevin (Paul
Langevin, 1872-1946, Paris) in [18]. The Langevin equation has enormous applications, that
is, cell migration in biology [25]; polymer and protein dynamics in chemistry ([24],[26]); signal
processing with noise, diamagnetics in electrical engineering ([12], [3],[20]).

With the intensive development of fractional derivatives, a natural generalization of the
Langevin equation is to replace the ordinary derivative with a fractional derivative to yield
a fractional Langevin equation, which can be considered a particular case of the generalized
Langevin equation. Mainardi introduced the fractional Langevin equation [23] in the early
1990s. Many different types of Langevin equations were studied in the works [11], [14], [19],
[1],[2]. The usual fractional Langevin equation involving only one fractional order was studied
in [22],[11], the Langevin equation containing both a frictional memory kernel and a fractional
derivative was studied in [14], the nonlinear Langevin equation involving two fractional orders
was studied in the articles [19], [1], [2]. The vast majority of these articles determined the
existence and uniqueness of Langevin equation solutions, and some promising results have been
obtained using the Banach contraction principle, Krasnoselskii’s fixed point theorem, Schauder’s
fixed point theorem, Leray-Schauder nonlinear alternative, Leray-Schauder degree, and other
techniques.

Let H be a separable Hilbert space and A : D(A)→ H be an arbitrary unbounded positive
self-adjoint operator with the domain of definition D(A). We assume that the operator A has a
complete orthonormal system of eigenfunctions {vk} and a countable set of positive eigenvalues
λk : 0 < λ1 ≤ λ2...→ +∞. The sequence {λk} has no finite limit points.

Let C((a, b);H) be the set of continuous vector-valued functions y(t) on t ∈ (a, b) with values
in H.

Let AC[0, T ] be the set of absolutely continuous functions defined on [0, T ] and let
AC([0, T ];H) stand for a space of absolutely continuous functions y(t) with values in H (see,
[17] p.339).

The definitions of fractional integrals and derivatives for the function h : R+ → H are
discussed in detail in [21]. The fractional integral of order σ for a function h(t) defined on R+
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is given by:

Iσt h(t) =
1

Γ(σ)

∫ t

0

h(ξ)

(t− ξ)1−σ dξ, t > 0,

where Γ(σ) is the Euler gamma function. Using this definition, the Caputo fractional derivative
of order ρ ∈ (0, 1) can be defined as:

Dρ
t h(t) = I1−ρ

t

d

dt
h(t).

In this article, we consider the following Cauchy problem for a Langevin-type fractional
differential equation: 

Dβ
t (Dα

t u(t)) +Dβ
t (Au(t)) = f(t), 0 < t ≤ T,

u(+0) = ϕ,

Dα
t u(+0) = ψ,

(1.1)

where 0 < α < 1, 0 < β < 1; ϕ, ψ ∈ H and f(t) ∈ C([0, T ];H).

Definition 1.1. A function u(t) ∈ AC([0, T ];H) is called a solution of problem (1.1) if

Dβ
t (Au(t)), Dβ

t (Dα
t u(t)) ∈ C((0, T ];H), Dα

t u(t) ∈ C([0, T ];H) and u(t) satisfies all conditions
of problem (1.1)

In the case β = 0, the Langevin-type fractional equation with two different orders coincides
with the fractional subdiffusion equation. The forward and inverse problems for the fractional
subdiffusion equation have been studied in the articles [4], [6], [7].

If α = β, then a fractional Langevin equation with two fractional orders can coincide with
the fractional telegraph equation under certain conditions. The non-local and inverse problems
for the fractional telegraph equation are studied in the works [8], [9], [10].

In this article, we prove the following theorem:

Theorem 1.2. Let ϕ ∈ D(A), ψ ∈ H. Further, let 0 < ε < 1 be any fixed number and
f(t) ∈ C([0;T ];D(Aε)). Then, problem (1.1) has a unique solution given by:

u(t) =
∞∑
k=1

[
ϕkEα,1(−λktα) + [ψk + λkϕk]t

αEα,α+1(−λktα)+

+

∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

]
vk, (1.2)

where fk(t), ϕk and ψk are the Fourier coefficients of the elements f(t), ϕ and ψ, respectively.

2. Preliminaries

In this section, we present several pieces of data about the Mittag-Leffler functions, which
we will use below.

Let ε be an arbitrary real number. The power of the operator A is defined by the following:

Aεh =
∞∑
k=1

λεkhkvk,

where hk is the Fourier coefficient of the function h ∈ H, i.e., hk = (h, vk). The domain of this
operator is defined as:

D(Aε) = {h ∈ H :
∞∑
k=1

λ2ε
k |hk|2 <∞}.
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For elements of D(Aε) we introduce the norm

||h||2ε =
∞∑
k=1

λ2ε
k |hk|2.

The function

Eα,µ(z) =
∞∑
k=0

zk

Γ(αk + µ)

is called the Mittag-Leffler function with two parameters( see [13], p 134), where 0 < α < 1,
µ ∈ C.

We present some asymptotic estimates for the Mittag-Leffler function:

Lemma 2.1. Let 0 < α < 1 and µ ∈ C. For any t ≥ 0 one has (see [13], p. 136)

|Eα,µ(−t)| ≤ C

1 + t
,

where constant C doesn’t depend on t and α.

Lemma 2.2. The following relation holds:

|tα−1Eα,µ(−λtα)| ≤ Cελ
ε−1tεα−1,

where λ is a positive number and 0 < ε < 1.

This lemma is proven in [5]

Lemma 2.3. Let α > 0 and λ ∈ C , then the following relation holds (see [16], p. 78):

Dα
t Eα,1(λtα) = λEα,1(λtα).

Lemma 2.4. For Reγ > 0, Reµ > 0, λ ∈ R, the following relation is valid (see [15], p. 87):

Dγ
t

(
tµ−1Eα,µ(λtα)

)
= tµ−γ−1Eα,µ−γ(λt

α).

Lemma 2.5. Let f(t) ∈ C[0, T ], 0 < α < 1 and 0 < β < 1.Then, the solution of the following
Cauchy problem 

Dβ
t (Dα

t y(t)) + λDβ
t y(t) = f(t), 0 < t ≤ T,

y(+0) = ϕ,

Dα
t y(+0) = ψ

(2.1)

has the form

y(t) = ϕEα,1(−λtα) + (ψ + λϕ)tαEα,α+1(−λtα) +

∫ t

0

(t− η)α+β−1Eα,α+β(−λ(t− η)α)f(η)dη.

Proof. Firstly, we apply the operator Iβt to both sides of the equation and obtain the following
equality:

Dα
t y(t)−Dα

t y(0) + λy(t)− λy(0) = Iβt f(t).

Using the conditions of the problem (2.1), we have Dα
t y(t) = ψ + λϕ− λy(t) + Iβt f(t).

We apply the operator Iαt to obtain an integral equation for y(t):

y(t) =
ψ + λϕ

Γ(α + 1)
tα + ϕ− λIαt y(t) + Iα+β

t f(t).
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To solve this integral equation, we use the method of successive approximations (see [16], p.137)

ym(t) =
ψ + λϕ

Γ(α + 1)
tα + ϕ− λIαt ym−1(t) + Iα+β

t f(t).

Let us assume that the zeroth approximation is y0(t) = ψ+λϕ
Γ(α+1)

tα + ϕ. Then the first approxi-

mation can be written as follows:

y1(t) =
ψ + λϕ

Γ(α + 1)
tα + ϕ− λ(ψ + λϕ)

Γ(2α + 1)
t2α − λϕ

Γ(α + 1)
tα + Iα+β

t f(t).

Here we obtain the second approximation, which reads as

y2(t) = (ψ + λϕ)tα
2∑

k=0

(−1)ktαkλk

Γ(αk + α + 1)
+ ϕ

2∑
k=0

(−1)ktαkλk

Γ(αk + 1)
+

+

∫ t

0

[
2∑

k=0

(−1)kλk

Γ(αk + α + β
(t− τ)αk+α+β−1f(τ)dτ

]
.

Hence, continuing in this manner, we obtain

ym(t) = (ψ + λϕ)tα
m−1∑
k=0

(−1)ktαkλk

Γ(αk + α + 1)
+ ϕ

m−1∑
k=0

(−1)ktαkλk

Γ(αk + 1)
+

+

∫ t

0

[
m−1∑
k=0

(−1)kλk

Γ(αk + α + β)
(t− τ)αk+α+β−1f(τ)dτ

]
.

Taking this limit as m→∞, we have

y(t) = (ψ + λϕ)tα
∞∑
k=0

(−1)ktαkλk

Γ(αk + α + 1)
+ ϕ

∞∑
k=0

(−1)ktαkλk

Γ(αk + 1)
+

+

∫ t

0

[ ∞∑
k=0

(−1)kλk

Γ(αk + α + β)
(t− τ)αk+α+β−1f(τ)dτ

]
.

According to the definition of the Mittag-Leffler function, the last equality can be written as:

y(t) = ϕEα,1(−λtα) + [ψ + λϕ]tαEα,α+1(−λtα) +

∫ t

0

(t− τ)α+β−1Eα,α+β(−λ(t− τ)α)f(τ)dτ.

Lemma 2.5 has been proved. �

Lemma 2.6. Let 0 < ε < 1 be any fixed number, and f(t) ∈ C([0, T ];D(Aε)). Then the
following estimate holds:

∞∑
k=1

∣∣∣∣λk ∫ t

0

(t− η)α−1Eα,µ(−λk(t− η)α)fk(η)dη

∣∣∣∣2 ≤ Cε max
t∈[0,T ]

||f ||2ε. (2.2)
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Proof. By using Lemma 2.2 for any fixed number 0 < ε < 1, we take

n∑
k=1

λ2
k

∣∣∣∣∫ t

0

(t− η)α−1Eα,µ(−λk(t− η)α)fk(η)dη

∣∣∣∣2 ≤ C1
ε

n∑
k=1

[∫ t

0

(t− η)εα−1λεk|fk(η)|dη
]2

.

Using the generalized Minkowski inequality, we have

C1
ε

n∑
k=1

[∫ t

0

(t− η)εα−1λεk|fk(η)|dη
]2

≤ C1
ε

(∫ t

0

(t− η)εα−1

( n∑
k=1

λ2ε
k |fk(η)|2

) 1
2

dη

)2

≤ C1
εT

εα max
t∈[0,T ]

||f ||2ε = Cε max
t∈[0;T ]

||f ||2ε.

Taking the limit as n→∞, we obtain the estimate (2.2).
Lemma 2.6 has been proved. �

3. Proof of Theorem 1.2

Assume that a solution to problem (1.1) exists. Then, due to the completeness of the system
{vk} in H, the arbitrary solution can be written in the form:

u(t) =
∞∑
k=1

Tk(t)vk, (3.1)

where Tk(t) are the Fourier coefficients of the function u(t). Then, by virtue of (3.1), we obtain
the following problem: 

Dβ
t (Dα

t Tk(t)) + λkD
β
t Tk(t) = fk(t),

Tk(0) = ϕk,

Dα
t Tk(0) = ψk.

(3.2)

By Lemma 2.5, the solution of problem (3.2) is given by

Tk(t) = ϕkEα,1(−λktα) + (ψk + λkϕk)t
αEα,α+1(−λktα)+

+

∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη. (3.3)

Thus, according to the equalities (3.1) and (3.3), we find the formal solution of the problem
(1.1) in the form (1.2).

To prove the uniqueness of the solution, we use the standard technique, that is, the solution of
problem (3.2) with the homogeneous condition (i.e, ϕk = 0, ψk = 0 and fk(t) = 0) is identically
zero. Then it follows that Tk(t) ≡ 0, for all k ≥ 1. According to the equality (3.1) and the
completeness of the system {vk}, we obtain u(t) ≡ 0.

We now verify that the formal solution satisfies the conditions of Definition 1.1. Let Sj(t) be
the partial sum of the series in (1.2)

Sj(t) =

j∑
k=1

[
ϕkEα,1(−λktα) + (ψk + λkϕk)t

αEα,α+1(−λktα)+

+

∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

]
vk.
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Then, by applying the operator A on the partial sum Sj(t),we have

ASj(t) =

j∑
k=1

[
ϕkEα,1(−λktα) + (ψk + λkϕk)t

αEα,α+1(−λktα)+

+

∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

]
λkvk. (3.4)

Using Parseval’s identity, we can obtain

||ASj(t)||2 =

j∑
k=1

λ2
k

∣∣∣∣ϕkEα,1(−λktα) + (ψk + λkϕk)t
αEα,α+1(−λktα)+

+

∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

∣∣∣∣2.
Now, we split the above sum into three terms concerning ϕk, ψk, and fk(η), and by using the
inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), we obtain:

||ASj(t)||2 ≤
j∑

k=1

λ2
k|ϕk|2

∣∣ (Eα,1(−λktα) + λkt
αEα,α+1(−λktα))

∣∣2 +

j∑
k=1

λ2
k

∣∣ψktαEα,α+1(−λktα)
∣∣2+

+

j∑
k=1

λ2
k

∣∣∣∣ ∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

∣∣∣∣2 = AS1
j + AS2

j + AS3
j .

In the first sum, we split it into two terms:

AS1
j =

j∑
k=1

λ2
k|ϕk|2 |(Eα,1(−λktα) + λkt

αEα,α+1(−λktα))|2 ≤ AS11
j + AS12

j ,

where

AS11
j =

j∑
k=1

λ2
k|ϕk|2|Eα,1(−λktα)|2, AS12

j =

j∑
k=1

λ4
k|ϕk|2|tαEα,α+1(−λktα)|2.

By applying Lemma 2.1 and the inequality λkt
α(1 + λkt

α)−1 < 1 for AS11
j and AS12

j , we have
the following estimates:

AS11
j ≤ C

j∑
k=1

|ϕk|2, AS12
j ≤ C

j∑
k=1

λ2
k|ϕk|2.

Thus, we have AS1
j ≤ C

∑j
k=1 λ

2
k|ϕk|2, t > 0. Similarly, using Lemma 2.1 and the inequality

λkt
α(1 + λkt

α)−1 < 1 for the second sum, we have

AS2
j =

j∑
n=1

λ2
k

∣∣ψktαEα,α+1(−λktα)
∣∣2 ≤ C

j∑
n=1

|ψk|2, t > 0.

Let us estimate the sum AS3
j . According to Lemma 2.6, we have:

AS3
j =

j∑
n=1

λ2
k

∣∣∣∣∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

∣∣∣∣2 ≤ Cε max
t∈[0,T ]

||f ||2ε.



On the Cauchy problem for the Langevin-type fractional equation 115

Thus, if ϕ ∈ D(A), ψ ∈ H and f(t) ∈ C([0, T ];D(Aε)), then from estimates of ASji we obtain
Au(t) ∈ C((0, T ];H) .

From the above, we can prove uniform convergence of the Fourier series corresponding to the
function u(t). If ϕ ∈ H, ψ ∈ H and f(t) ∈ C ([0, T ];D(Aε)), then u(t) ∈ AC([0, T ];H).

Next, we prove that Dβ
t (Au(t)) ∈ C((0, T ];H). Let us apply Dβ

t term by term to series (3.4).
By applying Lemma 2.3 , Lemma 2.4 and Parseval’s identity, we obtain have the following
expression

||Dβ
t (ASj(t))||2 =

j∑
k=1

λ2
k

∣∣∣∣ϕk(−λk)Eα,1(−λktα) + (ψk + λkϕk)t
α−βEα,α−β+1(−λktα)+

+Dβ
t

(∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

) ∣∣∣∣2. (3.5)

We split this sum (3.5) into three parts and estimate each term separately:

||Dβ
t (ASj(t))||2 ≤

j∑
k=1

λ2
k

∣∣∣∣ϕk(−λk)Eα,1(−λktα) + λkϕkt
α−βEα,α−β+1(−λktα)

∣∣∣∣2+

+

j∑
k=1

λ2
k

∣∣∣∣ψktα−βEα,α−β+1(−λktα)

∣∣∣∣2+

j∑
k=1

λ2
k

∣∣∣∣Dβ
t

(∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

) ∣∣∣∣2 =

= K1(t) +K2(t) +K3(t), (3.6)

where K1(t) =
∑j

k=1 λ
2
k

∣∣ϕk(−λk)Eα,1(−λktα) + ϕkλkt
α−βEα,α−β+1(−λktα)

∣∣2 ,
K2(t) =

j∑
k=1

λ2
k

∣∣ψktα−βEα,α−β+1(−λktα)
∣∣2 ,

K3(t) =

j∑
k=1

λ2
k

∣∣∣∣Dβ
t

(∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη

) ∣∣∣∣2.
For K1(t), using Lemma 2.1 and λkt

α−γ(1 + λkt
α)−1 < t−γ, we arrive at

K1(t) ≤
[
C

t2α
+

C

t2β

] j∑
k=1

λ2
k|ϕk|2, t > 0.

For K2(t), by applying Lemma 2.1 and the inequality λkt
α−γ(1 + λkt

α)−1 < t−γ, we have

K2(t) ≤ C

t2β

j∑
k=1

|ψk|2, t > 0.

We need to prove uniform convergence of K3(t). Firstly, we denote the integral of K3(t) by
F (t) and integrate by parts

F (t) =

∫ t

0

(t− η)α+β−1Eα,α+β(−λk(t− η)α)fk(η)dη =

= fk(0)tα+βEα,α+β+1(−λktα) +

∫ t

0

(t− η)α+βEα,α+β+1(−λk(t− η)α)f ′k(η)dη.
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Then, we compute the Caputo fractional derivative of order β according to its definition:

Dβ
t F (t) =

1

Γ(1− β)

∫ t

0

F ′(s)

(t− s)β
ds =

fk(0)

Γ(1− β)

∫ t

0

(sα+βEα,α+β+1(−λksα))′s
(t− s)β

ds+

+
1

Γ(1− β)

∫ t

0

∫ s

0

f ′k(η)

(t− s)β
∂

∂s

[
(s− η)α+βEα,α+β+1(−λk(s− η)α)

]
dηds =

= fk(0)tαEα,α+1(−λktα) +

∫ t

0

f ′k(η)(t− η)αEα,α+1(−λk(t− η)α)dη.

Using integration by parts, we have

Dβ
t F (t) = fk(0)tαEα,α+1(−λktα) + fk(η)(t− η)αEα,α+1(−λk(t− η)α)

∣∣∣∣t
0

+

+

∫ t

0

fk(η)(t− η)α−1Eα,α(−λk(t− η)α)dη =

∫ t

0

fk(η)(t− η)α−1Eα,α(−λk(t− η)α)dη.

Therefore, K3(t) takes the following form:

K3(t) =

j∑
k=1

λ2
k

∣∣∣∣ ∫ t

0

fk(η)(t− η)α−1Eα,α(−λk(t− η)α)dη

∣∣∣∣2.
Applying Lemma 2.6, we get

K3(t) =

j∑
k=1

λ2
k

∣∣∣∣ ∫ t

0

fk(η)(t− η)α−1Eα,α(−λk(t− η)α)dη

∣∣∣∣2 ≤ Cε max
t∈[0,T ]

||f ||2ε

Thus, if ϕ ∈ D(A), ψ ∈ H and f(t) ∈ C([0, T ];D(Aε)), then from (3.6) and estimates

K1, K2, K3 , we obtain Dβ
t (Au(t)) ∈ C((0, T ];H).

The equation of problem (1.1) can be written as Dβ
t (Dα

t u(t)) = f(t)−Dβ
t (Au(t)). Therefore,

from the above reasoning, we have Dβ
t (Dα

t u(t)) ∈ C((0, T ];H).
Likewise, using Lemma 2.3, Lemma 2.4 and the definition of the Caputo fractional derivative,

if we compute Dα
t u(t) in the same manner as Dβ

t (Au(t)) was calculated, we obtain the following
expression:

Dα
t Sj(t) =

j∑
k=1

[
ψkEα,1(−λktα) +

∫ t

0

fk(η)(t− η)β−1Eα,β(−λk(t− η)α)dη

]
vk. (3.7)

Using Parseval’s identity, we have the following expression

||Dα
t Sj(t)||2 =

j∑
k=1

∣∣∣∣ψkEα,1(−λktα) +

∫ t

0

fk(η)(t− η)β−1Eα,β(−λk(t− η)α)dη

∣∣∣∣2 ≤ B1(t) +B2(t),

where

B1(t) =

j∑
k=1

|ψk|2|Eα,1(−λktα)|2, B2(t) =

j∑
k=1

∣∣∣∣ ∫ t

0

fk(η)(t− η)β−1Eα,β(−λk(t− η)α)dη

∣∣∣∣2.
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Now, using |Eα,1(−z)| ≤ C (see, [15], p.62), we have B1(t) ≤ C
∑j

k=1 |ψk|2, where C > 0 is
constant. According to |Eα,β(−z)| ≤ 1 (see [15]) and the generalized Minkowski inequality, we
obtain the following estimate for B2(t):

B2(t) ≤
j∑

k=1

∣∣∣∣ ∫ t

0

fk(η)(t− η)β−1dη

∣∣∣∣2 ≤ (∫ t

0

( j∑
k=1

|fk(η)|2
) 1

2

(t− η)β−1dη

)2

≤ CT 2β max
t∈[0,T ]

||f ||2.

Hence, if ψ ∈ H and f(t) ∈ C([0, T ];H), then we have Dα
t u(t) ∈ C([0, T ];H).

Now, by considering the case t = +0 in the equalities (1.2) and (3.7), we can verify that the
solution u(t) satisfies the conditions of the problem (1.1)

u(t)

∣∣∣∣
t=+0

=
∞∑
k=1

ϕkvk = ϕ, Dαu(t)

∣∣∣∣
t=+0

=
∞∑
k=1

ψkvk = ψ.

Theorem 1.2 has been proved.
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which are related to solutions to the Cauchy problem for the strictly hyperbolic equations. The
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the argument. We study the convolution operators assuming that the corresponding amplitude
function is contained in a sufficiently small conic neighborhood of a given point v ∈ Σ at which
at least n − 1 principal curvatures do not vanish. Such hyper-surfaces exhibit singularities of
type A in the sense of Arnol’d’s classification. Denoting by kp the minimal number such that
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-bounded for any k > kp, we show that the number kp depends on some discrete
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1. Introduction

It is well known that solution operator of the Cauchy problem for homogeneous constant
coefficient strictly hyperbolic equation, up to a regularizing operator, can be written as a sum
of convolution operators of the type:

Mk = F−1[eitϕ(ξ)ak]F, (1.1)

where F is the Fourier transform operator , ϕ ∈ C∞(Rn+1\{0}) is a smooth function that is
homogeneous of order one, ak ∈ C∞(Rn+1

ξ ) is a homogeneous function of order −k for large ξ.
After the scaling arguments for time t > 0 the operator Mk is reduced to the following

convolution operator (see [12]):
Mk = F−1[eiϕ(ξ)ak]F. (1.2)

Since the PsDO (Pseudo-differential operators) with a symbol from the space S0(Rn+1) (see
[6] page. no. 94) is bounded on the space Lp(Rn+1) (for 1 < p < ∞), then the boundedness
problem for the operator Mk mapping from Lp(Rn+1) into Lp

′
(Rn+1) (for 1 < p ≤ 2) with a

smooth amplitude function ak that is homogeneous of order −k for large values of ξ, and the
analogous problem for ak ∈ S−k(Rn+1), are equivalent. Here and throughout, we will use the
notation Sν(Rn+1) to represent the class of classical symbols of PsDO with order ν ∈ R.

Let 1 ≤ p ≤ 2 be a fixed number: We consider the problem: find the minimal number k(p)
such that the operator Mk : Lp(Rn+1)→ Lp

′
(Rn+1) is bounded for any k > k(p).

Analogical problems have been considered by many authors including Strichartz [13], in the
case when the characteristic hypersurface is the unit sphere, by Brenner [4], in the case when the
characteristic hypersurface has non-vanishing Gaussian curvature. These results were extended
by M. Sugimoto [10], [11], [12], in the case when the characteristic hypersurface is convex (but,
not necessarily strictly convex) and also for some non-convex hypersurfaces [12] (see also [9]
and [7]).
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Nevertheless, the problem remains in general wide open. Also, the issue is related to many
other open problems of harmonic analysis related to oscillatory integrals.

In this paper, we consider the hyper-surface in Rn+1 having at least n−1 principal curvatures
at any point. Then the corresponding phase function has singularities of type A. We obtain
an upper bound for the critical exponent kp(v). The upper bound is sharp for wide class of
hypersurfaces. We obtain the sharp value of kp(v) for the model case n = 3. The main Theorem
of the paper extend the obtained results of the papers [12] and [7].

The paper organized as follows, in the next section 2 we give the main results of the paper.
Then we discuss the decay rate of oscillatory integrals and obtain upper estimates for the
number kp(v) in the section 3. Then we obtain a lower bound for the number kp(v), in the
section 3.2, which agree with the upper bounds. The results of the last section 4 are related to
Model case of the convolution operators, which show that conditions of the main Theorem are
essential.

Conventions: Throughout this article, we shall use the variable constant notation, i.e.,
many constants appearing in the course of our arguments, often denoted by c, C, ε, δ; will
typically have different values at different lines. Moreover, we shall use symbols such as v, .
or << in order to avoid writing down constants. By χc we shall denote a non-negative smooth
cut-off function on Rν(ν ≥ 1) with typically small compact support which is identically 1 on a
small neighborhood of the point c.

2. The main results

Note that the problem becomes more complicated when the function ϕ vanishes at some non-
zero point ξ0. Next, we assume that ϕ(ξ) 6= 0 for any ξ 6= 0. Then, without loss of generality,
we can assume that ϕ(ξ) > 0 for all ξ 6= 0. Since ϕ is a smooth homogeneous function of order
one, then, due to the Euler’s homogeneity relation we have:

n+1∑
j=1

ξj
∂ϕ(ξ)

∂ξj
= ϕ(ξ),

and hence the set Σ defined by the following

Σ = {ξ ∈ Rn+1 : ϕ(ξ) = 1}

is a smooth or a real analytic hyper-surface provided ϕ is a smooth or a real analytic function
on Rn+1\{0} respectively. The hypersurface Σ is said to be a smooth (analytic) hyper-surface if
it can be locally represented as the graph of a smooth (real analytic) function. The smoothness
of the hyper-surface Σ follows from the classical implicit function Theorem.

Further, we use notation:

kp := kp(Σ) := inf
k>0
{k > 0 : Mk isLp(Rn+1)→ Lp

′
(Rn+1) bounded for any ak ∈ S−k(Rn+1)}.

(2.1)
where S−k(Rn+1) represents the set of classical symbols of PsDO with order −k. It turns out
that the number kp(Σ) depends on geometric properties of the hypersurface Σ. More precisely,
the number depends on behavior of the Fourier transform of measures supported on Σ.

Since Σ ⊂ Rn+1 \{0} is a compact hypersurface, then following Sugimoto [12], it is enough to
consider the local version of the problem. More precisely, we may assume that the amplitude
function ak is concentrated in a sufficiently small conic neighborhood Γ of a fixed point v ∈ Σ
and ϕ ∈ C∞(Γ). The smallness of the conic (with the vertex at the origin) neighborhood Γ is
determined by the smallness of Sn ∩ Γ (where Sn is the unit sphere in Rn+1 centered at the
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origin). Fixing such a point v ∈ Σ, let us define the following local exponent kp(v) associated
to this point:

kp(v) := inf
k>0
{k : ∃Γ, Mk : Lp(Rn+1) 7→ Lp

′
(Rn+1) is bounded, whenever supp(ak) ⊂ S−k0 (Γ)},

where S−k0 (Γ) represents the set of classical symbols of PsDO with order −k whose support is
in Γ.

The definition of kp(v) implies that it is an upper semi-continuous function of v, for a fixed
value of p ∈ [1, 2].

Additionally, for the purpose of clarity, we assume that v = (0, . . . , 0, 1) and ϕ(v) = 1.
Actually, any point of Σ, by using rotation and scaling, can be reduced to that point v. After
possible a linear transform in the space Rn+1

ξ , which preserves the point v, we may assume that
∂jϕ(v) = 0(j = 1, . . . , n). Thus, in a neighborhood of the point v the hypersurface Σ is given
as the graph of a smooth function:

Σ ∩ Γ = {(ξ1, . . . , ξn, 1 + φ(ξ1, . . . , ξn)) ∈ Rn+1 : (ξ1, . . . , ξn) ∈ U},

where U ⊂ Rn is a sufficiently small neighborhood of the origin and, φ ∈ C∞(U) is a smooth
function satisfying the conditions: φ(0) = 0,∇φ(0) = 0.

2.1. On a normal form of the phase function with respect linear transforms. Before
proceeding to the discussion of the results of our work, we will introduce the necessary definitions
and notation. In this paper, we consider a class of smooth hypersurfaces S ⊂ Rn+1 that have
at least n − 1 non-zero principal curvatures at a given point X ∈ S. Also, we consider a
surface-carried measure concentrated in a sufficiently small neighborhood of that point.

Furthermore, let us suppose that in a sufficiently small neighbourhood of a fixed point, say
the origin, the hypersurface S is given as the graph of a smooth function xn+1 = φ(x1, ..., xn),
satisfying the conditions φ(0) = 0 and ∇φ(0) = 0. Then, the characteristic hypersurface, Σ, is
defined by translating the surface, S, by the vector, v.

Suppose that exactly n − 1 of the principal curvatures of the hypersurface S are non-zero
at the origin. Then, the Hessian matrix Hessφ(x) := {∂l∂jφ(x)}nl,j=1 has rank n − 1 at the
origin of Rn. Following [8], we will verify that there exists an orthogonal matrix A such that
the Taylor expansion of the function φ1(x) := φ(Ax) has the form

φ1(x) =
1

2

n−1∑
l,j=1

bljxlxj +R(x), (2.2)

where B = {bij}n−1
i,j=1 is a non-singular symmetric matrix, the eigenvalues of which match the

non-zero eigenvalues of the Hessian matrix of φ at x = 0 and R(x) is a remainder of order
at least three at the origin. Further, without loss of generality, we assume that the Taylor
expansion of φ is of the form (2.2).

Then the matrix Hessφ(0) has exactly n − 1 non-zero eigenvalues. Moreover, in view of
(2.2), we have det{∂l∂jφ(0)}n−1

l,j=1 6= 0. Consider the system of equations

∂lφ(x) = 0, l = 1, . . . , n− 1. (2.3)

Applying the implicit mapping theorem, we find that the system of equations (2.3) in a suf-
ficiently small neighborhood of zero has a smooth solution xl = ψl(xn) (where l = 1, . . . , n− 1)
satisfying the condition ψl(0) = ψ′l(0) = 0, l = 1, . . . , n − 1. Also, using the linear
transformation of the sub- space Rn, we can reduce the functions {ψl(xn)}n−1

l=1 to the form
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ψl(xn) = xmln ωl(xn), l = 1, . . . , n − 1, where ωl(xn) is a smooth function. Further, if ψl is
not a flat function at the origin, then we can assume, ωl(0) 6= 0 and ml, l ∈ {1, . . . , n − 1}
is a finite natural number and also after a possible linear transformation, we may suppose
2 ≤ m1 < m2 < · · · < mn−1 ≤ ∞. If, for some l, the corresponding ψl is a flat function (i.e.,
it vanishes together with all its derivatives at the point xn = 0), then we can formally put
ml =∞.

The following statement was proved in the paper [1].

Lemma 2.1. Let S be a smooth hypersurface in a neighborhood U of the origin in Rn+1, given
as the graph of a smooth function. More precisely, let

S ∩ U = {(x1, . . . , xn, xn+1) ∈ U : xn+1 = φ(x1, . . . , xn), φ(0) = 0,∇φ(0) = 0}. (2.4)

If S has at least n − 1 non-vanishing principal curvatures at the origin, then, possibly after a
linear transformation of the space Rn, in a sufficiently small neighborhood of zero, the function
φ can be written in the form

φ(x) =
1

2

n−1∑
l,j=1

blj(x)(xl − ψl(xn))(xj − ψj(xn)) + bn(xn), (2.5)

where {blj(x)}n−1
l,j=1 is a symmetric matrix with smooth elements and blj(0) = blj(l, j = 1, . . . , n−

1); the {ψl(xn)}n−1
l=1 are smooth functions of the form ψl(xn) = xmln ω(xn) l = 1, . . . , n − 1, for

a smooth function ωl satisfying the condition ωl(0) 6= 0 whenever ψl is not a flat function, and
2 ≤ m1 < m2 < · · · < mn−1 ≤ ∞. In (2.5), bn is a smooth function defined by the relation
bn(xn) := φ(ψ1(xn), . . . , ψn−1(xn), xn).

The main result of the paper is the following Theorem.

Theorem 2.2. If φ has a singularity of type AN−1 at the origin, then the following inequality
holds:

kp(v) ≤ 2

(
n+ 3

2
− 1

N

)(
1

p
− 1

2

)
, (2.6)

In addition, if 2m1 ≥ N , then the following relationship holds:

kp(v) = 2

(
n+ 3

2
− 1

N

)(
1

p
− 1

2

)
. (2.7)

Corollary 2.3. If 2 min{m1, . . . ,mn−1} ≥ N , the following equality holds:

kp(v) =

(
n+ 3− 2

N

)(
1

p
− 1

2

)
. (2.8)

As shown in the paper [7], the condition of the last corollary is both necessary and sufficient
for relation (2.8) to hold in the case of n = 2.

3. Related oscillatory integrals

Let S ⊂ Rn+1 be a smooth hypersurface, and let ϕ ∈ C∞0 (S) be a smooth function with
compact support. Consider the charge dµ(X) := ϕ(X)dS, where dS is the induced Lebesgue
measure on the hypersurface S. In particular, if ϕ is a nonnegative function, then we are dealing
with a Borel measure. The Fourier transform of the charge dµ is defined by the following
integral:

d̂µ(ξ) :=

∫
S

eixξϕ(x)dS(x), (3.1)
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where xξ is the inner product of the vectors x and ξ. It is well known that behavior of the

function d̂µ when |ξ| gets large depends on geometric properties of S.
Further, we also define analogical functions associated to oscillatory integrals.
Let S be a smooth hypersurface, given as the graph of a function φ, with an AN−1 singularity

at the origin. It means that the function bn, defined by the equation (2.5), has a multiple root
of order N ≥ 2 at the origin. Using the method of stationary phase, we reduce the main part of
the Fourier transform of the charge dµ to a one-dimensional oscillatory integral with multiplier

|ξ|−(n−1)/2 as |ξ| → +∞. Indeed, the Fourier transform of the charge d̂µ can be written as a
multiple oscillatory integral. Since S is a smooth hypersurface, it can be represented as the
graph of a smooth function φ(x) that satisfies the conditions φ(0) = 0 and ∇φ(0) = 0. We
also assume that φ has a singularity of type AN−1 at the origin. As a consequence, the surface
integral reduces to the following multiple integral:

J(λ, s) :=

∫
Rn
eiλΦ(x,s)a(x)dx.

Here ξn+1 = λ, sj := ξj/λ, j = 1, . . . , n−1, Φ(x, s) = φ(x) + s ·x, where φ is a smooth function
with φ(0) = 0, ∇φ(0) = 0, and rank(Hessφ)(0)) ≥ n− 1, which is equivalent to the condition
Φ has a singularity of type A at the origin.

If |s| > ε (where ε is a fixed positive number) and b is a smooth function with sufficiently
small support contained in a neighborhood of the origin, then, for any natural number ν,
integrating by parts, we obtain J(s, λ) = O(|sλ|−ν) as |λ| → +∞. Therefore, it suffices to
consider the case of a vector s of sufficiently small length.

Since det{∂j∂kφ(0, 0)}n−1
j,k=1 6= 0, we can use the Morse classical lemma (see [8]): there exists

a neighborhood V ×U and a diffeomorphic mapping F : V ×U 7→ V ×U of the form xn = yn,
xj = Fj(s

′, y), j = 1, . . . , n− 1, such that, for the phase function Φ(x, s), the following relation
holds:

Φ(F (s′, y), yn, s) := Φ1(s′, yn) + snxn +Q(y′),

where Φ1(s′, yn), is a smooth function; moreover, Φ1(0, yn) has a singularity of type AN−1 at the
point yn = 0 and Q(y′) := 1

2
(By′, y′) is a non-degenerate quadratic form given by an invertible

symmetric matrix B.
Thus, after the change of variables given by the mapping (F (s′, y), yn), the oscillatory integral

J(λ, s) can be written as the repeated integral

Jλ, s) =

∫
R
eiλΦ(s′,yn)

(∫
Rn−1

eiλQ(y′)b(y, s′)dy1 . . . dyn−1

)
dyn

with a smooth amplitude function b1 ∈ C∞0 (V × U).
Then, by the classical method of stationary phase, we obtain the asymptotic relation (see

[8]).∫
Rn−1

eiλQ(y′)b(y, s′)dy1 . . . dyn−1 = cb1(0, . . . , 0, yn, s
′)λ

1−n
2 +O(λ−

1+n
2

) as |λ| → +∞.

where

c =

√
(2π)n−1eisign(Q)(π/4)√

| detB|
,
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where sign(Q) represents the difference between the number of positive and negative eigenval-
ues. Hence the oscillatory integral J(λ, s) can be written as

J(λ, s) = cλ
1−n

2

∫
R
eiλΦ(s′,yn,sn)b1(0, . . . , 0, yn, s

′)dyn +O(λ−
1+n

2 ) as |λ| → +∞. (3.2)

Therefore, the problem of the behavior of the oscillatory integral J(λ, s) reduces to the
problem of estimating the following one-dimensional oscillatory integral:

J1(λ, s) =

∫
R
eiλΦ(s′,yn,sn)b1(0, . . . , 0, yn, s

′)dyn. (3.3)

We can use Van der Corput type estimate [2] to the integral J1 and obtain:

|J(λ, s)| .
‖b(·, s)‖Cn(U)

|λ|n−1
2

+ 1
N

. (3.4)

3.1. An upper estimate for kp(v). Then we can use Proposition 2 of the paper [12] (page
no. 386) and obtain the following upper bound for kp(v):

kp(v) ≤ 2

(
n+ 3

2
− 1

N

)(
1

p
− 1

2

)
.

The last inequality proves the first part of Theorem 2.2. It should be noted that the last upper
estimate is not dependent on the numbers m1, . . . ,mn−1. Additionally, we demonstrate that
the obtained estimate is sharp for sufficiently large values of these numbers (see Theorem 3.1).

3.2. A lower estimate for kp(v).

Theorem 3.1. Let φ be a smooth function satisfying the condition 2m1 ≥ N . Then the
following lower estimate holds true:

kp(v) ≥
(
n+ 3− 2

N

)(
1

p
− 1

2

)
.

We remark that the lower bound agrees with the upper bound (2.6). So, we came to a proof
of Corollary 2.3.

In this section we reduce a proof of the Theorem 3.1. The test functions, used in the course
of the proof, are similar to Knapp type sequence .

Proof. Let φ be the phase function and the principal part is a weighted homogeneous polynomial
with weight κ := (κ′, κn), where κ′ := (1

2
, . . . , 1

2
) ∈ Rn−1 and κn := 1

N
.

We can write the Taylor expansion:

φ(x) =
∑

(κ,α)=1

cαx
α +R(x), with cα :=

∂αφ(0)

α!
,

under condition 2m1 ≥ N , where (κ, α) is an inner product of vectors κ and α ∈ Zn+ and also
R is the remainder term satisfying the condition:
‖t−1R(t

1
2x1, . . . , t

1
2xn−1, t

1
N xn)‖CM (U) → 0 as t→ +0 for any natural number M .

Let us take a smooth function in Rn+1 such that ak(ξ) = |ξ|−k for large ξ. For example,
we can take ak(ξ) = (1 − χ0(ξ))|ξ|−k, where χ0 is a smooth function such that χ0(ξ) ≡ 1 in a
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neighborhood of the origin say for |ξ| ≤ ε and χ0(ξ) ≡ 0 for |ξ| ≥ 2ε with a sufficiently small
fixed positive number ε > 0.

Following, M. Sugimoto we introduce the function: G(y) = 1 + φ(y) − (y,∇φ(y)). Define a
non-negative smooth function with χ0(0) = 1 concentrated in a sufficiently small neighborhood
of the origin of Rn−1, and a non-negative smooth function, satisfying χ1(1) = 1, with support
in a sufficiently small neighborhood of the point 1 and χ1 ≡ 0 in a neighborhood of the origin
of R.

We set

uj(x) = 2
j(n+1−|κ|)

(
− 1
p′

)
F−1(vj(2

−j·))(x),

where

vj(ξ) =
χ0

(
2
j
2

ξ′

ϕ(ξ)

)
χ0

(
2
j
N

ξn
ϕ(ξ)

)
χ1(ϕ(ξ))|ξ|k

ϕ(ξ)nG
(

ξ′

ϕ(ξ)

) ∈ C∞0 (Rn+1).

Note that supp(vj) does not contain the origin, because χ1(ϕ(ξ)) ≡ 0 in a neighborhood of the
origin.

The sequence {uj}∞j=1 is bounded in Lp(Rn+1). Indeed, we have:

uj(x) =
2

(n+1)j
p

+
|κ|j
p′√

(2π)n+1

∫
Rn+1

e−i2
j(ξ,x)vj(ξ)dξ.

On the other hand following M. Sugimoto we use change of variables ξ = (λy, λ(1 + φ(y)))
(where y ∈ U ⊂ Rn) and get:

uj(x) =
2

(n+1)j
p

+
|κ|j
p′√

(2π)n+1

∫
Rn+1

e−i2
jλ(x′y+xn+1(1+φ(y)))χ0(2

j
2y′)χ0(2

j
k yn)

χ1(λ)λk(|y|2 + (1 + φ(y)2)
k
2 dλdy.

Finally, we use scaling 2
j
2y′ 7→ y′, 2

j
N yn 7→ yn in variables y and obtain:

uj(x) =
2

(n+1)j
p
− |κ|j

p√
(2π)n+1

∫
e−i2

jλ(2−
j
2 x′·y′+2−

j
N xnyn+xn+1(1+φ(δ

2−j (y))))χ0(y)

χ1(λ)λk(2−j|y′|2 + 2−
2j
N y2

n + (1 + φ(δ2−j(y))2)
k
2 dλdy.

Note that |2j∂αφ(δ2−j(y))| << 1 as j >> 1 for any α ∈ Zn+ provided the support of χ0 are

small enough. If |xn+1| > |x′2−
j
2 |+ |xn2−

j
N | then we can use integration by parts formula in λ

and get:

|uj(x)| .M
2

(n+1)j
p
− |κ|j

p

(1 + |xn+12j|)M
,

for any natural M ≥ 1, provided |xn+12j| >> 1, otherwise e.g. if |xn+12j| . 1, then the last
estimate trivially holds, for the function uj(x).

Assume |xn+1| ≤ |x′2−
j
2 |+|xn2−

j
N |. Then by using integration by parts formula in y variables,

we get the following estimate:

|uj(x)| .M
2

(n+1)j
p
− |κ|j

p

(1 + |x′2 j
2 |+ |xn2

(N−1)j
N |)M

,
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Finally, combining the obtained estimates we obtain:

|uj(x)| .M
2

(n+1)j
p
− |κ|j

p

(1 + |2jxn+1|+ |x′2
j
2 |+ |xn2

(N−1)j
N |)M

.

Consequently,

‖uj‖Lp(Rn+1) . 1, for j ≥ 1.

So, the sequence {uj}∞j=1 is bounded in the space Lp(Rn+1).
On the other hand we have the relation:

Mkuj(x) = 2
j(n+1−|κ|)(− 1

p′ )−kj+njF−1

eiϕ(ξ)
χ0

(
2
j
2

ξ′

ϕ(ξ)

)
χ0

(
2
j
N

ξn
ϕ(ξ)

)
χ1(2−jϕ(ξ))

ϕ(ξ)nG
(

ξ′

ϕ(ξ)

)
 (x).

We perform change of variables given by the scaling 2−jξ 7→ ξ and obtain:

Mkuj(x) =
2
j((n+1−|κ|)(− 1

p′ )−k+n+1)√
(2π)n+1

∫
Rn+1

ei2
j(ϕ(ξ)−xξ)

χ0

(
2
j
2 ξ′

ϕ(ξ)

)
χ0

(
2
j
N ξn
ϕ(ξ)

)
χ1(ϕ(ξ))

ϕn(ξ)G
(

ξ
ϕ(ξ)

) dξ.

Then following M. Sugimoto we use change of variables ξ = (λy, λ(1 + φ(y))) and gain the
relation:

Mkuj(x) =
2
j((n+1−|κ|)(− 1

p′ )−k+n+1)√
(2π)n+1

∫
ei2

jλ(1−(x′y′+xnyn+xn+1(1+φ(y))))

χ0(2
j
2y′)χ0(2

j
N yn)χ1(λ)dλdy.

Finally, we use change of variables 2
j
2y′ 7→ y′, 2

j
N yn 7→ yn and obtain:

Mkuj(x) = 2
j((n+1−|κ|)(− 1

p′ )−k−|κ|+n+1)
∫
Rn+1

e2jiλ((xn+1−1)−2−
j
2 y′x′−2−

j
N ynxn−xn+1φ(δ

2−j (y)))

χ0(y)χ1(λ)dλdy.

If |xn+1 − 1| � 2−j, |x′| � 2−
j
2 , |xn| � 2−

j(N−1)
N , then the phase is the non-oscillating

function, because λ v 1 and

(xn+1 − 1)− 2−
j
2y′x′ − 2−

j
N ynxn − xn+1φ(δ2−j(y)) = o(2−j)

provided the supports of χ0 is small enough.
Consequently, we have the following lower bound:

‖Mkuj‖Lp′ & 2j(2(n+1−|κ|)( 1
p
− 1

2)−k).

The last inequality is equivalent to

‖Mkuj‖Lp′ & 2j((n+3− 2
N )( 1

p
− 1

2)−k).

Therefore, if

k < kp(v) :=

(
n+ 3− 2

N

)(
1

p
− 1

2

)
,
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then

‖Mkuj‖Lp′ →∞ (as j → +∞).

Thus, the operator Mk : Lp(Rn+1)→ Lp
′
(Rn+1) is unbounded provided k < kp(v). Thus we get

a lower bound for the number kp(v) which completes a proof of Theorem 3.1. The Theorem
3.1 completes a proof of the main Theorem 2.2.

�

Now, we consider a lower estimate for kp(v) for the case when m1, . . . ,mn−1 are smaller than
N .

Theorem 3.2. If 2m1 < 2m2 < · · · < 2mn−1 < N , then the following estimate holds:

kp(v) ≥ 2

(
n+ 1−

∑n−1
l=1 ml + 1

N

)(
1

p
− 1

2

)
− n− 1

2
+

∑n−1
l=1 ml

N
. (3.5)

Proof of Theorem 3.2.
We slightly modified the Sugimoto [12] arguments and consider the sequence

uj = 2
− (n+1)j

p′ +j

∑n−1
l=1

ml+1

Np′ F−1(vj(2
−j·))(x),

where

vj(ξ) = χ0

(
2
j
N ξn
ϕ(ξ)

)
χ0

(
2
jm1
N

(
ξ1

ϕ(ξ)
−
(

ξn
ϕ(ξ)

)m1

ω1

(
ξn
ϕ(ξ)

)))
. . .

χ0

(
2
jmn−1
N

(
ξn−1

ϕ(ξ)
−
(

ξn
ϕ(ξ)

)mn−1

ωn−1

(
ξn
ϕ(ξ)

)))
χ1(ϕ(ξ))|ξ|k

ϕn(ξ)G
(

ξ′

ϕ(ξ)

) ,
where χ0, χ1 ∈ C∞0 (R) are non-negative smooth functions satisfying the conditions: χ0(0) = 1
and support of function χ0 lies in a sufficiently small neighborhood of the origin of R and χ1

is a non-negative smooth function concentrated in a sufficiently small neighborhood of 1 and
identically vanishes in a neighborhood of the origin and also χ1(1) = 1 (cf. [12]). We claim
that that, for large j one has

‖uj‖Lp(Rn+1) . 1.

Indeed, by the definition of uj, we have the following relationship:

F−1(vj(2
−j·))(x) =

1√
(2π)n+1

∫
Rn+1

e−iξ·xvj(2
−jξ)dξ =

2(n+1)j√
(2π)n+1

∫
Rn+1

e−i2
jξ·xvj(ξ)dξ.

We use change of variables ξ = λ(y, 1 + φ(y)) and obtain:

Vj(x) := F−1(vj(2
−j·))(x) =

2(n+1)j√
(2π)n+1

∫
Rn+1

e−i2
jλ(y′·x′+ynxn+xn+1(1+φ(y))

χ0(2
j
N yn)χ0(2

jm1
N (y1 − ym1

n ω1(yn)) . . . χ0(2
jmn−1
N (yn−1 − ymn−1

n ωn−1(yn))χ1(λ)dλdy.

Then, we use the change of variables provided by scaling:

2
jm1
N y1 → y1, . . . , 2

jmn−1
N yn−1 → yn−1, 2

j
N yn → yn
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and obtain:

Vj(x) =
2

(
n+1−

∑n−1
l=1

ml+1

N

)
j√

(2π)n+1

∫
Rn+1

e−i2
jλ(
∑n−1
l=1 2−

jml
N ylxl+2−

j
N ynxn+xn+1(1+φ(δ

2−j (y))))

χ0(yn)χ0(y1 − ym1
n ω1(2−

1
N yn) . . . χ0(yn−1 − ymn−1

n ωn−1(2−
1
N yn))χ1(λ)dλdy.

Integration by parts arguments yield:

|Vj(x)| .L
2

(
n+1−

∑n−1
l=1

ml+1

N

)
j(

1 +
∑n−1

l=1 |2j−
jml
N xl|+ |2j−

1
N xn|+ |2jxn+1|

)L ,
where L is any fixed positive integer number. We assume that Lp > n+ 1. The last inequality
implies that

‖Vj‖Lp(Rn+1) .L 2

(
n+1
p′ −

∑n−1
l=1

ml+1

Np′

)
j
.

Consequently, ‖uj‖Lp(Rn+1) . 1.
Now, we consider the lower estimate for ‖Mkuj‖Lp′ (R3).
We have:

Mkuj = F−1eiϕ(ξ)ak(ξ)Fuj = 2

(
−n+1

p′ +

∑n−1
l=1

ml+1

Np′

)
j
F−1(eiϕ(ξ)ak(ξ)vj(2

−jξ))(x).

We perform change of variables given by the scaling 2jξ → ξ and obtain:

Mkuj(x) =
2

(
n+1
p

+

∑n−1
l=1

ml+1

Np′ −k
)
j√

(2π)n+1

∫
Rn+1

ei2
j(ϕ(ξ)−ξx)ak(ξ)vj(ξ)dξ.

Finally, we use the change of variables ξ → λ(y, 1 + φ(y)) and we have:

Mkuj(x) =
2

(
n+1
p

+

∑n−1
l=1

ml+1

Np′ −k
)
j√

(2π)n+1

∫
Rn+1

ei2
jλ(1−y′·x′−ynxn−xn+1(1+φ(y))χ0(2

j
N yn)

χ0(2
jm1
N (y1 − ym1

n ω1(yn)) . . . χ0(2
jmn−1
N (yn−1 − ymn−1

n ωn−1(yn))χ1(λ)dλdy.

Now, we perform the change of variables

yn = 2−
j
N zn, y2 = ym1

1 ω1(y1) + 2−j
m1
N z2, . . . , yn−1 = ymn−1

n ωn−1(y1) + 2−j
mn−1
N zn−1.

Then we get

Mkuj(x) =
2

(
n+1
p
−

∑n−1
l=1

ml+1

Np
−k
)
j√

(2π)n+1

∫
Rn+1

ei2
jλΦ3(z,x,j)χ0(zn)χ0(z1) . . . χ0(zn−1)χ1(λ)dλdy.

where

Φ3(z, x, j) := 1− xn+1 − (2−
j
N xnzn + x12−

jm1
N zm1

n ω1(2−
j
N zn) + · · ·+

xn−12−
jmn−1
N zmn−1

n ωn−1(2−
j
N zn)) + xn+1

n−1∑
l,k=1

blk2
− j(ml+mk)

N zlzk + 2−jzNn β(2−
j
N zn)).
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We use the stationary phase method in z′ assuming ,

|1− xn+1| << 2−j, |xn| << 2−
N−1
N

j, |xl| << 2−
j(N−ml)

N , l = 1, . . . , n− 1. (3.6)

and, reminding that 2m1 < · · · < 2mn−1 < N , to obtain:

Mkuj(x) =
2

(
n+1
p
−

∑n−1
l=1

ml+1

Np
−k−n−1

2
+

∑n−1
l=1

ml
N

)
j√

(2π)n+1(∫
R2

ei2
jλΦ4χ0(zn)g(zc2(zn, x))χ1(λ)dλdzn +O(2

j
(

2mn−1
N
−1
))

, as j → +∞,

where

Φ4 := Φ4(z1, x, j) := 1− xn+1 − xnzn2−
j
N −

n−1∑
l=1

xl2
− jml

N zmln ω(2−
j
N zn)−

2−jzNn β(2−
j
N zn) +

n−1∑
l,k=1

Blk(zn, x, 2
−j),

and B is a smooth function satisfying the condition |B| v 1. Consequently, accounting the
conditions (3.6) and the inequality 2mn−1 < N , we establish the following lower bound:

‖Mkuj‖Lp′ (R3) ≥ 2
j

(
2

(
n+1−

∑n−1
l=1

ml+1

N

)
( 1
p
− 1

2)−n−1
2

+

∑n−1
l=1

ml
N

−k
)
c,

where c > 0 is a constant which does not depend on j. Thus if

k < 2

(
n+ 1−

∑n−1
l=1 ml + 1

N

)(
1

p
− 1

2

)
− n− 1

2
+

∑n−1
l=1 ml

N

then the operator Mk is not Lp(Rn+1) 7→ Lp
′
(Rn+1) bounded.

Analogical result holds true for the case N =∞.
Thus, if k < kp(v) then the Mk is not Lp − Lp′ bounded operator. This completes a proof of

the Theorem 3.2.

4. The model case

Now, we consider the case n = 3 and function:

φ(y1, y2, y3) = (y1 − ym3 )2 + y2
2 + yN3 , (4.1)

where m ≥ 2 and N ≥ 2.

Proposition 4.1. Let φ be the phase function given by (4.1).
(i) If 2m ≥ N then

kp(v) = 2

(
3− 1

N

)(
1

p
− 1

2

)
; (4.2)

(ii) If m ≥ 3 and 2m < N then

kp(v) = max

{
2

(
3− 1

2m

)(
1

p
− 1

2

)
, 2

(
4− m+ 1

N

)(
1

p
− 1

2

)
− 1 +

m

N

}
. (4.3)
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Proof. The case (i) of Proposition 4.1 follows from Theorem 2.2. The upper bound for the
number kp(v) follows from results of the paper [7]. We show the lower bound for the number
kp(v). Consider the sequence of test functions

uj(x) := 2
j
(
− 4
p′+

m+1
Np′

)
F−1(vj(2

−j·))(x),

where vj := vj(ξ) is given by

vj = χ0

(
2
j
N ξ3

ϕ(ξ)

)
χ0

(
2
jm
N

(
ξ1

ϕ(ξ)
−
(

ξ3

ϕ(ξ)

)m
ω

(
ξ3

ϕ(ξ)

)))
χ0

(
ξ2

ϕ(ξ)

)
χ1(ϕ(ξ))|ξ|k

ϕ3(ξ)G
(

ξ′

ϕ(ξ)

) ,
with ξ′ := (ξ1, ξ2, ξ3). It can be proved that uj is a bounded sequence in the space Lp(R4).

We write Mkuj(x) after change of variables:

Mkuj(x) = 2

(
4
p

+m+1
Np′ −k

)
j
2−

(m+1)j
N

∫
R4

ei2
jλΦ1(x,y)χ0(y1)χ0(y2)χ0(y3)χ1(λ)dλdy,

where

Φ1(x, y) := 1− x4 − (x1y12−
jm
N + x1y

m
3 ω(2−

1
N y3)2−

jm
N +

x2y2 + x3y32−
j
N + x4(1 + φ(y, 2−j)),

with

φ(y, 2−j) := 2−
2m
N y2

1 + y2
2 + 2−jyN3 .

Now, we assume that

|1− x4| << 2−j, |x3| << 2
(N−1)j
N , |x2| << 2−j, |x1| << 2

(m−N)j
N . (4.4)

Then we use stationary phase method in y1, y2 variables and obtain:

Mkuj(x) = 2

(
4
p

+m+1
Np′ −k

)
j
2−

j
N
−jc(x, j),

where |c(x, j)| & 1 under the conditions (4.4). Consequently, we have

‖Mkuj‖Lp′ (R4) & 2j(2(4−m+1
N )( 1

p
− 1

2)−1+m
N
−k)

Consequently, if

k < 2

(
4− m+ 1

N

)(
1

p
− 1

2

)
− 1 +

m

N

then the operator Mk is not bounded from Lp(R4) to Lp
′
(R4). �
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Abstract. In this paper, a nonlocal problem of the BitsadzeSamarskii type is studied for
a degenerate elliptic equation in a vertical half-strip Ω = {(x, y) : 0 < x < 1, y > 0}. The
problem connects the value of the sought function on the right boundary of the domain with its
value at an interior point of the same domain. Under certain conditions on the given functions,
theorems on the existence and uniqueness of the solution are proved. The uniqueness of the
solution is proved using the maximum principle, while the existence of a solution is established
by methods of separation of variables and integral equations.
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fied Bessel functions, eigenvalues, root functions, completeness, basis property.
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1. Introduction and Problem Statement

In [23], the Dirichlet problem and a Neumann-type problem (problem N) were studied for a
degenerate elliptic equation with a power-type degeneration of the form

ymuxx + uyy +
α

y
uy − b2ymu = 0, 0 ≤ x ≤ 1, y > 0, (1.1)

in case m = 0 and b = 0, in a vertical half-strip Ω = {(x, y) : 0 < x < 1, y > 0}. The uniqueness
of the solution was established using a combined method, which involves the maximum principle
for elliptic equations and the “abc” method, while the existence of a solution was proven by
employing separation of variables and integral transformation techniques.

In [14], for a mixed-type equation containing equation (1.1) in the case of α = 0, b = 0 in a
domain whose elliptic part is a half-strip Ω, the Tricomi problem was studied. The uniqueness
of the solution was established using the “abc” method, while the existence was proven through
the method of separation of variables and the theory of integral equations. Similar problems
for mixed-type equations involving an equation of the form (1.1) were also considered in [10]
and [16].

In [12], in a domain Ω = {(x, y) : 0 < x < 1, y > 0} for the case α = 0, b = 0, a nonlocal
Samarskii–Ionkin type problem was considered. By applying the spectral method, the existence
and uniqueness of the solution were established, and an integral representation of the solution
was obtained for the case m ≥ 0.

In [11], for equation (1.1) in the same domain Ω and for the case α = 0, b = 0, nonlocal
problems with Samarskii–Ionkin type conditions were studied in a more general setting than
in [10]. Using the maximum principle, theorems on the uniqueness of solutions were proven,
and by means of spectral analysis, a theorem on the existence of solutions for the formulated
problems was established.

In the work [15], for an elliptic equation of fractional order of the form D2αu(x, y) −
x2βLu(x, y) = 0 in the case where L is a self-adjoint positive operator with a discrete spec-
trum, the issues of solvability of various boundary value problems in infinite domains for
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α ∈ (1/2, 1], β > −α, where D2α = CDα
0+

CDα
0+, CDα

0+ is the fractional Caputo derivative,
are studied. It should be noted that this equation generalizes the well-known Tricomi, Geller-
stedt, and Keldysh equations.

In [25], the first boundary value problem for a mixed-type equation with two degeneracy lines
in a half-strip in the class of regular and bounded at infinity solutions is studied. Using spectral
analysis methods, a criterion for the uniqueness of the problem is established, and the solution is
constructed as a series in eigenfunctions of the corresponding one-dimensional problem. In [17],
a nonlocal boundary value problem was formulated and studied for the degenerate equation
(1.1) in a vertical half-strip. By applying the Hankel transform and the method of separation of
variables, an explicit solution to the investigated problem was obtained. We also note [1], where
a boundary value problem was investigated in an infinite half-strip for a generalized biaxially
symmetric Helmholtz equation. Using the method of separation of variables and Fourier–Bessel
series expansions, conditions for the solvability of the boundary value problem were established.

As for boundary value problems for degenerate equations in bounded domains, we note
[19], where the first boundary value problem was studied for a mixed-type equation with a
singular coefficient in a rectangular domain. Using spectral analysis methods, a criterion for
the uniqueness of the solution was established, and the solution was constructed as a sum of a
series in terms of the eigenfunctions of a one-dimensional spectral problem for eigenvalues. In
[21] and [20], for a mixed-type equation of the second kind with a singular coefficient, uniqueness
criteria for the Dirichlet problem were established using spectral expansions, and the solutions
were constructed as sums of series.

A new type of nonlocal boundary value problem for a partial differential equation of elliptic
type, arising in plasma theory, was formulated and studied by A.V. Bitsadze and A.A. Samarskii
in [6]. In the scientific literature, this problem became known as the Bitsadze–Samarskii (BS)
type problem. Problems of this type differ from other boundary value problems in that the
boundary values of the sought solution or its derivatives are repeated at interior points of the
domain, where the solution satisfies the differential equation. Similar problems were studied in
the works [3], [2], [22], [8], [4], [5].

In this paper, for equation (1.1) in the case α = 0, b = 0, posed in the vertical half-strip
Ω = {(x, y) : 0 < x < 1, y > 0} a nonlocal problem is studied, where the boundary conditions
with respect to the spatial variable include a nonlocal condition of the Bitsadze–Samarskii type.

For the equation
Lu ≡ ymuxx + uyy = 0,m = const > 0 (1.2)

in the vertical half-strip Ω = {(x, y) : 0 < x < 1, y > 0} we consider the following nonlocal
problem.

Problem BS. Find a function u(x, y), satisfying the following properties:
1) u(x, t) ∈ C(Ω̄) ∩ C2(Ω);
2) satisfies equation (1.2) in the domain Ω;
3) the following conditions are fulfilled:

lim
y→+∞

u(x, y) = 0 uniformly in x ∈ [0, 1], (1.3)

ux(0, y) = ϕ1(y), u(1, y)− u(x0, y) = ϕ2(y), y ≥ 0, (1.4)

u(x; 0) = τ(x), 0 ≤ x ≤ 1, (1.5)

where ϕ1(y), ϕ2(y), τ(x) are given functions.

2. Uniqueness of the Solution to Problem BS

We prove a theorem on the uniqueness of the solution to Problem BS. The following theorem
holds:
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Theorem 2.1. Problem BS cannot have more than one solution.

Proof. Suppose that the considered problem has two solutions u1(x, y) and u2(x, y). Then the
difference of these solutions, i.e., the function u(x, y) = u1(x, y) − u2(x, y) in the domain Ω
satisfies equation (1.2), condition (1.3), and homogeneous boundary conditions of the form

ux(0, y) = 0, u(1, y)− u(x0, y) = 0, y ≥ 0, u(x, 0) = 0, 0 ≤ x ≤ 1. (2.1)

Thus, it suffices to show that this homogeneous problem has only the trivial solution u(x, y) ≡
0 in Ω.

Assume that u(x, y) 6= 0 in Ω̄. Suppose, for example, u(c, h) 6= 0, h > 0. Then u(x, y) 6= 0 in
Ω̄h, where Ωh is a rectangle with vertices at the points O(0, 0), A(1, 0), Oh(0, h) and Ah(1, h).
We show that the maximum max

Ω̄h
|u(x, y)| is attained only on the segment OhAh. Without loss

of generality, we can assume that max
Ω̄h
|u(x, y)| = max

Ω̄h
u(x, y) > 0.

Indeed, by the well-known property of solutions to elliptic equations [22, p. 229, Theorem
4.2.4], the maximum cannot be attained inside Ωh. Due to the first and third conditions in (2.1),
max

Ω̄h
u(x, y) cannot be attained on the segments OOh and OA. Let us show that max

Ω̄h
u(x, y)

cannot be attained on the segment AAh either. Assume that the max
Ω̄h

u(x, y) is attained at

some interior point (1, y0) of the segment AAh. Then, by the second condition in (2.1), we find
that the max

Ω̄h
u(x, y) is also attained at some interior point (x0, y0) of the domain Ω̄h, which

contradicts the aforementioned property of elliptic equations. Therefore, max
Ω̄h

u(x, y) is attained

only on the segment OhAh and let max
Ωh

|u(x, t)| = ε.

Now, by condition (1.3), there exists h̃ > h, such that for all y ≥ h̃, we have |u(x, y)| < ε/2.
This implies that max

Ωh̃

|u(x, y)| ≤ ε/2, where Ωh̃ is a quadrilateral with vertices at points

O,A,Oh(0, h̃) and Ah(1, h̃). On the other hand, since Ωh ⊂ Ωh̃, we must have max
Ωh̃

|u(x, y)| ≥

max
Ωh

|u(x, y)| = ε, which contradicts the condition max
Ωh̃

|u(x, y)| ≤ ε/2. Therefore, u(x, y) ≡ 0

in Ω̄, i.e., u1(x, y) = u2(x, y). This completes the proof of Theorem 2.1. �

3. Existence of the Solution to Problem BS

Now we turn to proving the existence of a solution to Problem BS. The following theorem
holds:

Theorem 3.1. Let the functions τ(x), ϕi(y), i = 1, 2 satisfy the following conditions:

1)ϕi(y) ∈ C[0,∞), y3m/4ϕi(y) ∈ L1(0,+∞), ϕi(0) = 0, ϕi(+∞) = 0, i = 1, 2,

2)τ(x) ∈ C2[0, 1], τ ′′′(x) ∈ L2(0, 1), τ ′(0) = 0, τ(1) = τ(x0), τ ′′(1) = τ ′′(x0).

Then Problem BS has a solution.

Proof. We seek the solution of Problem BS in the domain Ω in the form of the sum of two
functions:

u(x, y) = W (x, y) + V (x, y),

where W (x, y) and V (x, y) are solutions of equation (1.2) satisfying, respectively, the following
conditions:

Wx(0, y) = ϕ1(y),W (1, y)−W (x0, y) = ϕ2(y), y ≥ 0, (3.1)
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lim
y→+0

W (x, y) = 0, lim
y→+∞

W (x, y) = 0, 0 ≤ x ≤ 1, (3.2)

Vx(0, y) = 0, V (1, y)− V (x0, y) = 0, y ≥ 0, (3.3)

lim
y→+0

V (x, y) = τ(x), lim
y→+∞

V (x, y) = 0, 0 ≤ x ≤ 1. (3.4)

3.1. Solution of Problem 2 (Problem (1.2), (3.1), (3.2)). We seek the solution of Problem
2 in the form of an integral:

W (x, y) =
√
y

∫ ∞
0

(
a1(λ)eλx + a2(λ)e−λx

)
J 1
m+2

(
2λ

2 +m
y
m+2

2

)
dλ, (3.5)

where a1(λ), a2(λ) are unknown functions, and Jv(z) is the Bessel function of the first kind.
It should be noted that the function W (x, y), defined by the integral (3.5), formally satisfies

equation (1.2) and conditions (3.2).
From (3.5), taking into account the boundary conditions (3.1), we obtain the following system

for the unknown functions a1(λ) and a2(λ)
√
y

∫ ∞
0

(a1(λ)− a2(λ)) J 1
m+2

(
2λ

2 +m
y
m+2

2

)
dλ = ϕ1(y),

√
y

∫ ∞
0

(
a1(λ)(eλ − eλx0) + a2(λ)(e−λ − e−λx0)

)
J 1
m+2

(
2λ

2 +m
y
m+2

2

)
dλ = ϕ2(y).

(3.6)

Next, to find these functions, we use the Hankel transform:

F (p) =

∫ ∞
0

f(t)Jv(p · t)tdt⇔ f(t) =

∫ ∞
0

F (p)Jv(t · p)pdp, (3.7)

which holds for ν ≥ −1
2
, provided that

∫∞
0

√
tf(t)dt < +∞.

Applying the Hankel transform to formulas (3.6) and using relation (3.7), while taking into
account condition 1) of Theorem 3.1, we obtain the following system:

a1(λ)− a2(λ) =
1

q

∫ ∞
0

y2q− 3
2J 1

m+2

(
2λ

2 +m
y
m+2

2

)
ϕ1(y)dy,

a1(λ)(eλ − eλx0) + a2(λ)(e−λ − e−λx0) =
λ

q

∫ ∞
0

y2q− 3
2J 1

m+2

(
2λ

2 +m
y
m+2

2

)
ϕ2(y)dy.

Thus, after simple transformations, we find:

a1(λ)eλx + a2(λ)e−λx =
2

(m+ 2) (sinhλ− sinhλx0)

∫ ∞
0

t
2m+1

2 J 1
m+2

(
2λ

2 +m
t
m+2

2

)
×

× ([coshλ(x0 − x)− coshλ (x− 1)]ϕ1(t) + λ sinhλxϕ2(t)) dt. (3.8)

Thus, formulas (3.5) and (3.8) determine the solution to the considered problem. Further-
more, taking into account the conditions imposed on the functions ϕi(y), i = 1, 2, the properties
of Bessel functions [13], and the properties of the Fourier transform [24], we conclude that the
function W (x, y), constructed in this way, satisfies equation (1.2) and conditions (3.1), (3.2).

3.2. Solution of Problem 3 (Problem (1.2), (3.3), (3.4)).



136 Kadirkulov B.J., Ergashev O.T.

3.2.1. Spectral Properties of Problem 3. To solve Problem BS, we apply the spectral method,
according to which seeks non-trivial solutions to equation (1.2) in the form of V (x, y) =
X(x) ·T (y). Substituting this expression into the original equation and satisfying the boundary
conditions (3.3), with respect to the unknown function X(x), we obtain the following spectral
problem:

−X ′′(x) = λX(x) = 0, 0 < x < 1, (3.9)

X ′(0) = 0, X(1) = X(x0), (3.10)

where λ is the separation parameter.
Alongside problem (3.9), (3.10), we also consider the problem adjoint to it. It is not difficult

to determine that the adjoint problem has the following form

− Y ′′(x) = λY (x), x ∈ (0, x0) ∪ (x0, 1), (3.11)

Y ′(0) = 0, Y (1) = 0, (3.12)

Y (x0 + 0) = Y (x0 − 0), Y ′(1) = Y ′(x0 + 0)− Y ′(x0 − 0). (3.13)

Note that problems (3.9), (3.10) and (3.11)-(3.13) are studied in the work [7]. According to
this work, let us consider case when is a rational number x0 in (0, 1). The following theorem
holds [7]:

Theorem 3.2. Let x0 be any rational number from the interval (0, 1) such that q−p = 1. Then
the systems of root functions of problems (3.9), (3.10) and (3.11)-(3.13) form a Riesz basis in
L2(0, 1) (see Table 1).

Table 1. Root functions and eigenvalues

No. Eigenvalues Root functions of the main problem Root functions of the adjoint problem

1 λ0 = 0 X0(x) = 1, x ∈ [0, 1] Y0(x) =


2

1 + x0

, x ∈ [0, x0],

2(1− x)

1− x2
0

, x ∈ [x0, 1]

2 λ1n =
(

2qπn

q+p

)2

,

n 6= k(q + p), k, n ∈ N
X1n(x) = cos(

√
λ1n x), x ∈ [0, 1] Y1n(x) =


4 cos(

√
λ1n x)

1 + x0

, x ∈ [0, x0],

2 sin(
√
λ1n(1− x))

(1 + x0) sin(
√
λ1n)

, x ∈ [x0, 1]

3 λ2n = (2qnπ)2, n ∈ N X2n(x) = cos(
√
λ2n x), x ∈ [0, 1] Ỹ2n(x) =


4 cos(

√
λ2n x)

1 + x0

, x ∈ [0, x0],

4(1− x) cos(
√
λ2n x)

1− x2
0

, x ∈ [x0, 1]

4 λ2n = (2qnπ)2, n ∈ N X̃2n(x) = x sin(
√
λ2n x), x ∈ [0, 1] Y2n(x) =


0, x ∈ [0, x0],

4 sin(
√
λ2n x)

1− x2
0

, x ∈ [x0, 1]

3.2.2. Existence of the Solution to Problem 3. Let V (x, y) be the solution to Problem 3. Con-
sider the functions:

v0(y) = (V (x, y), Y0(x))0, (3.14)

v1n(y) = (V (x, y), Y1n(x))0, n 6= k(q + p), k, n ∈ N, (3.15)

v2n(y) = (V (x, y), Y2n(x))0, n ∈ N, (3.16)

ṽ2n(y) = (V (x, y), Ỹ2n(x))0, n ∈ N, (3.17)
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where

(ϕ, ψ)0 = (ϕ, ψ)L2(a,b) =

∫ b

a

ϕ(x)ψ(x)dx

is inner product in L2(a, b).
By differentiating (3.15) twice and taking into account equation (1.2) as well as the boundary

conditions (1.4), we conclude that v1n(y) satisfies the differential equation

v′′1n(y)− λ1ny
mv1n(y) = 0 (3.18)

with boundary conditions

lim
y→+0

v1n(y) = τ1n, lim
y→+∞

v1n(y) = 0, (3.19)

where
τ1n = (τ(x), Y1n(x))0.

Now we find the general solution to equation (3.18). To do this, we perform the change of
variables according to the formulas

v1n(y) =
√
yZ1n(t), t =

√
λ1n

q
yq, q =

m+ 2

2
. (3.20)

Then we have

t2Z ′′1n(t) + tZ ′1n(t)−
(
t2 +

1

(2q)2

)
Z1n(t) = 0.

Substituting (3.20) to (3.18), the equation (3.18) is reduced to the modified Bessel equation,
whose general solution is given by [23]:

Z1n(t) = A1nI 1
2q

(t) +B1nK 1
2q

(t),

where A1n and B1n are arbitrary real constants, Iv(t), Kv(t) are the modified Bessel functions
[23]. Then, returning to the variable y and to the function v1n(y) using formulas (3.20), the
general solution of equation (3.18) takes the form:

v1n(y) = Ain
√
yI 1

2q

(√
λ1n

q
yq
)

+B1n
√
yK 1

2q

(√
λ1n

q
yq
)
.

Now, to determine the unknown constants A1n and B1n we apply the boundary conditions
(3.19). Taking into account the second condition in (3.19), as well as the asymptotic behavior
of Bessel functions Iν(z), Kν(z) for z →∞ [23,p.416]:

Iν(z) ∼ ez√
2πz

,Kν(z) ∼
√
π

2z
e−z,

we obtain that A1n = 0, that is

v1n(y) = B1n
√
yK 1

2q

(√
λ1n

q
yq
)
.

From here taking into account the first boundary condition (3.19), we have:

lim
y→0

v1n(y) = B1n lim
y→+0

K 1
2q

(√
λ1n

q
yq
)
√
y = τ1n.
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Next, using the behavior of the function Kν(z) for z → 0 [23,p.416]:

Kν(z) ∼ Γ(ν)

2

(z
2

)−ν
, ν > 0 (3.21)

we obtain

B1n =
2

Γ
(

1
2q

) (√λ1n

2q

)1/2q

τ1n.

Thus, considering the found values of A1n and B1n, the solution of problem (3.18), (3.19) has
the form:

v1n(y) =
2

Γ
(

1
2q

) (√λ1n

2q

)1/2q

τ1n
√
yK 1

2q

(√
λ1n

q
yq
)
. (3.22)

Similarly, we find v2n(y) from (3.16):

v2n(y) =
2

Γ
(

1
2q

) (√λ2n

2q

)1/2q

τ2n
√
yK 1

2q

(√
λ2n

q
yq
)
. (3.23)

Now, we find v0(y). Differentiating (3.14) twice and taking into account equation (1.2) as
well as the boundary conditions (2.1), we find that the function v0(y) satisfies the equation and
boundary conditions:

v′′0(y) = 0, v0(0) = τ0, v(∞) = 0, (3.24)

where

τ0 =

∫ 1

0

τ(x)Y0(x)dx.

The problem (3.24) has a trivial solution under the condition

τ0 = 0⇔
∫ 1

0

τ(x)Y0(x)dx = 0.

By similar calculations, to find the function ṽ2n(y) from (3.17), we obtain the problem

ṽ
′′

2n(y)− ymλ2nṽ2n(y) = −2ym
√
λ2nv2n(y),

lim
y→+0

ṽ2n(y) = τ̃2n, lim
y→+∞

ṽ2n(y) = 0,

where the solution is determined by the formula

ṽ2n (y) =
2

Γ
(

1
2q

) (√λ2n

2q

) 1
2q

τ2n
√
y
yq

q
K 1

2q
−1

(√
λ2n

q
yq
)

+

+
2

Γ
(

1
2q

) (√λ2n

2q

) 1
2q

τ̃2n
√
yK 1

2q

(√
λ2n

q
yq
)
, (3.25)

where

τ̃2n =

∫ 1

0

τ(x)Ỹ2n(x)dx.
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From formulas (3.22), (3.23), and (3.25), the uniqueness of the solution to Problem 3 follows,
since τ(x) = 0 on (0, 1), then ṽ2n(y) = 0 for n = 0, 1, 2, ... and v2n(y) = 0 for n = 1, 2, ...
on (0,∞). Thus, due to the completeness of the system {Ỹ2n(x)}∞n=1, Y0(x), {Y2n(x)}∞n=1,
{Y1n(x)}∞n=1 in the space L2(0, 1), it follows that V (x, y) = 0 for all x ∈ [0, 1], y ∈ (0,∞).
Thus, the uniqueness of the solution to problems (1.2), (3.3), (3.4) is proven.

Now, let us address the question of the existence of the solution to Problem 3.

Theorem 3.3. If τ(x) ∈ C2[0, 1], τ ′′′(x) ∈ L2(0, 1), τ ′(0) = 0, τ(1) = τ(x0), τ ′′(1) = τ ′′(x0)
and the condition (τ(x), Y0(x))0 = 0 is satisfied, then a solution to Problem 3 exists.

Proof. Function V (x, y) can be represented as a biorthogonal series

V (x, y) = v0(y) +
∞∗∑
n=1

v1n(y)X1n(x) +
∞∑
n=1

(v2n(y)X̃2n(x) + ṽ2n(y)X2n(x)), (3.26)

that converges in L2(0, 1) for each y ∈ (0,∞), where “*” means that the sum is taken over
n ∈ N , different from k(q + p), k ∈ N . Using the formulas for v1n, v2n, ṽ2n, v0 the series (3.26)
can be rewritten in the form

V (x, y) =
∑∞∗

n=1

2

Γ
(

1
2q

) (√λ1n

2q

) 1
2q

τ1n
√
yK 1

2q

(√
λ1n

q
yq
)

cos
√
λ1nx+

+
∑∞

n=1

2

Γ
(

1
2q

) (√λ2n

2q

) 1
2q √

yK 1
2q

(√
λ2n

q
yq
)(

τ2nx sin
√
λ2nx+ τ̃2n cos

√
λ2nx

)
+

+
∑∞

n=1

2

Γ
(

1
2q

) (√λ2n

2q

) 1
2q

τ2ny
q

√
y

q
K 1

2q
−1

(√
λ2n

q
yq
)

cos
√
λ2nx.

(3.27)

It can be seen that for y ≥ δ > 0, where δ is sufficiently small, the series (3.27), together
with all its derivatives of any order, converges uniformly due to the exponential decay of the

function K 1
2q

(√
λin
q
yq
)
, i = 1, 2 at n → ∞. Therefore, the series (3.27) satisfies equation

(1.2) for y > 0. This series also satisfies the boundary conditions (1.3)-(1.5), (2.1), except the
condition V (x, 0) = τ(x). In order to verify the last condition, we need to establish uniform
convergence of the series (3.27) for y ≥ 0, which would provide continuity of the function
(3.27) over the domain x ∈ [0, 1], y ∈ [0,∞), and justify the possibility of term-by-term
differentiation of the series (3.27) with respect to y > 0. Integrating by parts the expressions
for the coefficients τin = (τ(x), Yin(x))0, i = 1, 2, τ̃2n = (τ(x), Ỹ2n(x))0, taking into account the
conditions of Theorem 3.3, we obtain that the following representation holds

τin =
1√
λ3
in

τ
(3)
in , τ

(3)
in =

∫ 1

0

τ ′′′(x)Zin(x)dx, i = 1, 2, (3.28)

τ̃2n =
1√
λ3

2n

τ̃
(3)
2n −

3

λ2
2n

τ
(3)
2n , τ̃

(3)
2n =

(
τ (3)(x), Z̃2n(x)

)
0
, τ

(3)
2n =

(
τ (3)(x), Z2n(x)

)
0
, (3.29)

where

Z1n(x) =


4 sin

√
λ1nx

1 + x0

, x ∈ [0, x0)

2 cos
√
λ1n(1− x)

(1 + x0) sin
√
λ1n

, x ∈ (x0, 1]
, Z2n(x) =


0, x ∈ [0, x0)

−4 cos
√
λ2nx

(1− x2
0)

, x ∈ (x0, 1]
,
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Z̃2n(x) =


4 sin

√
λ2nx

1 + x0

, x ∈ [0, x0)

4(1− x) sin
√
λ2nx

(1− x2
0) sin

√
λ2n

, x ∈ (x0, 1]
.

Now, using the asymptotic formula (3.21), we estimate the following expressions for fixed
n ∈ N and small y ≥ 0:∣∣∣∣∣∣

(√
λ1n

2q

) 1
2q √

yK 1
2q

(√
λ1n

q
yq
)∣∣∣∣∣∣ ≤

∣∣∣∣∣∣
(√

λ1n

2q

) 1
2q Γ

(
1
2q

)
2

√
y

(√
λ1n

q
yq
)− 1

2q

∣∣∣∣∣∣ ≤ C1, (3.30)

∣∣∣∣∣∣
(√

λ2n

2q

) 1
2q

yq
√
yK 1

2q
−1

(√
λ2n

q
yq
)∣∣∣∣∣∣ ≤

∣∣∣∣∣∣
(√

λ2n

2q

) 1
2q Γ

(∣∣∣ 1
2q
− 1
∣∣∣)

2

√
y
yq

q

(√
λ2n

q
yq
)−| 1

2q
−1|∣∣∣∣∣∣ ≤

≤

∣∣∣∣∣∣
(√

λ2n

2q

) 1
2q Γ

(
1− 1

2q

)
2

√
y
yq

q

(√
λ2n

q
yq
) 1

2q
−1
∣∣∣∣∣∣ ≤ C2

n1− 1
q

. (3.31)

Formulas (3.28)–(3.31) guarantee the uniform convergence of the series (3.27) in the domain
x ∈ [0, 1], y ∈ [0,∞), as well as the fulfillment of conditions (3.3) and (3.4) for the function
V (x, y). Theorem 3.3 is proven. �

Hence, the solution to the Problem BS exists, is unique, and is determined as the sum of the
solutions to Problems 2 and 3. Thus, the proof of Theorem 3.1 is complete.

FUNDING

This research is funded by the Science Committee of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No. AP23488086).

References

[1] Abashkin A.A.; On a problem for the generalized biaxially symmetric Helmholtz equation in an infinite
half-strip. Vestn. Sam. state tech. univ. Ser. Phys.-math. sci., –2012. –1. –26. –P.39–45.

[2] Ashurov R., Kadirkulov B., Ergashev O.; Inverse problem of BitsadzeSamarskii type for a two-dimensional
parabolic equation of fractional order. Journal of Mathematical Sciences, –2023. –274. –2. –P.172–185.

[3] Ashurov R., Kadirkulov B., Jalilov M.; On an inverse problem of the Bitsadze-Samarskii type for a parabolic
equation of fractional order. Boletin de la Sociedad Matematica Mexicana., –2023. –29. –70. –P.104–115.

[4] Baderko E.A., Cherepova M.; Solution of the BitsadzeSamarskii problem for a parabolic system in a
semibounded domain. Differ. Equ., –2017. –53. –10. –P. 1294–1302.

[5] Baderko E.A., Cherepova M.; BitsadzeSamarskii problem for parabolic systems with Dini continuous coef-
ficients. Complex Var. Elliptic Equ., –2018. –64. –5. –P.753–765.

[6] Bitsadze A.V., Samarskii A.A.; Some elementary generalizations of linear elliptic boundary value problems.
Russ. Sov. Math. Dokl., –1969. –10. –P.398–400.

[7] Kadirkulov B., Ergashev O.; On a problem of the Bitsadze-Samarskii type for a second-order ordinary
differential equation. Bull. Inst. Math., –2023. –6. –4. –P.113-121. (In Russian).

[8] Karachik V.V., Turmetov B.Kh.; On solvability of some nonlocal boundary value problems for biharmonic
equation. Math. Slovaca., –2020. –70. –2. –P.329–342.

[9] Khubiev K.U.; The BitsadzeSamarskii problem for some characteristically loaded hyperbolic-parabolic
equation. Journal of Samara State Technical University, Ser. physical and mathematical sciences., –2019.
–23. –4. –P.789–796.



On a nonlocal problem of Bitsadze–Samarskii type ... 141

[10] Lerner M.E., Repin O.A.; On a problem with two nonlocal boundary conditions for an equation of mixed
type. Siberian Math. J., –1999. –40. –6. –P.1064–1078

[11] Lerner M.E., Repin O.A.; On Frankl’-type problems for some elliptic equations with degeneration of various
types. Differ. Equ., –1999. –35. –8. –P.1098–1104.

[12] Moiseev E.I.; On the solution of a nonlocal boundary value problem by the spectral method. Differ. Equ.,
–1999. –35. –8. –P.1105–1112.

[13] Olver F.; Asymptotics and special functions: Trans. from English/Ed. by A. P. Prudnikov., Moscow. Nauka.
Chief editor of physical and mathematical literature., –1990. –P.528. (In Russian).

[14] Repin O.A.; The Tricomi problem for an equation of mixed type in a domain whose elliptic part is a
half-strip. Differ. Equ., –1996. –32. –4. –P.571–574

[15] Ruzhansky M., Torebek B.T., Turmetov B.; Well-posedness of Tricomi-Gellerstedt-Keldysh-type fractional
elliptic problems. J. Int. Eq. Appl., –2022. –34. –3. –P.373–387.

[16] Ruziev M.Kh.; Boundary value problem for a mixed-type equation with a singular coefficient in a domain
whose elliptic part is a half-strip. Vestn. Sam. state tech. univ. Ser. Phys.-math. sciences., –2009. –1. –18.
–P.33–40. (In Russian).

[17] Ruziev M., Kazakbaeva K.; On a non-local boundary value problem for the Holmgren equation with a
singular coefficient. Bull. Inst. Math., –2024. –7.–5. –P.117–124.

[18] Sabitov K.B.; Towards a theory of mixed-type equations. Moscow., FIZMATLIT., –2014. –P.304. (In Rus-
sian).

[19] Sabitov K.B., Safina R.M.; The first boundary-value problem for an equation of mixed type with a singular
coefficient. Izv. Math., –2018. –82. –2. –P.318–350.

[20] Sabitova Yu.K.; The Dirichlet Problem for a Mixed-Type Equation with Characteristic Degeneration.
Vestn. Sam. State Tech. Univ. Ser. Phys.-Math. Sci., –2019. –23. –4. –P.622–645. (In Russian).

[21] Safina R.M.; Dirichlet problem for mixed type equation with characteristic degeneration and singular
coefficient. LMJ., –2020. –41. –P.80–88.

[22] Shamsi H.Al., Kadirkulov B.J., Kerbal S.; The BitsadzeSamarskii type problem for mixed type equation in
the domain with the deviation from the characteristics. Lobachevskii J. Math., –2020. –41. – 6. –P.1021–
1030.

[23] Shimkovich E.V.; On weighted boundary value problems for a degenerate elliptic equation in a half-strip.
Lithuanian mathematical collection. –1990. –30. –P.185–196. (in Russian).

[24] Sneddon I.; Fourier Transformation. Foreign Literature Publishing House., Moscow. –1955. –P.670.

[25] Vagapov V.Z.; Dirichlet problem for the mixed type equation with two degeneration lines in a half-strip.
Vestn. Sam. State Tech. Univ. Ser. Phys.-Math. Sci., –2019. –23. –1. –P.7–19. (In Russian).

Kadirkulov B.J.,
Alfraganus University, Tashkent, 100194, Uzbekistan
V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,
Tashkent, 100174, Uzbekistan
email: b.kadirkulov@afu.uz

Ergashev O.T.,
V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,
Tashkent, 100174, Uzbekistan
email: okiljonergashev@gmail.com



142 Kozhanov A. I., Mamatov Zh. A.

Uzbek Mathematical Journal
2025, Volume 69, Issue 2, pp.142-152
DOI: 10.29229/uzmj.2025-2-13

Spatially Nonlocal Problems with Integral Conditions for
Ultraparabolic Equation

Kozhanov A. I., Mamatov Zh. A.

Dedicated to the 80 th birthday of Academician Shavkat Arifdzhanovich Alimov
and the 70 th birthday of Professor Ravshan Radjabovich Ashurov

Abstract. The article is devoted to investigating the solvability of new nonlocal boundary
value problems for linear ultraparabolic equations with two time variables and one spatial
variable. The main peculiarities of the problems is first that nonlocal conditions of integral
form are given with respect to the spatial variable and second, that the coefficient at one
of the time derivatives may degenerate. The article aims to prove existence and uniqueness
theorems for regular solutions, i.e., or solutions having all weak derivatives in the sense of
S. L. Sobolev occurring in the equation.

Keywords: ultraparabolic equations, nonlocal problems, integral conditions, existence,
uniqueness.

MSC (2020):35K70 35K65

Introduction

Ultraparabolic equations are a subclass of the class of elliptic-parabolic differential equations (also
referred to as differential equations with nonnegative characteristic form); see [4, 18]. The theory
of local boundary value problems for ultraparabolic equations, i.e., of problems in which certain
conditions at the boundary points are given seems to be rather well developed (see [4, 18, 5, 27, 23, 7]).
We observe that, alongside an independent meaning as a part of the general theory of boundary value
problems for differential equations, the theory of boundary value problems for ultraparabolic equations
also makes sense for the development of other areas of science, for instance, mathematical biology and
probability theory [2].

The problems for ultraparabolic equations studied in the article are nonlocal problems, i.e., problems
in which, instead of point (local) conditions, some conditions are given that connect the value of
the solution or (and) its derivatives at the boundary points with the values of the solution or (and)
its derivatives at the points of boundary or inner manifolds.

Nonlocal problems for ultraparabolic equations were studied earlier (see [8, 11, 6]) but in gen-
eral the theory of nonlocal boundary value problems for ultraparabolic equations seems insufficiently
developed.

In the present article, we partially fill this gap (certainly, to a very small extent). More exactly, in
the present article, we will study the question of the solvability of nonlocal problems for ultraparabolic
equations with integral conditions with respect to the spatial variables.

Problems with integral conditions are sufficiently well studied for classical second-order differential
equations of hyperbolic, parabolic, and elliptic types, for some degenerating equations, some high-
order equations including equations of Sobolev and mixed types (see [6, 1, 14, 21, 28, 19, 29, 30, 3, 26,
10, 9, 13, 20, 12]). As for ultraparabolic equations, spatially nonlocal equations were studied for them
earlier only in [16]. And it is the paper [16] that served a source for the present article. More exactly,
in [16], conditions were obtained for the solvability of the corresponding nonlocal problems related to
the injectivity of some integral operators constructed from the data of the problem. In the present
article, we substantially weaken the conditions of [16].

We will consider nonlocal problems for ultraparabolic equations in some model situations. More
general problems and the discussion of possible generalizations will be presented at the end of the ar-
ticle.
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The whole construction and the argument in the article are based on the properties of functions of

the Lebesgue spaces Lp and the Sobolev spaces W l
p. The necessary definitions and a description of

the properties of functions of these spaces can be found in [22, 15, 24, 25].

1. Statements of the Problems

Let Ω be the interval (0,1) of the axis OX, y ∈ (0, 1), Q = Ω× (0, 1)× (0, T ). Suppose next
that a(t), c(x, y, t), f(x, y, t), N1(y), N2(y) are given functions defined for x ∈ Ω̄, y ∈ [0, 1] , t ∈
[0, T ]; L is the differential operator whose action at a given function v(x, y, t) is defined by
the equality

Lv = vt + a(t)vx − vyy + c(x, y, t)v.

Boundary Value Problem I: Find a function u(x, y, t) that is a solution in Q to the equa-
tion

Lu = f(x, y, t) (1.1)

and satisfies the conditions

u(x, y, 0) = 0, x ∈ Ω, y ∈ (0, 1), (1.2)

u(0, y, t) = 0, y ∈ (0, 1), t ∈ (0, T ), (1.3)

u(x, 0, t) =

1∫
0

N1(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ). (1.4)

u(x, 1, t) =

1∫
0

N2(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ). (1.5)

Boundary Value Problem II: Find a function u(x, y, t) that is a solution in Q to equa-
tion (1.1) and satisfies conditions (1.2),(1.3) and also the conditions

uy(x, 0, t) =

1∫
0

N1(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ). (1.6)

uy(x, 1, t) =

1∫
0

N2(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ). (1.7)

Boundary Value Problem III: Find a function u(x, y, t) that is a solution in Q to equa-
tion (1.1) and satisfies conditions (1.2),(1.3) and also the conditions

u(x, 0, t) =

1∫
0

N1(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ). (1.8)

uy(x, 1, t) =

1∫
0

N2(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ). (1.9)

Boundary Value Problems I, II, and III can be called the integral analogs of the first, second,
and mixed problems for ultraparabolic equations (1.1). In [16], the solvability of Problems I
and II was studied while Problem III has not been studied before.
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Denote by V0 the linear space

V0 = {v(x, y, t) :

∫
Q

(v2 + v2
x + v2

t + v2
yy)dxdydt < +∞}

(here the derivatives are understood as weak derivatives in the sense of S L. Sobolev). Endow
V0 with the norm

‖v‖V0 =

∫
Q

(v2 + v2
x + v2

t + v2
yy)dxdydt

 1
2

.

The main goal of the article is to prove the solvability of Boundary Value Problems I–III in
this space.

2. Solvability of Boundary Value Problem II

All the arguments and calculations concerning Boundary Value Problem II, on the one hand,
look easy and transparent, and on the other hand, demonstrate the essence of the methods
applied. Therefore, we start studying the solvability of the problems from Problem II.

We put

R0(y, z) =
y2

2
[N2(z)−N1(z)] + yN1(z),

R1(x, y, z, t) = R0yy(y, z) +R0(y, z)[c(x, z, t)− c(x, y, t)],

M0 = (1− 1

2

1∫
0

y2[N2(y)−N1(y)]dy)(1−
1∫

0

yN1(y)dy)− 1

2

1∫
0

y2N1(y)dy

1∫
0

y[N2(y)−N1(y)]dy.

Next, let B the Fredholm operator whose action at a given function w(y) is defined by the equal-
ity

(Bw)(y) = w(y)−
1∫

0

R0(y, z)w(z)dz

This operator is an integral operator with degenerate kernel, and if M0 6= 0 then it is continu-
ously invertible as an operator from L2([0, 1]) into L2([0, 1]). The condition of the invertibility
of B was the main condition for the solvability of Boundary Value Problem II in [16]. Below
the solvability of Boundary Value Problem II will be proved without the condition M0 6= 0.

Theorem 2.1. Suppose the fulfillment of the condition

a(t) ∈ C([0, T ]), a(t) ≥ 0 for t ∈ [0, T ];

c(x, y, t) ∈ C(Q̄), cx(x, y, t) ∈ C(Q̄);

N1(y) ∈ L2([0, 1]), N2(y) ∈ L2([0, 1]).

Then for every function f(x, t) such that f(x, y, t) ∈ L2(Q), fx(x, y, t) ∈ L2(Q), f(0, y, t) = 0
for y ∈ [0, 1], t ∈ [0, T ], Boundary Value Problem II has a solution u(x, y, t) belonging to V0,
and such a solution is unique.
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Proof. If M0 6= 0 then the desired assertion is proved in [16]. Consider the case of M0 = 0.
Let ε be a positive number. Consider the boundary value problem: Find a function u(x, y, t)

that is a solution in Q to the equation

Lεu ≡ ut + a(t)ux − εuxx − uyy + c(x, y, t)u = f(x, y, t) (2.1)

an satisfies conditions (1.2) and (1.3) and also the conditions

ux(1, y, t) = 0, y ∈ (0, 1), t ∈ (0, T ), (2.2)

(1 + ε)uy(x, 0, t) =

1∫
0

N1(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ), (2.3)

(1 + ε)uy(x, 1, t) =

1∫
0

N2(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ), (2.4)

For fixed (sufficiently small) positive ε and under the conditions of the theorem, this problem
has a solution u(x, y, t) (at first, we omit the index “ε” for the solution) such that u(x, y, t) ∈ V0,
uxx(x, y, t) ∈ L2(Q) (see [12] and [16]). Let us show that this solution admits a priori estimates
uniform in ε, which will enable us in the sequel to organize passage to the limit.

Consider the equality

t∫
0

1∫
0

∫
Ω

Lεu(x, y, τ)u(x, y, τ)dxdydτ =

t∫
0

1∫
0

∫
Ω

f(x, y, τ)u(x, y, τ)dxdydτ (2.5)

where t ∈ (0, T ]. Integrating by parts, using conditions (1.2), (1.3), and (2.2)−(2.4), we
conclude that (2.5) implies the equality

1

2

1∫
0

∫
Ω

u2(x, y, t)dxdy +
1

2

t∫
0

1∫
0

a(τ)u2(1, y, τ)dydτ +

t∫
0

1∫
0

∫
Ω

u2
ydxdydτ

+ε

t∫
0

1∫
0

∫
Ω

u2
xdxdydτ =

t∫
0

1∫
0

∫
Ω

fudxdydτ −
t∫

0

1∫
0

∫
Ω

cu2dxdydτ

− 1

1 + ε

t∫
0

∫
Ω

u(x, 0, τ)

 1∫
0

N1(y)u(x, y, τ)dy

 dxdτ

+
1

1 + ε

t∫
0

∫
Ω

u(x, 1, τ)

 1∫
0

N2(y)u(x, y, τ)dy

 dxdτ. (2.6)

Estimate the last two summands on the right hand-side of [21] using Hölder’s inequality and
also the inequality

u2(x, y∗, τ) 6 δ

1∫
0

u2
y(x, y, τ)dy + c(δ)

1∫
0

u2(x, y, τ)dy, (2.7)
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in which y∗ is one of the numbers 0 or 1, δ is an arbitrary positive number (see [15]). Now,
estimating the first summand on the right-hand side of (2.6) with the use of Young’s inequal-
ity, choosing δ small, and utilizing Gronwall’s lemma, we infer that a solution u(x, y, t) to
the boundary value problem (2.1), (1.2), (1.3), (2.2)−(2.4) satisfies the first a priori estimate

1∫
0

∫
Ω

u2(x, y, t)dxdy +

t∫
0

1∫
0

a(τ)u2(1, y, τ)dydτ +

t∫
0

1∫
0

∫
Ω

u2
ydxdydτ

+ ε

t∫
0

1∫
0

∫
Ω

u2
xdxdydτ 6 K1

∫
Q

f 2dxdydt, (2.8)

in which t ∈ [0, T ], K1 is a constant defined by the functions c(x, y, t), N1(y), N2(y) and also
by the number T .

At the next step, consider the equality

−
t∫

0

1∫
0

∫
Ω

Lεu(x, y, τ)uxx(x, y, τ)dxdydτ = −
t∫

0

1∫
0

∫
Ω

f(x, y, τ)uxx(x, y, τ)dxdydτ, (2.9)

where again t ∈ (0, T ]. It is not hard to transform this equality to the form

1

2

1∫
0

∫
Ω

u2
x(x, y, t)dxdy +

1

2

t∫
0

1∫
0

a(τ)u2
x(0, y, τ)dydτ +

t∫
0

1∫
0

∫
Ω

u2
xydxdydτ

+ε

t∫
0

1∫
0

∫
Ω

u2
xxdxdydτ =

t∫
0

1∫
0

∫
Ω

fuxxdxdydτ −
t∫

0

1∫
0

∫
Ω

cu2
xdxdydτ

−
t∫

0

1∫
0

∫
Ω

cxuxudxdydτ −
1

1 + ε

t∫
0

∫
Ω

ux(x, 0, τ)

 1∫
0

N1(y)ux(x, y, τ)dy

 dxdτ

+
1

1 + ε

t∫
0

∫
Ω

ux(x, 1, τ)

 1∫
0

N2(y)ux(x, y, τ)dy

 dxdτ

Using Hölder’s inequality once again and inequality (2.7) but for the function ux(x, y
∗, τ),

applying Young’s inequality and Gronwall’s lemma, finally, reckoning with estimate (2.8), it is
not hard to show that equality (2.9) implies the estimate

1∫
0

∫
Ω

u2
x(x, y, t)dxdy +

t∫
0

1∫
0

a(τ)u2
x(0, y, τ)dydτ +

t∫
0

1∫
0

∫
Ω

u2
xydxdydτ

+ ε

t∫
0

1∫
0

∫
Ω

u2
xxdxdydτ 6 K2

∫
Q

(f 2 + f 2
x)dxdydt, (2.10)

where the constant K2 is defined only by the functions c(x, y, t), N1(y), N2(y) and also by
the number T .
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For obtaining the following estimate uniform in ε, consider the equality

t∫
0

1∫
0

∫
Ω

Lεu(x, y, τ)uτ (x, y, τ)dxdydτ =

t∫
0

1∫
0

∫
Ω

f(x, y, τ)uτ (x, y, τ)dxdydτ,

Transform this equality to the form

t∫
0

1∫
0

∫
Ω

u2
τdxdydτ +

1

2

1∫
0

∫
Ω

u2
y(x, y, t)dxdy =

t∫
0

1∫
0

∫
Ω

fuτdxdydτ

−
t∫

0

1∫
0

∫
Ω

cuuτdxdydτ −
1

1 + ε

t∫
0

∫
Ω

u(x, 0, τ)

 1∫
0

N1(y)uτ (x, y, τ)dy

 dxdτ

+
1

1 + ε

∫
Ω

u(x, 0, t)

 1∫
0

N1(y)u(x, y, t)dy

 dx

+
1

1 + ε

t∫
0

∫
Ω

u(x, 1, τ)

 1∫
0

N2(y)uτ (x, y, τ)dy

 dxdτ

− 1

1 + ε

∫
Ω

u(x, 1, t)

 1∫
0

N1(y)u(x, y, t)dy

 dx. (2.11)

Estimating each summand on the right-hand side of (2.11) using Hölder’s and Young’s inequal-
ities and (2.7), applying Gronwall’s lemma, and reckoning with estimates (2.8) and (2.10), we
see that equality (2.11) implies the a priori estimate

t∫
0

1∫
0

∫
Ω

u2
τdxdydτ +

1

2

1∫
0

∫
Ω

u2
y(x, y, t)dxdy + ε

1∫
0

∫
Ω

u2
x(x, y, t)dxdy 6 K3

∫
Q

(f 2 + f 2
x)dxdydt,

(2.12)
whereK3 is a constant defined only by the functions c(x, y, t), N1(y), N2(y) and also by the num-
ber T .

The last estimate uniform in ε, namely, the estimate of the function uyy(x, y, t) in L2(Q),
obviously follows from estimates (2.8), (2.10), and (2.12).

Let {εm}∞m=1 be a sequence of positive numbers such that εm → 0 as m → ∞. The above-
obtained estimates, the reflexivity of a Hilbert space, and the embedding theorems [22, 15,
24] mean that there exist a sequence {mk}∞k=1 of naturals and a function u(x, y, t) for which
the following convergences hold as k →∞:
umk(x, y, t)→ u(x, y, t) weakly in V0 and almost everywhere in Q̄,
εmkumkλx(x, y, t)→ 0 weakly in L2(Q),
umky(x, 0, t)→ uy(x, 0, t) weakly in L2(Ω× (0, T )),
umky(x, 1, t)→ uy(x, 1, t) weakly in L2(Ω× (0, T )),
εmkumky(x, 0, t)→ 0 weakly in L2(Ω× (0, T )),
εmkumky(x, 1, t)→ 0 weakly in L2(Ω× (0, T )).
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These convergences imply that the limit function u(x, y, t) is a desired solution to Boundary
Value Problem II.

The uniqueness of solutions to Boundary Value Problem II in V0 obviously follows from
estimate [28], which is valid also for ε = 0.

The theorem is completely proved. �

3. Solvability of Boundary Value Problems I and III

The idea of proving the solvability of Boundary Value Problem I is in general quite analogous
to the idea of proving the solvability of Boundary Value Problem II.

We put

R̃0(y, z) = y[N2(z)−N1(z)] +N1(z),

M̃0 = (1−
1∫

0

y[N2(y)−N1(y)]dy)(1−
1∫

0

N1(y)dy)−
1∫

0

yN1(y)dy

1∫
0

[N2(y)−N1(y)]dy.

Further, from the given function v(y), define the function w(y):

w(y) = v(y)−
1∫

0

R̃0(y, z)dz

If the condition M̃0 6= 0 is fulfilled then it is not hard to express v(y) through w(y), and this is
the case considered in [16]. Below we will examine the case admitting the equality M0 = 0.

In what follows, we will study the simplified situation c(x, y, t) ≡ c(x, t); the situation with
a general c(x, y, t) will be commented on at the end of the article.

Theorem 3.1. Suppose the fulfillment of the condition

a(t) ∈ C1([0, T ]), a(t) ≥ a0 > 0 for t ∈ [0, T ];

c(x, y, t) ≡ c(x, t), c(x, t) ∈ C(Ω̄× [0, T ]), ct(x, t) ∈ C(Ω̄× [0, T ]);

N1(y) ∈ W 1
2 ([0, 1]), N2(y) ∈ W 1

2 ([0, 1]).

Then for any function f(x, t) such that f(x, y, t) ∈ L2(Q), ft(x, y, t) ∈ L2(Q), f(x, y, 0) = 0
for x ∈ Ω̄, y ∈ [0, 1], Boundary Value Problem I has a solution u(x, y, t) in the space V0, and
this solution is unique.

Proof. We once again use the regularization method.
Given a positive number ε, consider the problem: Find a function u(x, y, t) that is a solution

in Q to equation (2.1) and satisfies conditions (1.2), (1.3), (2.2), and also the conditions

(1 + ε)u(x, 0, t) =

1∫
0

N1(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ), (3.1)

(1 + ε)u(x, 1, t) =

1∫
0

N2(y)u(x, y, t)dy, (x, t) ∈ Ω× (0, T ), (3.2)
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For fixed (sufficiently small) ε, if f(x, y, t) ∈ L2(Q) and the hypotheses of the theorem are
fulfilled then this problem has a solution u(x, y, t) such that u(x, y, t) ∈ V0, uxx(x, y, t) ∈ L2(Q)
(see [12] and [16]). Moreover, since fx(x, y, t) ∈ L2(Q) and f(x, y, 0) = 0 for (x, y) ∈ Ω̄× [0, 1],
we can pass to the problem formally differentiated with respect to t and infer that the solution
u(x, y, t) satisfies the memberships ut(x, y, t) ∈ V0 and uxxt(x, y, t) ∈ L2(Q). We show that
the functions u(x, y, t), i.e., the solutions to problem (2.1), (1.2), (1.3), (2.2), (3.1), (3.2),
satisfy the desired a priori estimates uniform in ε.

We put

w(x, y, t) = u(x, y, t)− 1

1 + ε

1∫
0

R̃0(y, z)u(x, z, t)dz,

g(x, y, t) = f(x, y, t)− 1

1 + ε

1∫
0

R̃0(y, z)f(x, z, t)dz.

The function w(x, y, t) satisfies the condition

wt + a(t)wx − εwxx − wyy + cw = g − 1

1 + ε

1∫
0

R̃0(y, z)wzz(x, z, t)dz (3.3)

in the cylinder Q, conditions (1.2), (1.3), (2.2), and also the condition

w(x, 0, t) = w(x, 1, t) = 0, (x, t) ∈ Ω× (0, T ). (3.4)

Transform the lass summand in (3.3) by integration by parts:

1

1 + ε

1∫
0

R̃(y, z)wzz(x, z, t)dz = − 1

1 + ε

1∫
0

R̃0z(y, z)wz(x, z, t)dz

+
1

1 + ε

[
R̃(y, 1)wz(x, 1, t)− R̃(y, 0)wz(x, 0, t)

]
. (3.5)

Multiply equation (3.3) written down in the variables x, y, τ by the function w(x, y, τ) −
wyy(x, y, τ) and then integrate the result over the domain Ω× (0, 1)× (0, t). After using condi-
tions (1.2), (1.3), (2.2)), and (3.4), taking into account representation (3.5), applying (2.7) and
Gronwall’s lemma, it is not hard to obtain the estimate

1∫
0

∫
Ω

[w2(x, y, t) + w2
y(x, y, t)]dxdy + ε

t∫
0

1∫
0

∫
Ω

w2
xydxdydτ

+

t∫
0

1∫
0

∫
Ω

w2
yydxdydτ 6 K4

∫
Q

f 2dxdydt, (3.6)

whereK4 is a constant defined only by the functions c(x, y, t), N1(y), N2(y) and also by the num-
ber T .

Due to the equality uyy(x, y, t) = wyy(x, y, t), from (3.6) we have the following estimate
for u(x, y, t):

t∫
0

1∫
0

∫
Ω

u2
yydxdydτ 6 K4

∫
Q

f 2dxdydt, (3.7)
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Let us return to equation (2.1). After multiplying this equation by the function u(x, y, τ)
and integrating, reckoning with (3.7), we obtain the second a priori estimate

1∫
0

∫
Ω

u2(x, y, t)dxdy + ε

t∫
0

1∫
0

∫
Ω

u2
xdxdydτ +

t∫
0

1∫
0

∫
Ω

u2
ydxdydτ 6 K5

∫
Q

f 2dxdydt, (3.8)

whereK5 is a constant defined only by the functions c(x, y, t), N1(y), N2(y) and also by the num-
ber T .

Now, passing to problem (2.1), (1.2), (1.3), (2.2), (3.1), (3.2) differentiated with respect to t,
repeating the above actions, we obtain the estimates

1∫
0

∫
Ω

[w2
t (x, y, t) + w2

yt(x, y, t)]dxdy + ε

t∫
0

1∫
0

∫
Ω

w2
xyτdxdydτ

+

t∫
0

1∫
0

∫
Ω

w2
yyτdxdydτ 6 K6

∫
Q

(f 2 + f 2
t )dxdydt, (3.9)

t∫
0

1∫
0

∫
Ω

w2
yyτdxdydτ 6 K6

∫
Q

(f 2 + f 2
t )dxdydt, (3.10)

1∫
0

∫
Ω

u2
t (x, y, t)dxdy + ε

t∫
0

1∫
0

∫
Ω

u2
xτdxdydτ +

t∫
0

1∫
0

∫
Ω

u2
yτdxdydτ 6 K7

∫
Q

(f 2 + f 2
t )dxdydτ,

(3.11)
where K6 and K7 are constants defined only by the functions c(x, y, t), N1(y), N2(y) and also
by the number T .

The last estimates — estimates for the derivatives of u(x, y, t) with respect to x — are easy
to obtain after multiplying (2.1) by the function ux − εuxx and integrating (with the use of
the condition a(t) ≥ a0 > 0).

The above-proven estimates are sufficient for proving the solvability of Boundary Value Prob-
lem I. Again using the reflexivity of a Hilbert space and the embedding theorems, it is not hard
to demonstrate (see the proof of Theorem 4.1) that there exist sequences {εmk}∞k=1 of positive
numbers and {umk(x, y, t)}∞k=1 of solutions to the boundary value problem (2.1), (1.2), (1.3),
(2.2), (3.1), (3.2) with ε = εmk such that εmk → 0, Lεmku→ Lu, and the limit function u(x, y, t)
is a desired solution to Boundary Value Problem I.

The uniqueness of solutions to Boundary Value Problem I in V0 follows from inequality (3.8),
which holds also for ε = 0.

The theorem is proved. �

Theorem 3.2. Suppose the fulfillment of all the hypotheses of Theorem 2.3. Then for any
function f(x, y, t) such that f(x, y, t) ∈ L2(Q), ft(x, y, t) ∈ L2(Q), f(x, y, 0) = 0 for x ∈ Ω̄,
y ∈ [0, 1], Boundary Value Problem III has a solution u(x, y, t) in V0, and this solution is
unique.

The proof of this theorem is carried out by analogy with the proof of Theorem 2.3 with

the only difference that the function ˜̃R0(y, z) = yN2(z) + N1(z) is used instead of the func-
tion R̃0(y, z).
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4. Comments and Appendices

The results obtained in the article mean, on the one hand, that conditions [16], which give the solv-
ability of problems with integral conditions for ultraparabolic equations, can be substantially weakened
in some cases, and on the other hand, that the conditions of the present article may also contain some
additional smoothness requirements on the input data.

Some of the obtained results can obviously be strengthened. For example, in Boundary Value
Problems II and III, conditions (1.6), (1.7) and (1.9) can be replaced by the conditions of Boundary
Value Problem III; namely, by the corresponding conditions

uy(x, 0, t) + σ1(x, t)u(x, 0, t) =

1∫
0

N1(y)u(x, y, t)dy,

uy(x, 1, t) + σ2(x, t)u(x, 1, t) =

1∫
0

N2(y)u(x, y, t)dy.

The essence of the results on the existence and uniqueness of regular solutions will not change.
The function a in (1.1) may also depend on other variables; equation (1.1) may contain also the sum-
mand b(x, y, t)uy.

Other generalizations are also possible.
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Abstract. In this paper, we introduce the concept of the capacity of a condenser (K,D),
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in the class of m- subharmonic functions.

Keywords: m-subharmonic function, m-subharmonic measure, weighted (m,ψ)-
subharmonic measure, weighted (m,ψ)- capacity.

MSC (2020): 32U05, 32U20.

1. Introduction

Capacity of condensers is one of the important concepts of the potential theory and it has been
extensively studied by many researchers. In the works of A. Sadullaev and B. Abdullaev [7],
[1], Z. Blocki [2], S. Dinev, S. Kolodziej [3] the concept of condenser capacity were introduced,
in the class of m-subharmonic functions, where extensive research was conducted, leading to
significant results.

Recall that m- subharmonic functions in the domain D ⊂ Cn is defined using the operators

(ddcu)k ∧ βn−k, 1 ≤ k ≤ n, (1.1)

where d = ∂ + ∂̄, dc = ∂−∂̄
4i

and β = ddc|z|2 = i
2

n∑
i=1

dzi ∧ dz̄i is standard canonical (1,1) form in

Cn. Then 1
n!
βn = dVn is volume form in Cn. Operator (1.1) gives the Laplace operator for k = 1

and the Monge-Ampere operator for k = n. The operator (1.1) is called the complex Hessians
operator, as it can be shown for u ∈ C2(D) that

(ddcu)k ∧ βn−k = k!(n− k)!Hk(u)βn,

where
Hk(u) =

∑
1≤j1<j2<...<jk≤n

λj1·λj2 · ... · λjk

is the Hessian of dimension k of the eigenvalue vector λ = (λ1, λ2, ..., λn) of the matrix

(uj, l̄), uj, l̄ =
∂2u

∂zj∂z̄l
, j, l = 1, 2, ..., n.

Below, we outline the definition of subharmonic function and highlight its key concepts.

Definition 1.1. Twice smooth function u (z) ∈ C2 (D) is called m-subharmonic, u (z) ∈
shm (D) , if the conditions

(ddcu)k ∧ βn−k ≥ 0 , ∀k = 1, 2, ..., n−m+ 1

holds at each point z ∈ D.



154 Kuldoshev K.

Z. Blocki proved that for all twice differentiable m-subharmonic functions u, v1, v2, ..., vn−m
it is true

ddcu ∧ ddcv1 ∧ ddcv2 ∧ ... ∧ ddcvn−m ∧ βm−1 ≥ 0. (1.2)

Moreover, if a twice differentiable function u satisfies (1.2) for all twice differentiable m-
subharmonic functions v1, v2, ... , vn−m then u is necessarily m-subharmonic function [2]. Using
this, we can define m-subharmonic functions in the class of the upper semicontinuous functions.

Definition 1.2. A function u(z) ∈ L1
loc(D) is called m-subharmonic in the domain D ⊂

Cn, if it is upper semicontinuous and for any twice differentiable m-subharmonic functions
v1, v2, ... , vn−m the current

ddcu ∧ ddcv1 ∧ ddcv2 ∧ ... ∧ ddcvn−m ∧ βm−1

defined as
[ddcu ∧ ddcv1 ∧ ddcv2 ∧ ... ∧ ddcvn−m ∧ βm−1](ω) =

=

∫
u ∧ ddcv1 ∧ ddcv2 ∧ ... ∧ ddcvn−m ∧ βm−1 ∧ ddcω, ω ∈ F 0,0(D)

is positive, i.e.∫
u ∧ ddcv1 ∧ ddcv2 ∧ ... ∧ ddcvn−m ∧ βm−1 ∧ ddcω ≥ 0, ∀ω ∈ F 0,0(D), ω ≥ 0.

Class of m-subharmonic functions we denote as shm(D). It is clear, that

psh = sh1 ⊂ sh2 ⊂ shm ⊂ ... ⊂ shn = sh. (1.3)

Definition 1.3. A set E ⊂ D is called m-polar in D ⊂ Cn if there exist a function u(z) ∈
shm(D), u(z) 6 ≡ −∞, such that u|E = −∞.

(1.3) follows , that a m-polar set is polar in the sense of the classical potential theory, so that
for m-polar set E ⊂ D the Hausdorf measure H2n−2+0 (E) = 0.

Definition 1.4. A domain D ⊂ Cn is called m-regular if there exists a m-subharmonic function
ρ ∈ shm(D) such that ρ|D < 0, lim

z→∂D
ρ(z) = 0, i.e. D = {z ∈ Cn : ρ(z) < 0}. It is called

strongly m-regular if the function ρ ∈ shm(D+)
⋂
C2(D+) and is strongly m-subharmonic in

D+, where D+ is a neighborhood of the closure D̄.

The well-known comparison principle is one of the important inequalities between m-
subharmonic functions and the integrals of their Hessians [7]. Since we have made extensive
use of the comparison principle in our work, we present it.

Theorem 1.5. If u, v ∈ shm(D)
⋂
L∞loc(D) and the set F = {z ∈ D : u(z) < v(z)} ⊂⊂ D, then∫

F

(ddcu)k ∧ βn−k ≥
∫
F

(ddcv)k ∧ βn−k, 1 ≤ k ≤ n−m+ 1. (1.4)

2. m-subharmonic measure and the capacity of a condenser (K,D) .

The m-subharmonic measure is defined as an extremal function in the class of m-subharmonic
(shm) functions. Let E ⊂ D be a subset of the domain D ⊂ Cn. For the sake of simplicity, we
assume that D is a bounded and strongly m-regular domain, We denote by U(E,D) the class
of all functions u ∈ shm (D), such that u|E ≤ −1, u|D < 0 and we define

ω (z, E,D) = sup {u (z) : u (z) ∈ U(E,D)} .
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Definition 2.1. The regularization ω∗(z, E,D) = lim
w→z

ω(w, E,D) is called the m-subharmonic

measure (Pm− measure) of E with respect to D (see [7], [1]).

Let D ⊂ Cn be a domain and K ⊂ D a compact.

Definition 2.2. A point z0 ∈ K is said to be globally m-regular if ω∗(z0, K,D) = −1. It is said
to be locally m-regular if for any neighborhood B 6= ∅, z0 ∈ B ⊂ Cn, the intersection K

⋂
B̄ is

globally m-regular at the point z0, i.e. ω∗(z0, K
⋂
B,D) = −1. If all points of a compact set K

are globally (or locally) m-regular, then the compact set K is called to be globally (or locally)
m-regular compact.

m-capacity of the condenser (K,D) is introduced as follows, using the operator

(ddcu)n−m+1 ∧ βm−1.

Definition 2.3. Let K be a compact subset of D ⊂ Cn. The following quantity

Cm(K,D) = inf


∫
D

(ddcu)n−m+1 ∧ βm−1 : u ∈ shm(D)
⋂
C(D), u|K ≤ −1, lim

z→∂D
u(z) ≥ 0


is called the m-capacity of the condenser (K,D).

Note that, for m-regular compact K ⊂ D the m-capacity of the condenser is equal

Cm(K,D) =

∫
K

(ddcω∗(z,K,D))n−m+1 ∧ βm−1 =

∫
D

(ddcω∗(z,K,D))n−m+1 ∧ βm−1.

Moreover, external capacity C∗m(E,D) = 0 if and only if E is m-polar set in D.

3. Weighted m-subharmonic measure.

(m,ψ)-subharmonic measure and its properties. Let D ⊂ Cn be a strongly m-regular
domain, E ⊂ D be any fixed set and ψ(z) be a bounded and negative function in E. We denote
by U(E,D, ψ) the class of all functions u(z) ∈ shm(D), such that

u|E ≤ ψ|E, u|D < 0.

Using this family of functions, we define

ω(z, E,D, ψ) = sup{u(z) : u(z) ∈ U(E,D, ψ)}.

Definition 3.1. The regularization

ω∗ (z, E, D, ψ) = lim
w→z

ω (w, E, D, ψ)

is called weighted (m,ψ)−subharmonic measure (P(m,ψ)−measure) of the set E with respect
to D.

Note that ω∗(z, E,D,−1) (ψ ≡ −1), coincides with the m-subharmonic measure of the
potential theory in the class of u(z) ∈ shm(D), i.e. ω∗(z, E,D,−1) = ω∗(z, E,D).

As one can see from the definition 3.1, the function ω∗(z, E, D, ψ) is m-subharmonic in D.
If 0 ≤ inf

z∈E
ψ(z), then ω∗(z, E, D, ψ) = 0, ∀z ∈ D. Therefore, in this paper, we will consider
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the special case, where sup
z∈E

ψ(z) < 0 is satisfied. The weighted (m,ψ)-subharmonic measure

satisfies the properties m-subharmonic measure and the inequality

− inf
z∈E

ψ(z) · ω∗(z, E,D) ≤ ω∗(z, E,D, ψ) ≤ − sup
z∈E

ψ(z) · ω∗(z, E,D) (3.1)

holds for any set E ⊂ D and for all z ∈ D (see [5]).
(m, ψ)− regularity of compacts. Let the function ψ(z) be extended to the domain D as

a function from the class U(E,D, ψ) i.e. if there is a function

ψ̃ ∈ shm(D), ψ̃|E = ψ|E, ψ̃|D < 0, (3.2)

then it is obvious ω(z, E, D, ψ) ≥ ψ̃(z), ∀z ∈ D and

ω(z, E, D, ψ) = ψ(z), ∀z ∈ E. (3.3)

However, if condition (3.2) is not satisfied, then, in general, equality (3.3) does not hold, a
priori, it may happen that ω(z, E, D, ψ) < ψ(z) at some points z ∈ E (see [5]).

Below we assume that the condition (3.3) satisfied. We also assume, that D ⊂ Cn is a
strongly m-regular domain and K ⊂ D is a compact.

Definition 3.2. A point z0 ∈ K is said to be globally (m,ψ)-regular if ω∗(z0, K,D, ψ) = ψ(z0).
It is said to be locally (m,ψ)-regular if for any neighborhood B, z0 ∈ B ⊂ Cn, the intersection
K
⋂
B̄ is globally (m,ψ)-regular at the point z0, i.e. ω∗(z0, K

⋂
B, D, ψ) = ψ(z0). If all points

of a compact set K are globally (or locally) (m,ψ)−regular, then the compact set K is called
a globally (or locally) (m,ψ)−regular compact.

Now we present some important theorems on the (m,ψ)-regularity of a compact K.

Theorem 3.3. Let K be (m,ψ)-regular compact set and ψ(z) be continuous in the compact K.
Then

ω∗(z,K,D, ψ) ≡ ω(z,K,D, ψ) ∈ C(D̄)

for any z ∈ D.

Theorem 3.4. Let ψ ∈ C(K) and condition (3.3) be satisfied, i.e.

ω(z,K, D, ψ) = ψ(z),∀z ∈ K.

A fixed point z0 ∈ K ⊂ Cn is locally (m,ψ)-regular if and only if it is locally m-regular,
ω∗(z0, K

⋂
B,D) = −1 ∀B = B(z0, r), r > 0.

Theorem 3.5. Let the function ψ(z) be continuous in the compact K and extended to
U(K,D,ψ) as a strictly m-subharmonic function in some neighbourhood D+ ⊃ D̄ of the closure

D̄, i.e, there exists a function ψ̃ such that it is strictly m-subharmonic in the domain D+ and
ψ̃|K = ψ|K , ψ̃|D < 0. Then a fixed point z0 ∈ K ⊂ D is locally (m,ψ)-regular if and only if it
is globally (m,ψ)-regular.

Theorem 3.3, Theorem 3.4 and Theorem 3.5 mentioned above were proven in our previous
works (see [5], [6]).

From the Theorem 3.4 and the Theorem 3.5, we obtain several important corollaries.

Corollary 3.6. If the compact set K ⊂ D is globally (m,ψ)- regular, where the function ψ(z) is
extended to U(K, D,ψ) as a strictly m-subharmonic function in some neighbourhood D+ ⊃ D̄
of closure D̄, then K is locally m-regular.
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Corollary 3.7. If ψ1 and ψ2 are continuous in the compact Kand extended to U(K,D,ψ1) and
U(K,D,ψ2) as strictly m-subharmonic functions in some neighbourhood D+ ⊃ D̄ of closure D̄,
respectively, then the point z0 ∈ K ⊂ D is (m,ψ1)−regular if and only if it is (m,ψ2)−regular.

Corollary 3.8. If the compact set K ⊂ D is globally (m,ψ)-regular, where ψ(z) is continuous
in the compact K and extended to U(K,D,ψ) as a strictly m-subharmonic function in some
neighbourhood D+ ⊃ D̄ of closure D̄, then K is not m-polar at each of its point. It means that
for any z0 ∈ K and for any neighborhood B ⊂ D, z0 ∈ B the intersection E = B

⋂
K is not

m-polar.

Maximality of (m,ψ)-subharmonic measures. Maximal functions are one of the impor-
tant concepts of the potential theory and they are analog of harmonic functions in the class of
m-subharmonic functions. We remember,

Definition 3.9. A function u ∈ shm(D) is called maximal in the domain D ⊂ Cn if it satisfies
the dominance principle within the class of m-subharmonic functions, i.e., if ∀v ∈ shm(D) :
lim
z→∂D

(u(z)− v(z)) ≥ 0, then u(z) ≥ v(z), ∀z ∈ D (see [7]).

Let B(0, 1) ⊂ Cn be a ball and ϕ(ξ) be a continuous function defined on the boundary ∂B.
Construct the function

w(z) = sup{u(z) : u ∈ U(ϕ,B)}
using the class of U(ϕ,B) = {u ∈ shm(D)

⋂
C(D̄) : u|∂B ≤ ϕ}. Z. Blocki in [2] proved that

the function w(z) is continuous and maximal, w ∈ shm(B)
⋂
C(B̄), w|∂B = ϕ. Moreover, the

operator (ddcw)n−m+1 ∧ βm−1 = 0. We will prove an analog of this theorem on the maximality
of the (m,ψ)-subharmonic measure.

Theorem 3.10. Let K ⊂ D be (m,ψ)-regular compact set and ψ(z) be a continuous function
in the compact set K. Then, the P(m,ψ)−measure is maximal in the open set D\K, i.e.,

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 = 0.

Proof. According to Theorem 3.3, ω(z,K,D, ψ) ≡ ω∗(z,K,D, ψ) ∈ C(D̄) for any z ∈ D. We
fix a ball B ⊂⊂ D\K and construct the following function

v(z) = sup{u(z) : u ∈ shm(B)
⋂
C(B̄), u|∂B ≤ ω∗(K,D,ψ)|∂B}.

Then v ∈ shm(B)
⋂
C(B̄) and it is maximal in the ball B, i.e., (ddcv)n−m+1 ∧ βm−1 = 0. Since

v(z) = ω∗(z,K,D, ψ), ∀z ∈ ∂B and it is maximal in B, then

v(z) ≥ ω∗(z,K,D, ψ), ∀z ∈ B.

Let us define the following function

w (z) =

{
ω∗ (z,K,D, ψ) , z ∈ D\B
v (z) , z ∈ B.

It can be easily seen that according to the above definition we have w(z) ∈ shm(D)
⋂
C(D)

and w(z) ∈ U(K,D,ψ). As a result,

w(z) ≤ ω∗(z,K,D, ψ), ∀z ∈ D.

Consequently, we have v(z) = ω∗(z,K,D, ψ), ∀z ∈ B and (ddcω∗(z,K,D, ψ))n−m+1∧βm−1 = 0
in B. From the arbitrariness of the ball B ⊂ D\K, we can conclude that

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 = 0

in the open set D\K. �
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4. The weighted capacity Pm(E,D, ψ) and (m,ψ)-capacity Cm(K,D,ψ) of a
condenser (K,D).

We introduce the weighted capacity value Pm(E,D, ψ) and (m,ψ)-capacity of the condenser
(K,D) using the weighted Pm,ψ)−measure.

Let E ⊂ D be a set and ψ(z) be a bounded, negative and continuous function on E. As
mentioned above, we consider the case sup

z∈E
ψ(z) < 0 in constructing the function ω∗(z, E,D, ψ).

Definition 4.1. The quantity

Pm(E,D, ψ) = −
∫
D

ω∗(z, E,D, ψ)dV

is called the P(m,ψ)−capacity of the set E with respect to D.

Similarly, Pm(E,D) capacity (case ψ(z) = −1) the function Pm(E,D, ψ) ≥ 0 and it satisfies
monotonicity, countable subadditivity. Moreover, Pm(E,D, ψ) = 0 if and only if E is a m-polar
set.

Definition 4.2. Let K be a compact subset of a strongly m-regular domain D ⊂ Cn. Then
the following quantity

Cm(K,D,ψ) = inf


∫
D

(ddcu)n−m+1 ∧ βm−1 : u ∈ shm(D)
⋂
C(D), u|K ≤ ψ|K , lim

z→∂D
u(z) ≥ 0


is called (m,ψ)-capacity of the condenser (K,D).

Note that, if ψ ≡ −1, then the weighted (m,ψ)-capacity Cm(K,D,ψ) coincides with
Cm(K,D), Cm(K,D,−1) = Cm(K,D).

In the study of weighted (m,ψ)-capacity Cm(K,D,ψ) for simplicity, we assume that the
weight function ψ is continuous, ψ(z) ∈ C(E), although many of the properties proved below
remain valid for the general case of ψ(z).

The (m,ψ)-capacity Cm(K,D,ψ) has the following properties.

Proposition 4.3. a) if K1 ⊂ K2 ⊂ D, then Cm(K1, D, ψ) ≤ Cm(K2, D, ψ).
b) if ψ1 ≤ ψ2, then Cm(K,D,ψ1) ≥ Cm(K,D,ψ2).

The proof of the monotonicity properties of the condenser Cm(K,D,ψ) follows easily from
its definition.

Proposition 4.4. If K ⊂ D is a (m,ψ)-regular compact, then

Cm(K,D,ψ) =

∫
K

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1.

Proof. ω∗(z,K,D, ψ) ∈ shm(D)
⋂
C(D) and according to Theorem 3.10,∫

K

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 ≥ Cm(K,D,ψ).

Conversely, ∀ε, 0 < 2ε < −max
z∈K

ψ(z) and for any function

u ∈ shm(D)
⋂
C(D), u|K ≤ ψ|K , lim

z→∂D
u(z) ≥ 0,
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the set F = {z ∈ D : u(z) < (1 + 2ε
max
z∈K

ψ(z)
) · ω∗(z,K,D, ψ) − ε} ⊂⊂ D is open. Therefore,

according to the comparison principle (Theorem 1.5),∫
F

(ddcu)n−m+1 ∧ βm−1 ≥ (1 +
2ε

max
z∈K

ψ(z)
)
n−m+1

·
∫
F

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1.

Since K ⊂ F and (ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 = 0 in D\K, it follows that

(1 +
2ε

max
z∈K

ψ(z)
)
n−m+1

·
∫
K

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 =

= (1 +
2ε

max
z∈K

ψ(z)
)
n−m+1

·
∫
F

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 ≤

≤
∫
F

(ddcu)n−m+1 ∧ βm−1 ≤
∫
D

(ddcu)n−m+1 ∧ βm−1.

The arbitrariness of ε > 0 implies that∫
K

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 ≤
∫
D

(ddcu)n−m+1 ∧ βm−1

and ∫
K

(ddcω∗(z,K,D, ψ))n−m+1 ∧ βm−1 ≤ Cm(K,D,ψ).

�

Proposition 4.5. For any compact K ⊂ D,

Cm(K,D,ψ) = inf{Cm(E,D, ψ̃) : E ⊃ K},

where ψ̃ ∈ C(E), ψ̃|K = ψ|K and E is (m, ψ̃)−regular compact in the domain D.

Proof. For any ε > 0, there exists a function u(z) with u ∈ shm(D)
⋂
C(D), u|K ≤

ψ|K , lim
z→∂D

u(z) ≥ 0 such that the following inequality

∫
D

(ddcu)n−m+1 ∧ βm−1 − Cm(K,D,ψ) < ε

holds. Since the function ψ(z) is continuous on the compact set K, according to Whitney’s

theorem [8], there exists some continuous function ψ̃(z) in D such that ψ̃|K = ψ|K . Then,

U = {z ∈ D : u(z) < ψ̃(z) + ε} is open, U ⊃ K. We take a (m, ψ̃)−regular compact E such
that E : K ⊂ E ⊂⊂ U and consider the open set

F = {z ∈ D : u(z) < (1 +
2ε

max
z∈E

ψ̃(z)
) · ω∗(z, E,D, ψ̃)− ε}
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where 0 < 2ε < −max
z∈E

ψ̃(z). It is not difficult to check that E ⊂ F ⊂⊂ D. Applying the

comparison principle again we have

Cm(E,D, ψ̃) =

∫
E

(ddcω∗(z, E,D, ψ̃))
n−m+1 ∧ βm−1 =

=

∫
F

(ddcω∗(z, E,D, ψ̃))
n−m+1 ∧ βm−1 ≤

≤ 1

(1 + 2ε
max
z∈E

ψ̃(z)
)
n−m+1 ·

∫
F

(ddcu)n−m+1 ∧ βm−1 ≤

≤ 1

(1 + 2ε
max
z∈E

ψ̃(z)
)
n−m+1

∫
D

(ddcu)n−m+1 ∧ βm−1 <

<
1

(1 + 2ε
max
z∈E

ψ̃(z)
)
n−m+1 (Cm(K,D,ψ) + ε).

Thus,

Cm(K,D,ψ) ≤ Cm(E,D, ψ̃) <
1

(1 + 2ε
max
z∈E

ψ̃(z)
)
n−m+1 · (Cm(K,D,ψ) + ε).

The arbitrariness of ε > 0 implies that

Cm(K,D,ψ) = inf{Cm(E,D, ψ̃) : E ⊃ K}.

�

Proposition 4.6. If Kis a (m,ψ)-regular compact, then

Cm (K,D,ψ) = sup


∫
K

(ddcu)n−m+1 ∧ βm−1 : u ∈ shm (D)
⋂
C (D) , ψ|K ≤ u|K , u|D < 0

 .

Proof. Since Cm (K,D,ψ) =
∫
K

(ddcω∗ (z,K,D, ψ))n−m+1 ∧ βm−1 and

ψ|K = ω∗ (z,K,D, ψ)|K , ω
∗ (z,K,D, ψ)|D < 0,

it follows that

Cm (K,D,ψ) ≤ sup


∫
K

(ddcu)n−m+1 ∧ βm−1 : u ∈ shm (D)
⋂
C (D) , ψ|K ≤ u|K , u|D < 0

 .

On the other hand, for any function

u ∈ shm (D)
⋂
C (D) , ψ|K ≤ u|K , u|D < 0, ∀z ∈ D,

we will construct a function v such that

v (z) = max {(1 + ε)ω∗ (z,K,D, ψ) , u (z)} , ε > 0.
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Then we have

v ∈ shm (D)
⋂
C (D) , ψ|K ≤ v|K , v|D < 0, v|K = u|K , lim

z→∂D
v (z) = 0.

Let us now consider the following open set

F =
{
z ∈ D : (1 + ε)ω∗ (z,K,D, ψ) + ε2 < v (z)

}
,

where 0 < ε < −max
z∈K

ψ (z) . It is easy to check that K ⊂ F ⊂⊂ D.

Thus, according to the comparison principle and Theorem 3.10,

(1 + ε)n−m+1
∫
K

[ddcω∗ (z,K,D, ψ)]n−m+1 ∧ βm−1 =

= (1 + ε)n−m+1
∫
F

[ddcω∗ (z,K,D, ψ)]n−m+1 ∧ βm−1 ≥

≥
∫
F

(ddcv)n−m+1 ∧ βm−1 ≥
∫
K

(ddcv)n−m+1 ∧ βm−1 =

∫
K

(ddcu)n−m+1 ∧ βm−1.

The arbitrariness of ε > 0 implies that∫
K

(ddcω∗ (z,K,D, ψ))n−m+1 ∧ βm−1 ≥
∫
K

(ddcu)n−m+1 ∧ βm−1.

�

Definition 4.7. Let U be an open subset of D. The quantity

Cm(U,D, ψ) = sup{Cm(K,D,ψ) : K ⊂ U}

is called (m,ψ)- capacity of the open set U.

It follows from the definition of the (m,ψ)− capacity of the open set U and from proposition
4.5 that Cm (U,D, ψ) = sup {Cm (K,D,ψ) : K ⊂ U} , where K is a (m,ψ)−regular compact.
The monotonicity properties mentioned above for the compact K ⊂ D also hold for an open
set U. The proof methods used for the corresponding properties in [7] can be applied to prove
propositions below.

Proposition 4.8. If U ⊂ D is an open set, then

Cm (U,D, ψ) = sup


∫
U

(ddcu)n−m+1 ∧ βm−1 : u ∈ shm (D)
⋂
C (D) , ψ|U ≤ u|U , u|D < 0

 =

= sup


∫
U

(ddcu)n−m+1 ∧ βm−1 : u ∈ shm (D)
⋂
C∞ (D) , ψ|U ≤ u|U , u|D < 0

 .

Proposition 4.9. For any increasing sequence of open sets Uj ⊂ Uj+1 ⊂ D, j ∈ N, we have

Cm

(⋃
j

Uj, D, ψ

)
= lim

j→∞
Cm (Uj, D, ψ) .



162 Kuldoshev K.

Now, we will define the (m,ψ)−external capacity of an arbitrary set E ⊂ D by using the
capacity of open sets.

Definition 4.10. The quantity

C∗m(E,D, ψ) = inf{Cm(U,D, ψ) : U ⊃ E}

is called the (m,ψ)-external capacity of the set E ⊂ D, where U ⊂ D is an open set in D.

Proposition 4.11. (m,ψ)−external capacity is countably subadditive, i.e.

C∗m

(⋃
j

Ej, D, ψ

)
=
∑
j

C∗m (Ej, D, ψ), Ej ⊂ D, ∀j ∈ N.

In [4], it is shown that for ψ ∈ z and E ⊂⊂ D, there exist positive constants c1 and c2 such
that the relation

c1C
∗
m (E,D, ψ) ≤ Pm (E,D, ψ) ≤ c2(C∗m (E,D, ψ))

1
n−m+1

holds. Where

z = z (D) =
{
ϕ ∈ shm (D) : ∀z0 ∈ D, ∃ a neighbourhood U � z0, ∃ϕj ∈ shm (D)

⋂
L∞ (D) ,

lim
z→∂D

ϕj (z) = 0, ∀j ∈ N, ϕj ↘ ϕ on U, sup
j

∫
D

(ddcϕj)
n−m+1

∧ βm−1 < +∞

 .

From this, for ψ ∈ z (D) and E ⊂⊂ D, we obtain the important result: C∗m (E,D, ψ) = 0 if
and only if E is m-polar.

The last fact, that the weighted external capacity C∗m (E,D, ψ) = 0 if and only if E is
m-polar, also follows from the following inequality.

Theorem 4.12. The following inequality holds:(
− inf
z∈E

ψ (z)

)n−m+1

C∗m (E,D) ≥ C∗m (E,D, ψ) ≥
(
− sup
z∈E

ψ (z)

)n−m+1

C∗m (E,D) ,∀E ⊂ D.

(4.1)

Proof. From the definition of the (m,ψ)−external capacity, it suffices to prove the inequality
(4.1) for (m,ψ)−regular compact sets.

Since D ⊂ Cn is a strongly m-regular domain, there exists a function ρ ∈ shm (D)
⋂
C2 (D)

such that ρ|D < 0 and lim
z→∂D

ρ (z) = 0. According to inequality (3.1), for any ε > 0 the following

holds:

− inf
z∈E

ψ (z) ·ω∗ (z, E,D)+2ερ (z) < ω∗ (z, E,D, ψ)+ερ (z) < − sup
z∈E

ψ (z) ·ω∗ (z, E,D) , ∀z ∈ D.

The functions ω∗ (z, E,D) , ρ (z) and ω∗ (z, E,D, ψ) can be extended to a domain G ⊃⊃ D
such that the following inequality holds for the extended functions:

− inf
z∈E

ψ (z)·ω̃∗ (z, E,D)+2ερ̃ (z) ≥ ω̃∗ (z, E,D, ψ)+ερ̃ (z) ≥ − sup
z∈E

ψ (z)·ω̃∗ (z, E,D) , ∀z ∈ G\D,
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where, ω̃∗ (z, E,D) , ρ̃ (z) and ω̃∗ (z, E,D, ψ) are, respectively, the m-subharmonic and con-
tinuous extensions of the functions ω∗ (z, E,D) , ρ (z) and ω∗ (z, E,D, ψ) to the domain G.
Applying the comparison principe, we obtain:∫

D

[
ddc

(
− inf
z∈E

ψ (z)ω∗ (z, E,D) + 2ερ (z)

)]n−m+1

∧ βm−1 ≥

≥
∫
D

(ddc (ω∗ (z, E,D, ψ) + ερ (z)))n−m+1 ∧ βm−1

≥
∫
D

[
ddc

(
− sup
z∈E

ψ (z)ω∗ (z, E,D)

)]n−m+1

∧ βm−1.

It is known that the integrals∫
D

[
ddc

(
− inf
z∈E

ψ (z)ω∗ (z, E,D) + 2ερ (z)

)]n−m+1

∧ βm−1

and ∫
D

[ddc (ω∗ (z, E,D, ψ) + ερ (z))]n−m+1 ∧ βm−1

can be expressed as,(
− inf
z∈E

ψ (z)

)n−m+1 ∫
D

[ddcω∗ (z, E,D)]n−m+1 ∧ βm−1 + εC1

and ∫
D

[ddcω∗ (z, E,D, ψ)]n−m+1 ∧ βm−1 + εC2,

where C1 and C2 are positive constants. According to Theorem 3.10,(
− inf
z∈E

ψ (z)

)n−m+1 ∫
E

[ddcω∗ (z, E,D)]n−m+1 ∧ βm−1 + εC1 ≥

≥
∫
E

(ddcω∗ (z, E,D, ψ))n−m+1 ∧ βm−1 + εC2 ≥

≥
(
− sup
z∈E

ψ (z)

)n−m+1 ∫
E

[ddcω∗ (z, E,D)]n−m+1 ∧ βm−1.

Since ε > 0 is arbitrary, we conclude that(
− inf
z∈E

ψ (z)

)n−m+1

C∗m (E,D) ≥ C∗m (E,D, ψ) ≥
(
− sup
z∈E

ψ (z)

)n−m+1

C∗m (E,D) , ∀E ⊂ D.

�

Corollary 4.13. C∗m (E,D, ψ) = 0 if and only if E is m-polar.

Indeed, it is known that the external capacity C∗m(E,D) = 0 if and only if E is m-polar set
in D. From inequality (4.1), it follows that Corollary 4.13 holds.



164 Kuldoshev K.

References

[1] Abdullayev B., Sadullayev A., Sharipov R.; Currents and theory of m-subharmonic functions. Tashkent.
Adast poligraf, –2023.–P.112 (in Russian).

[2] Blocki Z., Weak solutions to the complex Hessian equation. Ann.Inst.Fourier, Grenoble,–2005.–5.–55.–
P.1735–1756.

[3] Dinew S., Kolodziej S., A priori estimates for the complex Hessian equation. Analysis and PDE,–2014.–7.–
5.–P.227–244.

[4] El Aini H., Elkhadhra F., Complex Hessian operator associated to anm-positive closed current and weighted
m-capacity. Complex Analysis and Operator Theory,–2021.–15.–56.–P.1–38.

[5] Kuldoshev K., Narzillayev N., Weighted m-subharmonic measure and (m,ψ)− regularity of compacts.
Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences,–2023.–6.–2.–P.76–86.

[6] Kuldoshev K., Narzillayev N., (m,ψ, δ)−regularity of compacts in Cn. Acta NUUz,–2024.–2.–2.–1.–P.65–
76.

[7] Sadullaev A., Abdullaev B.; Potential theory in the class of m-subharmonic functions. Trudy Mat. Inst.
Steklova,–2012.–279.–P.166–192 (in Russian).

[8] Whitney H., Analytic extensions of differentiable functions defined in closed sets. Trans. American Math-
ematical Society,–1934.–36.–P.63-89.

Kuldoshev K.K.,
National University of Uzbekistan,
Tashkent, Uzbekistan
email: qobiljonmath@gmail.com



Generalized Dirichlet-Neumann problem for a fourth-order elliptic equation 165

Uzbek Mathematical Journal
2025, Volume 69, Issue 2, pp.165-172
DOI: 10.29229/uzmj.2025-2-15

Generalized Dirichlet-Neumann problem for a fourth-order elliptic
equation

Kuntuarova A., Soldatov A.

Dedicated to the 80 th birthday of Academician Shavkat Arifdzhanovich Alimov
and the 70 th birthday of Professor Ravshan Radjabovich Ashurov

Abstract. In a bounded domain, a fourth-order equation with generalized Dirichlet and
Neumann conditions is considered. For this problem, the unique solvability of a regular solution
is proved.

Keywords: Generalized Dirichlet and Neumann problem, fourth-order elliptic equation,
unique solvability of the problem.

MSC (2020): 35J40
1. Statement of the problem and the criterion for its Fredholm property. Let the

domain D be bounded by a simple smooth contour Γ and n(t) = n1(t) + in2(t) be the inward
normal to Γ at the point t. It is assumed that the contour Γ belongs to the class C3,ν with some
0 < ν < 1. The latter means that the function n(t) with respect to the arc length parameter
on Γ belongs to the class C2,ν .

Consider in this domain the fourth-order elliptic equation

∂4u

∂y4
− a1

∂4u

∂x4
− a2

∂4u

∂x3∂y
− a3

∂4u

∂x2∂y2
− a4

∂4u

∂x∂y3
+
∑
i+j≤3

aij
∂3u

∂xi∂yj
= f 0, (1.1)

with coefficients ai ∈ R and aij ∈ Cµ(D), 0 < µ < ν, and the right-hand side f 0 ∈ Cµ(D). Its
solution is sought in the class of functions u ∈ C4(D) ∩ C3,µ(D), in particular, the main part
of the differential expression

∂4u

∂y4
− a1

∂4u

∂x4
− a2

∂4u

∂x3∂y
− a3

∂4u

∂x2∂y2
− a4

∂4u

∂x∂y3
= f 0 −

∑
i+j≤3

aij
∂3u

∂xi∂yj

belongs to the class Cµ(D). The ellipticity condition is that the characteristic polynomial

z4 − (a1 + a2z + a3z
2 + a4z

3) = (z − ν1)(z − ν2)(z − ν1)(z − ν2) (1.2)

has no real roots. In particular, two cases are possible (i) and (ii), when in the upper half-
plane, respectively, there are two different roots ν1, ν2 of this polynomial and when there is one
multiple root ν.

For equation (1.1) the boundary value problem is posed(
∂ru

∂nr

)+

= f1,

(
∂su

∂ns

)+

= f2, (1.3)

where 0 ≤ r < s ≤ 3, the symbol + means the boundary value on Γ and the normal derivative
of the r − th order is understood as the expression(

n1
∂

∂x
+ n2

∂

∂y

)r
u.
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For r = 0 it is natural to call it the generalized Dirichlet problem, and for r > 0 – the generalized
Neumann problem. All six possible boundary conditions can be divided into two groups, the
first of which is determined by the s − r ≤ 2 condition, and the second group consists of one
problem

u+ = f1,

(
∂3u

∂n3

)+

= f2. (1.4)

In the general case of 2l− order equations of the problem type (1.3) from the Fredholm
property point of view were studied in [3]. The calculation of the index of problem (1.4) for the
case l = 2 of the fourth-order equation was carried out in [4]. In this paper, we consider similar
questions for problem (1.3), including the special case of problem (1.4), where, compared to [4],
the calculation of the index of the latter problem is carried out in more detail and in a slightly
different way.

Let the contour Γ be oriented so that when moving in the positive direction, the region D
remains on the left. Let e(t) = e1(t) + ie2(t) be the unit tangent vector to Γ at the point t,
directed in the positive direction. In particular, it is related to the normal vector n by the
relations n1 = −e2, n2 = e1. When the variable t changes on the contour Γ, the vectors e(t)
and n(t) = ie(t) run through the unit circle on the complex plane, which we denote by T.

As shown in [3], problem (1.1), (1.3) is Fredholm equivalent to the problem defined by the
boundary condition (

∂3u

∂e3−r∂nr

)+

= g1,

(
∂3u

∂e3−s∂ns

)+

= g2,

i.e. they have the Fredholm property simultaneously and their indices coincide. In accordance
with this, the functions

h1(e, z) = (e1 + e2z)3−r(−e2 + e1z)r, h2(e, z) = (e1 + e2z)3−s(−e2 + e1z)s (1.5)

of the variables z ∈ C and e ∈ T. Following [3], using these functions, respectively for the
two cases (i) and (ii) of roots of the characteristic polynomial (1.2), we compose matrices -
functions

(i) G0(e) =

(
h1(e, ν1) h1(e, ν2)
h2(e, ν1) h2(e, ν2)

)
, (ii) G0(e) =

(
h1(e, ν) h′1(e, ν)
h2(e, ν) h′2(e, ν)

)
, (1.6)

where differentiation is taken with respect to the variable z. In terms of these matrices, the main
result of [3] regarding the Fredholm property of the problem and its index can be formulated
as follows.

Theorem 1. Problem (1.1), (1.3) is Fredholm in the class C3,µ(D) ∩ C4(D) if and only if

detG0(e) 6= 0, e ∈ T, (1.7)

and if this condition is satisfied, e index æ is given by the formula

æ = −2Ind ΓG+ 8, (1.8)

where G(t) = G[e(t)], t ∈ Γ and IndG is the Cauchy index – the increment of the continuous
branch arg detG on the contour Γ (in the positive direction) divided by 2π.

The following lemma about the Cauchy index, intuitively obvious, was used in [3, 4] without
proof.

Lemma 1. Let a complex-valued function a0(e) be invertible on T and a(t) = a0[e(t)]. Then

[arg a]Γ = [arg a0]T, (1.9)
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where the increment on the unit circle is taken in accordance with its counterclockwise traversal.
Proof. Consider the conformal mapping α of the unit disk D0 onto the domain D, subject

to the condition
α′(0) = −i. (1.10)

Under the accepted assumptions regarding the smoothness of the contour Γ, we can use Kel-
logg’s theorem [2], according to which the derivative α′ is continuous in the closed disk D0

and is everywhere different from zero. The function t = α(u) implements a homeomorphism of
T→ Γ with preservation of orientation, so that

[arg a]Γ = [arg b]T, b = a ◦ α. (1.11)

Under this mapping, the unit tangent vector e(t), t ∈ Γ, goes to

e[α(u)] = iu
α′(u)

|α′(u)|
, u ∈ T.

In particular,

b(u) = a[α(u)] = a0[(e ◦ α)(u)] = a0

[
iu
α′(u)

|α′(u)|

]
.

We set

cr(u) = a0

[
iu
α′(ru)

|α′(ru)|

]
, u ∈ T, 0 ≤ r ≤ 1.

Obviously, the function cr depends continuously on r and, therefore,

[arg c0]T = [arg c1]T.

By (1.10), the function c0 coincides with a0 and by definition c1 = b, so that, taking into account
(1.11), the previous equality becomes (1.9).

Using Lemma 1, Theorem 1 can be given the following more explicit form.
Theorem 2. In the case (i) for s− r ≤ 2, problem (1.1), (1.3) is Fredholm and its index is

zero. For s− r = 3, this problem, i.e. problem (1.4) is Fredholm if and only if ν3
1 6= ν3

2 and the
polynomial

P (z) = (qν2 − ν1)z2 + (1− q)(ν1ν2 − 1)z + ν2 − qν1, q = e2πi/3, (1.12)

has no real roots and its index
æ = 8(2− k), (1.13)

where k is the number of roots of the polynomial P in the upper half-plane.
In case (ii), problem (1.1), (1.3) is always Fredholm and its index is zero.
Proof for two possible cases of roots of the characteristic polynomial (1.2) we will carry out

separately.
(i) According to (1.6)

detG0(e) = h1(e, ν1)h1(e, ν2)

[(
h2

h1

)
(e, ν1)−

(
h2

h1

)
(e, ν2)

]
.

In the notation

ω(e, z) =
−e2 + e1z

e1 + e2z
(1.14)
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we can write functions (1.5) as

h1(e, ν) = (e1 + νe2)3ωr(e, ν), h2(e, ν) = (e1 + νe2)3ωs(e, ν),

so that

detG0(e) = (e1 + ν1e2)3(e1 + ν2e2)3ωr(e, ν1)ωr(e, ν2)[ωs−r(e, ν2)− ωs−r(e, ν1)]. (1.15)

Obviously,

ωn(e, ν2)− ωn(e, ν1) =

{
(ν2 − ν1)[(e1 + ν1e2)(e1 + ν2e2)]−1, n = 1,

(ν2 − ν1)h0(e)[(e1 + ν1e2)(e1 + ν2e2)]−2, n = 2,
(1.16)

with function h0(e) = [(−e2 + ν2e1)(e1 + ν1e2) + (−e2 + ν1e1)(e1 + ν2e2)]. Explicitly

h0(e) = (ν1 + ν2)(2e1e2ζ + e2
1 − e2

2), ζ =
ν1ν2 − 1

ν1 + ν2

, (1.17)

and Im ζ > 0. Therefore, for r − s ≤ 2, condition (1.7) is satisfied.
As for the case r = 0, s = 3, corresponding to problem (1.4), then in accordance with the

identity a3 − b3 = (a− b)(a− qb)(a− q−1b), where q = e2πi)/3, we have equality

ω3(e, ν2)− ω3(e, ν1) = (ν2 − ν1)h+(e)h−(e)[(e1 + ν1e2)(e1 + ν2e2)]−3 (1.18)

with functions h±(e) = [(−e2 +ν2e1)(e1 +ν1e2)−q±1(−e2 +ν1e1)(e1 +ν2e2)]. Since ω3(e, ν) = ν3

for e = 1, the condition ν3
1 6= ν3

2 is necessary for the invertibility of function (1.15) on the unit
circle.

It is easy to verify that

h−(e) = q−1h+(ie), h+(e) = e2
1P (e2/e1) (1.19)

with the polynomial P from (1.12). Consequently, (1.7) reduces to the condition h+(e) 6= 0, e ∈
T, which in turn is equivalent to the fact that the polynomial P has no zeros on the real axis.
Note that since h+(e) 6= 0 for e = 1 and e = i, both coefficients qν2 − ν1 and ν2 − qν1 of the
polynomial P are nonzero.

Turning to the index formula, we first note that the Cauchy index

Ind(e1 + νe2) = 1. (1.20)

Indeed, the left-hand side of this equality depends continuously on ν in the upper half-plane,
remaining an integer. Therefore it does not depend on ν and is equal to 1 for ν = i.

It is further asserted that
Indω(e, ν) = 0, Indh0 = 2. (1.21)

Indeed, since Imω(e, ν) = |e1 + νe2|−2 Im ν, the function ω takes its values in the upper half-
plane, where a continuous branch of the argument can be chosen. As a result, we obtain the
first equality. By virtue of (1.17) in the second equality h0 can be replaced by the function

h̃0(e) = 2e1e2ζ + e2
1 − e2

2, which is everywhere non-zero on T. In addition, Ind h̃0 depends

continuously on ν, remaining an integer. Since h̃0(e) = (e1 + ie2)2 for ν1 = ν2 = i, the second
equality in (1.21) follows from this.

From (1.15), (1.16) and (1.20), (1.21) it follows immediately that for s − r ≤ 2 the Cauchy
index IndG0 = 4. Together with Lemma 1 and (1.8), we conclude that the index of the problem
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æ = 0. Similarly, for s− r = 3, from (1.15) and (1.18), taking into account the first relation in
(1.19), we deduce that

IndG0 = Indh+ + Indh− = 2Indh+. (1.21)

The function h+ is even, so that
IndTh+ = 2IndT0h+, (1.22)

where T0 is a right semicircle. The transformation e → e2/e1 implements a homeomorphism
of this semicircle onto the entire line R, and going around it counterclockwise corresponds to
the positive direction on the line. Since t2 + 1 = (e2/e1)2 + 1 = e−2

1 , we can rewrite the second
equality in (1.19) in the form h+(e) = R(t) with the rational function R(t) = (t2 + 1)−1P (t).
By the argument principle [1] from here

IndT0h+ = IndRR = k − 1,

where k is the number of zeros of the polynomial P (z) in the half-plane Im z > 0. Taking into
account (1.21), (1.22) from here IndG0 = 4(k − 1), which together with Lemma 1 and (1.8)
leads to the index formula (1.13) of problem (1.4).

(ii) According to (1.6), in this case

detG0(e) = h2
1(e, ν)

(
h2

h1

)′
(e, ν).

Substituting here the expressions

h1(e, ν) = (e1 + νe2)3ωr(e, ν), h2/h1 = ωs−r,

taking into account the derivative ω′(e, z) = (e1 + e2z)−2 of function (1.14), we obtain the
equality

detG0(e) = (s− r)(e1 + νe2)4ωs+r−1(e, ν).

It shows that condition (1.7) is satisfied and IndG0 = 4, which, taking into account Lemma 1
and (1.8), leads to the index æ = 0 of problem (1.1), (1.3).

Note that due to the condition ν3
1 6= ν3

2 the coefficients qν2−ν1 and ν2−qν1 of the polynomial
P are nonzero and its roots are given by the formulas

z± =
(q − 1)(ν1ν2 − 1)∓ i√q

√
3(ν1ν2 − 1)2 + 4(ν2

1 + ν1ν2 + ν2
2)

2(qν2 − ν1)
,

where it is taken into account that q2 + q + 1 = 0. Since
√
q = eπi/3, q − 1 = i

√
3q, hence

z± =

√
3(1− ν1ν2)±

√
3(ν1ν2 − 1)2 + 4(ν2

1 + ν1ν2 + ν2
2)

2i(eπi/3ν2 − e−πi/3ν1)
. (1.23)

Let P = P1 and, accordingly, denote the roots of (1.23) by z±1 . Let the polynomial P2 be
constructed similarly with respect to h−, i.e. h−(e) = e2

1P2(e2/e1). This polynomial is obtained
from (1.12) by replacing q with q−1. It is easy to see that it is related to P1 by the relations

z2P1(−1/z) = qP2(z) = −P̃1(z),

where P̃1 is obtained from (1.12) by permuting the roots ν1, ν2. These relations show that the
roots z±2 of the polynomial P2 are obtained from (1.23) by this permutation, i.e.

z±2 =

√
3(1− ν1ν2)±

√
3(ν1ν2 − 1)2 + 4(ν2

1 + ν1ν2 + ν2
2)

2i(eπi/3ν1 − e−πi/3ν2)
,
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and go to z±1 under the transformation z → −1/z, which takes the upper half-plane onto itself.
It is easy to see that in the notation of Lemma 1 in [4] the sets {z±1 , z±2 } and {a±1 , a±2 } coincide,
more precisely, z±1 = a±2 , z±2 = ap1m. Therefore, the number 2(2 − k) in Theorem 2 coincides
with the number n of Lemma 1 in [4]. Accordingly, Theorem 2 agrees with Theorem 1 in [4].

In addition, Theorem 2 in [4] for some special pairs ν1, ν2 gives an explicit description of the
Fredholm property of problem (1.4) and its index.

Theorem 3 [4]. Let in the notation (1.2) the pair ν1, ν2 belong to one of the following
types:

|ν1| = |ν2| = 1, (i1)

ν1 = iρ1, ν2 = i%2, (i2)

ν1 = ν, ν2 = −1/ν, (i3)

and accordingly

δ =

 |ν1 − ν2| −
√

3, (i)1,

|ρ1 − ρ2| −
√

3(1 + ρ1ρ2), (i)2,
4Im ν − |ν|2 − 1, (i)3.

(1.24)

Then the Fredholm property of problem (1.1), (1.4) is equivalent to the condition δ 6= 0 and its
index æ = 0 for δ < 0 and æ = 8 for δ > 0.

As shown by the following lemma, in this theorem with respect to (i3) one should replace
δ in (1.24) with −δ. For pairs (i1) and (i2) the proof of this theorem in [4] is established by
direct calculations. In the case of (i3) it is based on Theorem 3 from [5], which is the reason
for the error mentioned.

Lemma 2. Let ν1 = ν, ν2 = −1/ν, where Im ν > 0 and ν 6= i.
Then the Fredholm property of problem (1.1), (1.4) is equivalent to the condition

δ = 1 + |ν|2 − 4Imν 6= 0 (1.25)

and its index is given by the formula

æ =

{
0, δ < 0,
8, δ > 0.

(1.26)

Proof. It is easy to verify that function (1.14) has the property

ω(e,−1/ν) = −1/ω(e, ν).

Therefore, in the case under consideration s− r = 3, equality (1.5) becomes

detG0(e) =
(e1 + e2ν)3(−e2 + e2ν)3

ν3ω3(e, ν)
[ω6(e, ν) + 1]. (1.27)

We denote by Γν the image of the circle T under the mapping e → ω(e, ν). Since ω(e, ν)
coincides with

γ(t) =
ν − t
1 + νt

, (1.28)

for t = e2/e1, the curve Γν coincides with the image of the line R under the fractional-linear
transformation γ and is a circle located in the upper half-plane.

With respect to the roots ζs = e(πi+2πis)/6, 0 ≤ s ≤ 5, of the sixth power from −1 we can
write

ω6(e, ν) + 1 =
∏5

s=0
[ω(e, ν)− ζs].
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In particular, the condition ζs /∈ Γν , 0 ≤ s ≤ 5, is necessary and sufficient for the invertibility
of the matrix G0.

Transformation (1.28) is involutive in the sense that the equality ζ = γ(z) is equivalent to
z = γ(ζ). Therefore, the point ζs does not lie on the circle Γν if and only if

Im γ(ζs) =
2Imν − (1 + |ν|2)Im ζs

|1 + νζs|2
6= 0. (1.29)

For three points from the set

ζs = ±i, e±πi/6, e±5πi/6,

lying in the lower half-plane, and for ζ = i this condition is certainly satisfied. For points
ζ = eπi/6, e5πi/6 it is equivalent to the inequality 4Imν − (1 + |ν|2) 6= 0, i.e. condition (1.25).

Let this condition be satisfied. From (1.27) taking into account (1.20), (1.21) we have:

IndG0 = 6 +
5∑
s=0

1

2π
[arg(ω(e, ν)− ζs)]T. (1.30)

The fractional-linear transformation (1.28) takes the upper half-plane to the exterior of the
circle Γν , since

Im γ(i) =
2Im ν − (|ν|2 + 1)

|1 + iν|2
< 0.

Therefore, when going around the unit circle T counterclockwise, the point ω(e, ν) goes around
Γν twice clockwise. Consequently, the increment

[arg(ω(e, ν)− ζs)]T = [arg(γ(t)− ζs)]R = −2[arg(z − ζs)]Γν .

Note further that the clockwise increment

[arg(z − ζs)]Γν =

{
−2π, if ζs inside Γν ,

0 otherwise.

Substituting these expressions into (1.30), we arrive at the equality IndG0 = 6 − 2r, where r
is the number of points ζs lying inside the circle Γν . Accordingly, the index of the problem
æ = 4(r − 1).

Expression (1.29) for the imaginary part of γ(ζs) shows that r = 1 for 4Imν > 1 + |ν|2 and
r = 3 for 4Imν < 1 + |ν|2). Therefore, the equality æ = 4(r− 1) goes over to the index formula
(1.26).

Comparing the expressions for the index in Theorem 2 and Lemma 2, we come to the conclu-
sion that for |ν − 2| <

√
3 both roots of (1.24) lie in the upper half-plane, and for |ν − 2| >

√
3

they lie on both sides of the real line.
Note that for ν1 = ν, ν2 = −1/ν, formulas (1.23) can be rewritten as

z± = ±ieπi/3ν
2 ± ν

√
3 + 1

ν2 + e2πi/3
. (1.31)

Assuming u1 = ieπi/3, u2 = −ie2πi/3, we obtain

z± = u1
ν2 ± ν

√
3 + 1

(ν − u1)(ν + u1)
= u1

(ν ± u2)(ν ± ū2)

(ν − u1)(ν + u1)
.
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Obviously, the sets ±u1, ±u2, and ±ū2 form all six roots of the equation z6 = −1. As in the
general situation (1.23), a direct check of the signs of the imaginary part of the numbers (1.31)
is difficult.

According to Theorem 3, for the three types of pairs (ν1, ν2) specified in it, the index of the
problem takes the values 0.8. On the other hand, according to Theorem 2, the value æ = 16
is also possible, when both roots of the polynomial P lie in the lower half-plane. It is also
realized, for example, for ν1 = i, ν2 = i+ 2. In other words, for the equation

∆

(
∂2u

∂y2
− 2

∂2u

∂x∂y
+ 5

∂2u

∂x2

)
= f 0

problem (1.4) is Fredholm and its index is æ = 16.
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Abstract. In the present paper, in a certain finite mixed domain for the equation
(signy)|y|muxx + uyy +

α0

|y|1−
m
2
ux + β0

y
uy = 0 we study the problem with a nonlocal condi-

tion pointwise connecting the value of the unknown function on the boundary and parallel
to it internal characteristic, using the fractional order differentiation operator in the sense of
Riemann-Liouville. On the segment of the degeneration line, a general conjugation condition
and an analogue of the Frankl condition type are specified. The uniqueness of the solution
to the problem is proved using the extremum principle of A.V. Bitsadze. The existence of a
solution to the problem is proved using the theory of singular integral equations, Wiener-Hopf
equations and Fredholm equations of the second kind.

Keywords: Gellerstedt equation, Bitsadze-Samarskii condition, Wiener-Hopf equation, and
Fredholm equation, singular coefficients.

MSC (2020): 35M10, 35M12.

1. Statement of the BSF problem (Bitsadze-Samarsky, Frankl).

Let D = D+
⋃
D−

⋃
I -be an unbounded mixed domain on the complex plane C = {z =

x + iy}, where: D+ -is the half-plane y > 0, D− -is a finite domain of the half-plane y < 0,
bounded by the characteristics of the equation

(signy)|y|muxx + uyy +
α0

|y|1−m2
ux +

β0

y
uy = 0, (1.1)

emanating from the points A(−1, 0), B(1, 0) and the segment AB of the straight line y = 0. By
C0 and C1 respectively, we denote the intersection points of the characteristics AC and BC with
the characteristics emanating from the point E(c, 0), where c ∈ I = (−1, 1)− is the interval on
the axis y = 0.

In equation (1.1) it is assumed that m,α0 and β0 are some real numbers satisfying the
conditions m > 0, |α0| < (m+ 2)/2, −m/2 < β0 < 1.

Note that the constructive, functional and differential properties of solutions of equation
(1.1) depend significantly on the numerical parameters α0 and β0 at the lower terms of (1.1).
On the plane of parameters α0 and β0 the triangle is considered A∗0B

∗
0C
∗
0 bounded by straght

lines [8]

A∗0C
∗
0 : β0 + α0 = −m/2, B∗0C∗0 : β0 − α0 = −m/2, A∗0B∗0 : β0 = 1,

and depending on the location of the point P (α0, β0) in this triangle, problems for equation
(1.1) are formulated and studied.

Let us consider the case when P (α0, β0) ∈ ∆E∗0C
∗
0B
∗
0

⋃
E∗0C

∗
0 , where E∗0 = E∗0(0, 1).

In [9] the problem with Bitsadze-Samarskii condition [1] on the boundary characteristic
AC and parallel to it internal characteristic EC0 was investigated in a finite domain. In the
present paper the problem is investigated in an unbounded domain, where Bitsadze-Samarskii
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condition is specified on the part AC0 of the boundary characteristic AC and parallel to it
internal characteristic EC1, i.e. the part C0C of the boundary characteristic AC is freed from
Bitsadze-Samarskii condition and this missing nonlocal condition is replaced by an analogue of
Frankl condition [3],[4], [7], [10], [11] on the degeneration segment AB [9]. On the segment AB
of the parabolic degeneration line the general conjugation condition of V. I. Zhegalov [22], G.
Karatoprakliev [6] is specified.

In the problem with the Bitsadze-Samarskii condition on the boundary characteristic AC
and parallel to it internal characteristic EC0 was investigeted in a finite domain. In the present
paper the the problem is investigated in an unbounded domain, where Bitsadze-Samarskii
condition is specified on the part AC0 of the boundary characteristic AC and parallel internal
characteristic EC1 This means that the segment C0C of the boundary characteristic AC is
excluded from the Bitsadze-Samarskii condition, and the missing non-local condition is replaced
by an analogue of the Frankl condition [3], [4], [7], [10], [11] on the degeneration segment AB
[9]. On the segmentAB of the parabolic degeneration line, a general conjugation condition by
V.I. Zhegalov [22], and G. Karatoprakliev [6] is imposed.

Let D+
R -be a bounded region obtained by cutting off a portion of the domain D+ with an

arc of a normal curve σR having endpoints at the points AR = AR(−R, 0), BR = BR(R, 0).
The arc σR is defined as follows:

σR : x2 + 4(m+ 2)−2ym+2 = R2, −R ≤ x ≤ R, 0 ≤ y ≤ ((m+ 2)R/2)2/(m+2) .

This construction forms a finite subdomain bounded by the arc σR providing a controlled and
restricted portion of the original unbounded domain D+.

We introduce the following notations: I = {(x, y) : −1 < x < 1, y = 0} the open interval on
the line y = 0, I1 = {(x, y) : −∞ < x ≤ −1, y = 0} the semi-infinite interval extending to the
left on the line y = 0, I2 = {(x, y) : 1 ≤ x < +∞, y = 0} the semi-infinite interval extending
to the right on the line y = 0, Define the domain DR as follows DR = D+

R

⋃
D−

⋃
I, DR.

Here, DR is a subdomain of the unbounded region D. It combines the bounded domain D+
R ,

the region D−, and the interval I, forming a comprehensive subdomain for further analysis.
We introduce the linear functions p(x) = ax− b and q(x) = a− bx, which map the interval

[−1, 1] onto the segments [−1, c] and [c, 1] respectively. These functions satisfy the conditions:
p(−1) = −1, p(1) = c, q(−1) = 1, q(1) = c, The coefficients a and b are determined as follows:
a = (1 + c)/2, b = (1− c)/2 This mapping approach is based on the works [10, 11] and is used
to construct appropriate transformations within the defined intervals.

BSF Problem. Find a function u(x, y) satisfying the following properties:
1) The function u(x, y) is continuous in any subdomain DR of the unbounded domain

D,except on the segment AB = {(x, 0) : −1 ≤ x ≤ 1} where it may have finite one-sided limits;
2)The function u(x, y) belongs to the space C2(D+) and satisfies equation (1.1) in this

region;
3) The function u(x, y) is a generalized solution of class R1 [20], [21] in the domain D−.
4) On the degeneration interval I, the following general conjugation condition holds [6], [22].

u(x,−0) = a1(x)u(x,+0) + a2(x), x ∈ [−1, 1], (1.2)

lim
y→−0

(−y)β0
∂u

∂y
= b1(x) lim

y→+0
yβ0

∂u

∂y
+ b2(x), x ∈ I, (1.3)

Moreover, the limits in ((1.3)) at x = ±1 may have singularities of an order lower than

1− α− β, where α = m+2(β0+α0)
2(m+2)

, β = m+2(β0−α0)
2(m+2)

, α > 0, β > 0, α + β < 1.

5) Equality
lim
R→∞

u(x, y) = 0, (1.4)
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holds, where R2 = x2 + 4(m+ 2)−2ym+2;
6) The function u(x, y) satisfies the following boundary conditions:

u(x, y)
∣∣
y=0

= ϕi(x), ∀x ∈ I i, i = 1, 2; (1.5)

µ0(1 + x)αD1−β
−1,xu [θ (p(x))] = µ1(1− x)αD1−β

x,1 u [θ∗ (q(x))] + ψ(x), x ∈ [−1, 1]; (1.6)

u (p(x),−0)− ν (q(x),+0) = f(x), x ∈ [−1, 1]; (1.7)

where µ0, µ1 are some constants such that µ2
0 + µ2

1 6= 0; D1−β
−1,x and D1−β

x,1 are fractional-order
differential operators [22],

θ(x0) =
x0 − 1

2
− i
[

(m+ 2)

4
(1 + x0)

]2/(m+2)

, x0 ∈ [−1, c],

is the affix of the intersection point of the characteristic AC0 ⊂ AC with the characteristic
emerging from the point M0(x0, 0), x0 ∈ [−1, c].

θ∗(x0) =
x0 + c

2
− i
[

(m+ 2)

4
(x0 − c)

]2/(m+2)

, x0 ∈ [c, 1],

is the affix of the intersection point of the characteristic EC1 with the characteristic emerging
from the point M0(x0, 0), x0 ∈ [c, 1].

The functions ϕ1(x), ϕ2(x), ψ(x), and f(x) are given and satisfy the following condi-
tions: ϕ1(−1) = 0, ϕ2(1) = 0, ϕ1(−∞) = 0, ϕ2(+∞) = 0, f(1) = 0; ψ(x) ∈ C [−1, 1] ∩
C1(−1, 1), f(x) ∈ C [−1, 1] ∩ C1(−1, 1)

The functions ϕi(x) are continuously differentiable on any intervals [−N,−1] and [1, N ] and
satisfy the inequality for sufficiently large |x|:

|ϕi(x)| ≤M |x|−δ0 , δ0 = const > 0

where δ0 is a positive constant.
The Bitsadze-Samarskii condition (1.6) is set on the part AC0 (where θ (p(x)) ∈ AC0), the

boundary characteristic AC, and the internal characteristic EC1 (where θ∗ (q(x)) ∈ EC1).
The condition (1.7) (where −1 ≤ p(x) ≤ c, c ≤ q(x) ≤ 1) is an analog of the Frankl condition

on the segments [−1, c] and [c, 1] of the degeneration line AB.
Let’s introduce the following notations:

τ−(x) = u(x,−0), ν−(x) = lim
y→−0

(−y)β0
∂u

∂y
, (1.8)

τ(x) = u(x,+0), ν(x) = lim
y→+0

yβ0
∂u

∂y
, (1.9)

According to notations (1.10) and (1.11), the gluing conditions (1.2), (1.3), and Frankl’s
condition take the following forms:

τ−(x) = a1(x)τ(x) + a2(x), x ∈ [−1, 1], (1.10)

ν−(x) = b1(x)ν(x) + b2(x), x ∈ (−1, 1)/{c}, (1.11)

τ− (p(x))− τ− (q(x)) = f(x), x ∈ [−1, 1]. (1.12)
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2. Uniqueness of the solution to the BSF problem

The solution of equation ((1.1)) in the region D− satisfying the modified Cauchy initial data:

u(x,−0) = τ−(x), x ∈ I; lim
y→−0

(−y)β0
∂u

∂y
= ν−(x), x ∈ I,

is given by the Darboux formula [20]:

u(x, y) = γ1

1∫
−1

τ−
[
x+

2t

m+ 2
(−y)

m+2
2

]
(1− t)α−1(1 + t)β−1dt+

+γ2(−y)1−β0

1∫
−1

ν−
[
x+

2t

m+ 2
(−y)

m+2
2

]
(1− t)−β(1 + t)−αdt,

where γ1 = Γ(α+β)21−α−β

Γ(α)Γ(β)
, γ2 = − Γ(2−α−β)2α+β−1

(1−β0)Γ(1−α)Γ(1−β)
.

By virtue of the formula Darboux and boundry condition ((1.7)), we obtain the following
form

µ0a
1−α−βν−(p(x))− µ1b

1−α−βν−(q(x)) =

= γ[µ0D
1−α−β
−1,x τ−(p(x))− µ1D

1−α−β
x,1 τ−(q(x))] + Ψ0(x), x ∈ I, (2.1)

where γ =
(
m+2

4

)α+β−1
Γ(α+β)Γ(1−α)

Γ(2−α−β)
, Ψ0(x) =

(
m+2

4

)α+β−1
(β0−1)Γ(1−α)ψ(x)

Γ(2−α−β)
.

Based on conditions (1.10) and (1.11), the relation (2.1) can be written as

µ0a
1−α−βb1(p(x))ν (p(x))− µ1b

1−α−βb1(q(x))ν (q(x)) =

= γ
[
µ0D

1−α−β
−1,x a1(p(x))τ (p(x))− µ1D

1−α−β
x,1 a1(q(x))τ (q(x))

]
+ Ψ1(x), x ∈ (−1, 1), (2.2)

where

Ψ1(x) = −µ0a
1−α−βb2(p(x))+µ1b

1−α−βb2(p(x))+γ[µ0D
1−α−β
−1,x a2(p(x))−µ1D

1−α−β
x,1 a2(q(x))]+Ψ0(x).

The relation (2.2) is the first functional relationship between the unknown functions τ(x)
and ν(x) introduced on the interval (−1, 1) of the axis y = 0 from the region D−.

Uniqueness of the solution to the BSF problem.

Theorem 2.1. Let ϕ1(x) ≡ 0, ϕ2(x) ≡ 0, ψ(x) ≡ 0, f(x) ≡ 0

µ0 > 0, µ1 < 0, a1(x) > 0, b1(x) > 0, (2.3)

then the solution u(x, y) of the BSF problem attains its greatest positive value (GPV) and least

negative value (LNV) in the region D
+

R on the curve σ̄R.

Proof. By virtue of the Hopf principle [2], the solution u(x, y) does not attain its GPV (greatest
positive value) or LNV (least negative value) at interior points (x0, y0) of the region D+

R . Sup-
pose that the function u(x, y) attains its GPV in the region D̄+

R at some interior point (x0, 0)
of the segment AB.

Here, we separately consider two possible cases for the location of the point x0.
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1. Let x0 ∈ (−1, c], x0 = p(ξ0). Then, by virtue of the corresponding homogeneous condition
(1.8) (c f(x) ≡ 0), the solution u(x, y) attains its greatest positive value (GPV) at two points
(p(ξ0), 0) and (q(ξ0), 0) . Consequently, at these points ν (p(ξ0)) < 0, ν (q(ξ0)) < 0 [20].

From this, in view of (2.3), it follows that

µ0a
1−α−βb1(p(ξ0))ν (p(ξ0))− µ1b

1−α−βb1(q(ξ0))ν (q(ξ0)) < 0, ξ0 ∈ (−1, 1), (2.4)

On the other hand, it is well known that at the point of the positive maximum of the function
τ(x), for fractional differentiation operators, the inequalities D1−α−β

−1,x a1(p(x))τ (p(x)) |x=x0 >

0, D1−α−β
x,1 a1(q(x))τ (q(x)) |x=x0 > 0 hold. Then, by virtue of (2.3)

µ0D
1−α−β
−1,x a1(p(x))τ (p(x)) |x=ξ0 − µ1D

1−α−β
x,1 a1(q(x))τ (q(x)) |x=ξ0 > 0.

From this, we conclude that the left-hand side of the corresponding homogeneous relation
(2.2) (c Ψ1(x) ≡ 0) is strictly positive, which contradicts inequality (2.4). Therefore, x0 =
p(ξ0) /∈ (−1, c].

2. Let x0 ∈ [c, 1), x0 = q(η0). By arguments similar to those in the case of x0 ∈ (−1, c], we
conclude that x0 = q(η0) /∈ [c, 1).

Thus, the solution u(x, y), satisfying the conditions of Theorem 2.1, does not attain its
greatest positive value (GPV) at interior points of the interval (−1, 1) along the axis y = 0.

By virtue of the corresponding homogeneous boundary conditions (1.5)
(c ϕ1(x) ≡ 0, ϕ2(x) ≡ 0), the function u(x, y) does not attain its GPV at points of the
segments [−R,−1] ∪ [1, R] either. Consequently, from the previous reasoning, it follows that
(x0, y0) ∈ σR.

Similarly, as above, it can also be shown that the point (x0, y0), where the solution u(x, y)
attains its least negative value (LNV) in the region D+

R , belongs to σR, i.e., (x0, y0) ∈ σR.
Theorem 2.1 is proved. �

From Theorem 2.1, it follows:
Corollary 2.1 The solution u(x, y), satisfying the conditions of Theorem 2.1, is identically

zero in the region D
+

.

Proof. The solution to the BSF problem, under the conditions of Theorem 2.1, attains its GPV

and LNV in the region D
+

R at points of the normal curve σR. By virtue of (1.4), for any ε > 0,
there exists R0 = R0(ε) such that for R > R0(ε), the inequality |u(x, y)| < ε, (x, y) ∈ σR holds.
Consequently, by Theorem 2.1,

|u(x, y)| < ε, ∀(x, y) ∈ D+

R. (2.5)

From this, due to the arbitrariness of ε, as R → +∞, we conclude that u(x, y) ≡ 0 in the
region D+ ∪ I1 ∪ I ∪ I2. Corollary 2.1 is proved. �

Corollary 2.2. The BSF problem, under the conditions of Theorem 2.1, has at most one
solution.

Proof. By virtue of Corollary 2.1, taking into account the conjugation condition (1.2), (1.3),
we have

lim
y→−0

u(x, y) ≡ 0, ∀ x ∈ Ī; lim
y→−0

(−y)β0
∂u

∂y
≡ 0, x ∈ I. (2.6)

Now, in the region D
−

, reconstructing the solution u(x, y) using the Darboux formula with

zero data (2.6), we obtain that u(x, y) ≡ 0 also in the region D
−

. Corollary 2.2 is proved. �

Thus, the uniqueness of the solution to the BSF problem is established.
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3. Existence of the solution BSF problem.

Theorem 3.1. The BSF problem, under the conditions (2.3) and

−λπ2
√
b

λ0

√
a sin(δπ)

[
µ0

a2−4a0

b1+δeb0π
− µ1

b1−4a0

aδe−b0π

]
< 1, (3.1)

where

λ0 = µ0

[
πe−b0π cot(2a0π)− eb0πΓ(2a0)Γ(1− 2a0)− γ0Γ(1− 2a0)

]
+

+µ1

[
πeb0π cot(2a0π)− e−b0πΓ(2a0)Γ(1− 2a0) + γ0Γ(1− 2a0) cos(2a0π)

]
6= 0,

λ = −
(
µ0e

−b0π − µ1e
b0π + µ1γ0 (Γ(2a0))−1

)
/λ0, a1(x) = a1 = const and b1(x) = b1 = const,

is uniquely solvable.

Let us show that the set of numerical parameters of the BSF problem satisfying inequality
(3.1) is nonempty. Indeed, assuming in (3.1) that µ1 = −a2−4a0+δ, we obtain

− λπ2
√
ba2−4a0−0.5

λ0 sin(δπ)

[
µ0
e−b0π

b1+δ
+ b1−4a0eb0π

]
< 1, (3.2)

if 2−4a0−0.5 > 0 (i.e., β0 <
6−m

8
), then for sufficiently close values of the numerical parameter

c to minus one, the factor a2−4a0−0.5 =
(

1+c
2

)2−4a0−0.5
in (3.2) will be sufficiently small, and the

inequality (3.2), i.e., (3.1), will hold for such values of the parameter c.
3.1. Derivation of a singular integral equation with non-Fredholm operators in

the non-characteristic part of the equation with respect to the unknown function
τ1(x).

The solution to the Dirichlet problem in the half-plane y ≥ 0, satisfying the condition

u(x,+0) = τ(x), x ∈ (−∞,+∞), (3.3)

is given by the formula [15]

u(x, y) = k2(1− β0)y1−β0

+∞∫
−∞

τ(t)(r2
0)a0−1×

× exp

(
−2b0arcsin

t− x
r0

)
dt, −∞ < x < +∞, y ≥ 0, (3.4)

where k2 = 1
4π

(
4

m+2

)1−2a0 Γ(1−δ)Γ(1−δ)
Γ(2−δ−δ) , r2

0 = (x− t)2 + 4ym+2

(m+2)2 , 2a0 = α+ β, δ = a0 + b0i, b0 =

− α0

m+2
.

We can write the following relationship between the unknown functions τ(x) and ν(x)

ν(x) = −k2(1− β0)
m+ 2

2

1∫
−1

τ ′(t)

[
x− t

|x− t|2−2a0
· exp

(
−2b0 arcsin

t− x
|t− x|

)]
dt+

+ Φ(x), x ∈ (−1, 1), (3.5)
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where

Φ(x) = −k2(1− β0)
m+ 2

2

eb0π −1∫
−∞

τ ′1(t)dt

(x− t)1−2a0
− e−b0π

+∞∫
1

τ ′2(t)dt

(t− x)1−2a0

 .

Note that relation (3.5) holds for the entire interval I = (−1, 1).
By virtue of (3.5), eliminating ν (p(x)) and ν (q(x)) from relation (2.2)), we obtain

−µ0k2(1− β0)
m+ 2

2
a1−2a0b1

∫ 1

−1

τ ′(t)

[
p(x)− t

|p(x)− t|2−2a0
exp

(
−2b0 arcsin

t− p(x)

|t− p(x)|

)]
dt+

+µ1k2(1− β0)
m+ 2

2
b1−2a0b1

∫ 1

−1

τ ′(t)

[
q(x)− t

|q(x)− t|2−2a0
exp

(
−2b0 arcsin

t− q(x)

|t− q(x)|

)]
dt =

= γ
[
µ0D

1−2a0
−1,x a1τ (p(x))− µ1D

1−2a0
x,1 a1τ (q(x))

]
+ Ψ2(x), x ∈ (−1, 1), (3.6)

where

Ψ2(x) = Ψ1(x)− γ
[
µ0D

1−2a0
−1,x a2(p(x))− µ1D

1−2a0
x,1 a2(q(x))

]
− µ0a

1−2a0b1Φ (p(x)) +

+µ1b
1−2a0b1Φ (q(x))− µ0a

1−2a0b2(p(x)) + µ1b
1−2a0b2(q(x)).

Taking into account the inequalities −1 ≤ p(x) ≤ c, c ≤ q(x) ≤ 1, the first and second
integrals of the integro-differential equation (3.6) are respectively split into three integrals over
the intervals (−1, p(x)) , (p(x), c) , (c, 1) and (−1, c), (c, q(x)) , (q(x), 1), and we rewrite it as

−µ0a
1−2a0eb0π

p(x)∫
−1

τ ′(t)dt

(p(x)− t)1−2a0
+ µ0a

1−2a0e−b0π
c∫

p(x)

τ ′(t)dt

(t− p(x))1−2a0
+

+µ0a
1−2a0e−b0π

1∫
c

τ ′(t)dt

(t− p(x))1−2a0
+ µ1b

1−2a0eb0π
c∫

−1

τ ′(t)dt

(q(x)− t)1−2a0
+

+µ1b
1−2a0eb0π

q(x)∫
c

τ ′(t)dt

(q(x)− t)1−2a0
− µ1b

1−2a0e−b0π
1∫

q(x)

τ ′(t)dt

(t− q(x))1−2a0
=

= γ0

[
µ0D

1−2a0
−1,x a1τ (p(x))− µ1D

1−2a0
x,1 a1τ (q(x))

]
+ Ψ3(x), x ∈ (−1, 1), (3.7)

where γ0 = 2γ
a1b1k2(1−β0)(m+2)

, Ψ3(x) = 2Ψ2(x)
b1k2(1−β0)(m+2)

.

In the integrals of (3.7) over the intervals (−1, p(x)), (p(x), c), (−1, c), by making the sub-
stitution of the integration variable t = p(s), and in the integrals over the intervals (c, q(x)),
(q(x), 1), (c, 1), by making the substitution t = q(s), while taking into account the relation
aτ−

′
(p(x)) = −bτ−′(q(x)) + f

′
(x) equation (3.7) is rewritten in the form

(
µ0e

b0π − µ1e
−b0π

) x∫
−1

dt

(x− t)2a0

t∫
−1

bτ
′
(q(s)) ds

(t− s)1−2a0

− (µ0e
−b0π − µ1e

b0π
)
·

·

 x∫
−1

dt

(x− t)2a0

1∫
t

bτ
′
(q(s)) ds

(s− t)1−2a0

+ µ0a
1−2a0e−b0π

 x∫
−1

dt

(x− t)2a0

1∫
−1

bτ
′
(q(s)) ds

(1− at− bs)1−2a0

−
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−µ1b
1−2a0eb0π

 x∫
−1

dt

(x− t)2a0

1∫
−1

bτ
′
(q(s)) ds

(1− bt− as)1−2a0

 =

= γ0Γ(1− 2a0)
[
µ0D

2a0−1
−1,x D1−2a0

−1,x τ (q(x))− µ1D
2a0−1
−1,x D1−2a0

x,1 τ (q(x))
]

+

+ Ψ4(x), x ∈ (−1, 1). (3.8)

By virtue of the following easily provable identities

1.

x∫
−1

dt

(x− t)2a0

t∫
−1

bτ
′
(q(s)) ds

(t− s)1−2a0
= − π

sin(2a0π)
τ (q(x)) .

2.

x∫
−1

dt

(x− t)2a0

1∫
t

bτ
′
(q(s)) ds

(s− x)1−2a0
= −π cot(2a0π)τ (q(x))−

1∫
−1

(
1 + x

1 + t

)1−2a0 τ (q(t)) dt

t− x

3.

x∫
−1

dt

(x− t)2a0

1∫
−1

bτ
′
(q(s)) ds

(1− at− bs)1−2a0
=

1∫
−1

(
1 + x

1 + a− bs

)1−2a0 bτ (q(s)) ds

1− ax− bs

4.

x∫
−1

dt

(x− t)2a0

1∫
−1

bτ
′
(q(s)) ds

(1− bt− as)1−2a0
=

1∫
−1

(
1 + x

1 + b− as

)1−2a0 aτ (q(s)) ds

1− bx− as

we rewrite equation (3.8) in the form

τ1(x)− λ
1∫
−1

(
1 + x

1 + t

)1−2a0 τ1(t)dt

t− x
= λ1

1∫
−1

τ1(s)ds

1− ax− bs
+ λ2

1∫
−1

τ1(s)ds

1− bx− as
+

+R1[τ1] + Ψ5(x), x ∈ (−1, 1), (3.9)

where τ1(x) = τ(q(x)),

λ0 = − π

sin(2a0π)
(µ0e

b0π − µ1e
−b0π) + πctg(2a0π)(µ0e

−b0π − µ1e
b0π)+

+γ0µ1Γ(1− 2a0)cos((1− 2a0)π),

λ =
µ0e

−b0π − µ1e
b0π − γ0µ1Γ(1− 2a0)

γ0

, λ1 = −µ0e
−b0π/λ0, λ2 = µ1e

b0π/λ0,

R1[τ1] = λ1a
1−2b0

1∫
−1

[(
1 + x

1 + a− bs

)1−2a0

−
(1

a

)1−2a0

]
τ1(s)ds

1− ax− bs
+

+λ2b
1−2a0

1∫
−1

[(
1 + x

1 + b− as

)1−2a0

−
(1

b

)1−2a0

1

]
τ1(s)ds

1− bx− as
,

-a regular operator, Ψ5(x) = Ψ4(x)/λ0 -is a known function.
The equation (3.9) is a singular integral equation with a non-Fredholm operator on the right-

hand side of the equation, because, due to the equality a + b = 1, these kernels have isolated
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singularities of the first order at the point (x, s) = (1, 1) and therefore they are singled out
separately.

3.2. Derivation and Analysis of the Wiener-Hopf Integral Equation.
Temporarily considering the right-hand side of equation (3.9 as a known function, we write

it in the form of the singular integral equation

τ1(x)− λ
1∫
−1

(
1 + x

1 + t

)1−2a0 τ1(t)dt

t− x
= g(x), x ∈ (−1, 1), (3.10)

where

g(x) = λ1

1∫
−1

τ1(s)ds

1− ax− bs
+ λ2

1∫
−1

τ1(s)ds

1− bx− as
+R1[τ1] + Ψ5(x), x ∈ (−1, 1). (3.11)

He following holds:

Theorem 3.2. If the function g(x) ∈ Lp(−1, 1), p > 1, satisfies the Holder condition for
x ∈ (−1, 1), then for the solution τ1(x) of equation (3.10) in the class of functions H(−1, 1),
the formula

τ1(x) =
g(x)

1 + λ2π2
+

λ

1 + λ2π2

1∫
−1

(
1 + x

1 + t

)1−2a0−δ (1− x
1− t

)δ g(t)dt

t− x
, (3.12)

is valid, where δ = arctg(λπ)/π.

The method of proving Theorem 3.2 is identical to the method described [21]. Substituting
the expression for g(x) from (3.11) into (3.12) we obtain

τ1(x) =
λ1

1 + λ2π2

1∫
−1

τ1(s)ds

1− ax− bs
+

λ2

1 + λ2π2

1∫
−1

τ1(s)ds

1− bx− as
+
λ(1 + x)1−2a0−δ(1− x)δ

1 + λ2π2
×

×
1∫
−1

τ1(s)ds

1∫
−1

(1 + t)δ+2a0−1

(1− t)δ
·
(

λ1

1− at− bs
+

λ2

1− bt− as

)
dt

t− x
+

+R2[τ1] + Ψ6(x), x ∈ (−1, 1), (3.13)

where

R2[τ1] =
1

1 + λ2π2
R1[τ1] +

λ

1 + λ2π2

1∫
−1

(
1 + x

1 + t

)1−2a0−δ (1− x
1− t

)δ R1[τ1]

t− x
dt−

regular operator,

Ψ6(x) =
1

1 + λ2π2
Ψ5(x) +

λ

1 + λ2π2

1∫
−1

(
1 + x

1 + t

)1−2a0−δ (1− x
1− t

)δ Ψ5(t)dt

t− x

known function.
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By evaluating the inner integral in equation (3.13), we rewrite this equation in the form
(3.14).

τ1(x) =
λλ1π

sin(δπ)

a1−2a0

bδ

1∫
−1

(
1− x
1− s

)δ τ1(s)ds

1− ax− bs
+

+
λλ2π

sin(δπ)

b1−2a0

aδ

1∫
−1

(
1− x
1− s

)δ τ1(s)ds

1− bx− as
+R3[τ1] + Ψ6(x), x ∈ (−1, 1), (3.14)

where

R3[τ1] = R2[τ1] +
λλ1

sin(δπ)

a1−2a0

bδ

1∫
−1

[(
1 + x

1 + a+ bs

)1−2a0−δ
− 1

](
1− x
1− s

)δ τ1(s)ds

1− ax− bs
+

+
λλ2

sin(δπ)

b1−2a0

aδ

1∫
−1

[(
1 + x

1 + a+ bs

)1−2a0−δ
− 1

]
τ1(s)ds

1− bx− as

-regular operator.
The equation (3.14) with respect to the unknown function τ1(x) is not a Fredholm equation

because the kernels of this equation have isolated singularities of the first order at the point
(x, s) = (1, 1). Considering the equalities

1− bx− as = b(1− x) + a(1− s), 1− ax− bs = a(1− x) + b(1− s)

in (3.14), we make the change of variables x = 1 − 2e−y, s = 1 − 2e−t and introduce the
notations ρ(y) = e−(0,5−δ)yτ1(1− 2e−y),

K0(x) =
√

2π

(
λ∗1

ke−x/2 + ex/2
+

λ∗2
e−x/2 + kex/2

)
, k =

a

b
,

λ∗1 = λλ1π
sin(δπ)

a1−2a0

b1+δ , λ
∗
2 = λλ2π

sin(δπ)
b−2a0

aδ
, we write equation (3.15) in the form [5], [12], [13], [16], [18],

[14].

ρ(y) =
1√
2π

+∞∫
0

K0(y − t)ρ(t)dt = R5[ρ] + Ψ7(y), y ∈ [0,+∞), (3.15)

where R5[ρ] = e−(0,5−δ)yR4[ρ]− regular operator, Ψ7(y) = e−(0,5−δ)yΨ6(y)− known function.
Equation 3.15 is a Wiener-Hopf integral equation [5].
The function K0(x) has an exponential order of decay at infinity, and K

′
0(x) ∈ C[0,+∞).

Consequently, K0(x) ∈ L2 ∩Hα [16,c.12]. [16,c.56].
The Fredholm theorems for convolution-type integral equations are applicable only when the

index of these equations is zero. The index of equation (3.15) is the index of the expression
1−K∧(x) taken with the opposite sign: χ = −Ind(1−K∧(x)) [5], where

K∧(x) =
1√
2π

+∞∫
−∞

e−ixtK0(t)dt =

+∞∫
−∞

{
λ∗1

et/2 + ke−t/2
+

λ∗2
ket/2 + e−t/2

}
e−ixtdt. (3.16)
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It is well known [20] that

+∞∫
−∞

e−ixtdt

ket/2 + e−t/2
=

πeixlnk√
kch(πx)

. (3.17)

By virtue of equality (3.17) from the representation (3.16) it is easy to obtain that

K∧(x) =
π(λ∗1 + λ∗2)cos(xlnk)√

kch(πx)
− iπ(λ∗1 − λ∗2)sin(xlnk)√

kch(πx)
. (3.18)

By virtue of the condition (3.1) of Theorem 3.1 we obtain

π(λ∗1 + λ∗2)√
k

=
λπ2

√
ksin(δπ)

(
λ1
a1−2a0

b1+δ
+ λ2

b−2a0

aδ

)
=

=
−λπ2

√
b

λ0

√
a sin(δπ)

[
µ0

a2−4a0

b1+δeb0π
− µ1

b1−4a0

aδe−b0π

]
< 1, (3.19)

Due to the inequality (3.19), the inequality Re(1 − K̂(x)) > 0 follows from (3.18), and

moreover, ReK̂(x) = O
(

1
ch(πx)

)
for sufficiently large |x|.

Note that if z = x + iy is a complex variable, then its argument arg z = arctan
(
y
x

)
when

Re(z) = x > 0.

Thus, according to [5], taking into account ReK̂(±∞) = 0, ImK̂(±∞) = 0, we obtain that

χ = − Ind(1− K̂(x)) = − 1

2π

[
arg(1− K̂(x))

]∣∣∣+∞
−∞

= − 1

2π

[
arctan

Im(1− K̂(x))

Re(1− K̂(x))

]∣∣∣∣∣
+∞

−∞

=

= − 1

2π

[
arctan

0

1
− arctan

0

1

]
= 0,

i.e., the change in the argument of the expression 1 − K̂(x) on the real axis, expressed in full
rotations, is zero, meaning the index χ = 0. Therefore, equation (3.15) is uniquely reduced to
the Fredholm integral equation of the second kind [19], whose unique solvability follows from
the uniqueness of the solution to the BSF problem.

Thus, Theorem 3.1 is proven.
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Abstract. We study a forward problem for a fractional wave equation involving the Rie-
mannLiouville fractional derivative, where the elliptic part is given by the Laplace operator.
The equation is considered in an arbitrary multidimensional domain with a sufficiently smooth
boundary. By employing the Fourier method, we establish theorems on the existence and
uniqueness of the classical solution to the forward problem.
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1. Introduction

The study of fractional partial differential equations has garnered significant attention in recent
years due to their applicability in modeling anomalous diffusion, viscoelasticity, and other complex
physical phenomena. Among various types of fractional derivatives, the Riemann-Liouville derivative
is particularly important, though more intricate to handle due to its non-local and singular kernel. In
this section, we review several key contributions in the field that are closely related to our study.

The time fractional string vibration equation that we have presented, involving the RiemannLiou-
ville fractional derivative of order 1 < ρ < 2, has been the subject of various research studies. Re-
searchers have explored both the direct problem, solving the equation for a given fractional order.

Trifce Sandev and Zivorad Tomovski [12] studied a general time-fractional wave equation for a
vibrating string. They obtained solutions in terms of MittagLeffler-type functions and a complete set of
eigenfunctions of the SturmLiouville problem. Their approach utilized the Caputo fractional derivative
and employed the separation of variables methods and the Laplace transform. Their work provides
insights into modeling processes in complex or viscoelastic media. Allen et al. [2] consider a boundary
value problem involving both the Riemann-Liouville and the AtanganaBaleanu fractional derivatives.
They obtain analytic solutions in the form of infinite series by employing the Laplace transform. While
the problem formulation differs from ours, their analytical approach provides valuable insight into the
structure of fractional models with mixed derivatives.

Ashurov and Fayziev [3] address an inverse problem related to determining the order of the Riemann-
Liouville derivative in a time-fractional wave equation. Their study is formulated in an abstract Hilbert
space setting and relies on the operator-theoretic framework. Although our research focuses on direct
problems, the theoretical implications of inverse problems contribute significantly to understanding
solution behavior with respect to fractional order sensitivity. In [8] , Kian and Yamamoto study a
class of semilinear fractional wave equations with Caputo derivatives. They establish existence and
uniqueness results for weak solutions, and explore the regularity properties under different assumptions
on the nonlinearity and source term. While our work focuses on the RiemannLiouville derivative
and classical solutions, this study provides an important comparative reference for different types of
fractional operators.

Our study differs in several crucial aspects: we consider the classical solution of a linear time-

fractional wave equation with Riemann-Liouville derivative of order 1 < ρ < 2, in a general N -

dimensional domain with sufficiently smooth boundary. We rigorously establish existence and unique-

ness theorems using the Fourier method, which allows for precise spectral analysis of the Laplace

operator. Such a formulation not only extends the classical theory but also emphasizes the role of
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the Riemann-Liouville derivative in higher-dimensional settings, which has been comparatively less

explored in the literature.

2. Formulation of the problem

Consider the time-fractional wave equation with the Riemann-Liouville fractional derivative of order
1 < ρ < 2:

∂ρt u (x, t)−∆u (x, t) = f (x, t) , 0 < t ≤ T, x ∈ Ω ⊂ RN (2.1)

with the following initial conditions

lim
t→0

∂ρ−1
t u (x, t) = ϕ (x) , lim

t→0
∂ρ−2
t u (x, t) = ψ (x) , x ∈ Ω (2.2)

and boundary condition
u (x, t)|∂Ω = 0 (2.3)

where ϕ(x), ψ(x) and f(x, t) are given smooth functions, 4 =
N∑
k=1

∂2

∂x2
k

is the Laplace operator.

The fractional integration of order ρ of a function f defined in [0,∞) in the Riemann - Liouville
sense is defined by the formula

Iρf(t) =
1

Γ(ρ)

t∫
0

(t− r)ρ−1f(r)dr, t > 0,

provided the right-hand side exists. Here, Γ(ρ) is Euler’s gamma function. Using this definition, one
can define the Riemann - Liouville fractional derivative of order ρ, k − 1 < ρ ≤ k, k ∈ N, as (see, for
example, [11], p. 14)

∂ρt f(t) =
dk

dtk
Ik−ρf(t).

Definition 2.1. A function t2−ρu(x, t) ∈ C(Ω̄× [0, T ]) with the properties

(1) ∂ρ−1
t u(x, t), ∂ρ−2

t u(x, t) ∈ C(Ω× [0, T ]),

(2) ∂ρt u(x, t), 4u(x, t) ∈ C(Ω̄× (0, T ]),

and satisfying conditions (2.1)-(2.3) is called the classical solution of the forward problem (2.1)-
(2.3).

We will apply the Fourier method, which will lead us to consider the following spectral problem{
−4v(x) = λv(x), x ∈ Ω;

v(x)
∣∣
∂Ω

= 0.
(2.4)

Since the boundary ∂Ω is sufficiently smooth, then this problem has a complete in L2(Ω) set of
orthonormal eigenfunctions {vk(x)}, k ≥ 1, and a countable set of positive eigenvalues {λk}, (see, e.g.
[6] - [10]). It is convenient to assume that 0 < λ1 ≤ λ2 · ·· → +∞.

We note right away that the method proposed here, based on the Fourier method, is applicable

to equation (2.1) with an arbitrary elliptic differential operator A(x,D), if only the corresponding

spectral problem has a complete system of orthonormal eigenfunctions in L2(Ω).

3. Preliminaries

In this section, we formulate the lemma from the book by Krasnoselskii et al. (see, e.g., [9]),
the fundamental result of V.A. Ilyin (see, e.g.,[7]) on the convergence of the Fourier coefficients
and recall some properties of the Mittag-Leffler function.

Let Ω be an arbitrary N -dimensional domain with a sufficiently smooth boundary ∂Ω.
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Let A stand for the operator acting in L2(Ω) as Ag(x) = −4g(x) in the domain of definition
D(A) = {g ∈ C2(Ω) : g(x) = 0, x ∈ ∂Ω}. We denote the self-adjoint extension of A in L2(Ω)

by Â.
In order to formulate the indicated lemma, it is necessary to introduce the power of the

operator Â.
Let σ be an arbitrary real number. The power of operator A, acting in L2(Ω) is defined as:

Âσg(x) =
∞∑
k=1

λσk gk vk(x), gk = (g, vk),

and the domain of definition has the form

D(Âσ) = {g ∈ L2(Ω) :
∞∑
k=1

λ2σ
k |gk|2 <∞}.

For elements of D(Âσ) we introduce the norm

||g||2σ =
∞∑
k=1

λ2σ
k |gk|2 = ||Âσg||2,

where || · || is the norm of L2(Ω).
The following lemma plays an essential role in our reasoning (see, e.g., [9], p. 453).

Lemma 3.1. Let σ > N
4

. Then operator Â−σ continuously maps the space L2(Ω) into C(Ω),
and moreover, the following estimate holds

‖Â−σg‖C(Ω) ≤ C‖g‖L2(Ω).

When proving the existence of solutions to forward problem, it is necessary to study the
convergence of series of the form:

∞∑
k=1

λ2τ
k |hk|2, τ >

N

2
, (3.1)

where hk is the Fourier coefficient of function h(x). In the case of integers τ , the conditions
for the convergence of such series in terms of the membership of the function h(x) in classical
Sobolev spaces W 1

2 (Ω) were obtained in the work of V.A. Ilin (see, e.g.,[7]). To formulate these
conditions, we introduce the class Ẇ 1

2 (Ω) as the closure in the W 1
2 (Ω) norm of the set of all

functions that are continuously differentiable in Ω and vanish near the boundary of Ω.
So, if function h(x) satisfies the conditions

h(x) ∈ W [N
2

]+1

2 (Ω) and h(x),∆h(x), ...,∆[N
4

] ∈ Ẇ 1
2 (Ω), (3.2)

then the number series (3.1) (we can take τ = N
2

+ 1 if N is even, and τ = N+1
2

if N is odd)
converges.

4. Main results

We search for the solution of problem (2.1)-(2.3) using the Fourier method on the form of
the following series:

u(x, t) =
∞∑
j=1

uj(t)vj(x) (4.1)
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We substitute (4.1) into equation (2.1):

∂ρt

( ∞∑
j=1

uj(t)vj(x)

)
−4

( ∞∑
j=1

uj(t)vj(x)

)
=
∞∑
j=1

fj(t)vj(x).

From this, we obtain the equality

∞∑
j=1

[∂ρt uj(t) + λjuj(t)] vj(x) =
∞∑
j=1

fj(t)vj(x).

Therefore
∂ρt uj(t) + λjuj(t) = fj(t). (4.2)

According to problem (2.1), we obtain the following problem
∂ρt uj(t) + λjuj(t) = fj(t);

limt→0 ∂
ρ−1
t uj(t) = ϕj;

limt→0 ∂
ρ−2
t uj(t) = ψj,

(4.3)

where the Fourier coefficients of the functions f(x, t), ϕ(x) end ψ(x) are denoted by fj(t),
ϕj, end ψj, respectively, in accordance with the system of eigenfunctions {vj(x)}. Thus, the
solution of problem (4.3) has the following form (see, for example, [4], p. 173):

uj(t) = ϕjt
ρ−1Eρ,ρ(−λjtρ) + ψjt

ρ−2Eρ,ρ−1(−λjtρ) +

t∫
0

fj(t− ξ)ξρ−1Eρ,ρ(−λjξρ)dξ. (4.4)

Then, substituting expression (4.4) into (4.1), we obtain the following formal solution:

u(x, t) =
∞∑
j=1

[
ϕjt

ρ−1Eρ,ρ(−λjtρ) + ψjt
ρ−2Eρ,ρ−1(−λjtρ) + (4.5)

+

t∫
0

fj(t− ξ)ξρ−1Eρ,ρ(−λjξρ)dξ
]
vj(x),

where Eρ,µ(z) is the Mittag-Leffler function, which has the following form:

Eρ,µ(z) =
∞∑
k=0

zk

Γ(ρk + µ)
, (4.6)

and the estimate:

0 < |Eρ,µ(−t)| ≤ C

1 + t
, t > 0. (4.7)

We will also use the following formula

t∫
0

ξρ−1Eρ,ρ(−λξρ)dξ = tρEρ,ρ+1(−λtρ). (4.8)
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Theorem 4.1. Assume that (3.2) holds under the condition τ > N
2

, let ϕ(x) and ψ(x) functions
satisfy conditions (3.2) Moreover, let f(x, t) as a function of x satisfy conditions (3.2) for all
t ∈ [0, T ]. Then there exists a unique solution of the forward problem (2.1)-(2.3) and this
classical solution has the representation

u(x, t) =
∞∑
j=1

[
ϕjt

ρ−1Eρ,ρ(−λjtρ) + ψjt
ρ−2Eρ,ρ−1(−λjtρ) +

t∫
0

fj(t− ξ)ξρ−1Eρ,ρ(−λjξρ)dξ
]
vj(x),

(4.9)
where ϕj, ψj and fj(t) are the Fourier coefficients of functions ϕ(x), ψ(x) f(x, t) respectly.

5. Proof of the Uniqueness of the solution.

Let u1 (x, t) and u2 (x, t) be solutions that satisfy the given conditions of the problem. We
need to prove that u1 (x, t) = u2 (x, t), i.e., u (x, t) = u1 (x, t)−u2 (x, t) ≡ 0. Since the considered
problem is linear, we arrive at the following problem for the function u (x, t):

∂ρt u (x, t)−∆u (x, t) = 0, 0 < t ≤ T, x ∈ Ω ⊂ RN

u|∂Ω = 0,
lim
t→0

∂ρ−1
t u (x, t) = 0, lim

t→0
∂ρ−2
t u (x, t) = 0, x ∈ Ω

Let u (x, t) be a classical solution of the problem (2.2) – (2.3). We consider the following
function:

ωj (t) =

∫
Ω

u (x, t) υj (x) dx (5.1)

here, vj(x) is an arbitrary eigenfunction corresponding to the eigenvalue λj of the problem
(4.4). According to the definition of a classical solution, the equation (4.5) can be written as
follows:

∂ρt ωj (t) =

∫
Ω

∂ρt u (x, t) υj (x) dx =

∫
Ω

∆u (x, t) υj (x) dx

or

∂ρt ωj (t) =

∫
Ω

∆u (x, t) υj (x) dx = −λj
∫

Ω

(x, t) υj (x) dx = −λjωj (t) , t > 0.

The Cauchy problem for the function ωj (t) takes the following form:

∂ρt ωj (t) + λkωj (t) = 0, t > 0,
lim
t→0

∂ρ−1
t ωk (t) = 0, lim

t→0
∂ρ−2
t ωk (t) = 0.

This problem has a unique solution. Thus, the function defined by equation (5.1) is identically
equal to zero: ωj (t) ≡ 0 (see, e.g.,[5]). Since the set of eigenfunctions {υj} forms a complete
system in L2 (Ω), and for all x ∈ Ω, t > 0, we have u (x, t) = 0.

6. Proof of the Existence of a Solution.

Expressing solution (3.14) in the form u(x, t) = S1 + S2 + S3,

Sn1 =
n∑
j=1

ϕjt
ρ−1Eρ,ρ(−λjtρ)vj(x),

Sn2 =
n∑
j=1

ψjt
ρ−2Eρ,ρ−1(−λjtρ)vj(x),
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Sn3 =
n∑
j=1

(∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
)
vj(x).

We define the partial sums of Sj as Snk and examine the convergence of each of these sums.
First, we examine the convergence of the sum:

Sn1 =
n∑
j=1

ϕjt
ρ−1Eρ,ρ(−λjtρ)vj(x). (6.1)

According to the Krosnoselskii lemma, we transition from the norm in the space C(Ω) to the
norm in the space L2(Ω), and using Parseval’s inquality, we obtain the following:

‖ −∆Sn1 ‖2
C(Ω) = ‖ −∆

n∑
j=1

ϕjt
ρ−1Eρ,ρ(−λjtρ)vj(x)‖2

C(Ω) =

= ‖Â−σ
n∑
j=1

ϕjt
ρ−1Eρ,ρ(−λjtρ)vj(x)λjλ

σ
j ‖2

C(Ω) ≤

≤ C1

∥∥∥∥∥
n∑
j=1

ϕjt
ρ−1Eρ,ρ(−λjtρ)vj(x)λσ+1

j

∥∥∥∥∥
2

L2(Ω)

≤ C1

n∑
j=1

∣∣ϕjtρ−1Eρ,ρ(−λjtρ)vj(x)λσ+1
j

∣∣2 ≤
≤ C1

n∑
j=1

∣∣∣∣ϕjtρ−1 · C2

1 + λjtρ
· λσ+1

j

∣∣∣∣2 ≤ C1

n∑
j=1

∣∣∣∣ϕjtρ−1 · C2

1 + λjtρ
· λ1+σ

j

∣∣∣∣2 ≤
≤ C

t2

n∑
j=1

|ϕjλσj |2, t > 0.

According to the Il’ins result, if ϕ ∈ W [N
2

]+1

2 (Ω) and ϕ,∆ϕ, ...,∆
N
2 ϕ ∈ Ẇ 1

2 (Ω), then the series
n∑
j=1

∣∣ϕjλσj ∣∣2 will converge, where τ = N
2

+ ε, and ε > 0 is a sufficiently small numbur. Thus,

series (6.1) is convergent. Now, let us consider the sum Sn2 :

Sn2 =
n∑
j=1

ψjt
ρ−2Eρ,ρ−1(−λjtρ)vj(x) (6.2)

As above, according to the Krasnoselskii lemma, we transition from the norm in the space
C(Ω) to the norm in the space L2(Ω), and by Parseval’s inequality, we obtain

‖ −∆Sn2 ‖2
C(Ω) = ‖ −∆

n∑
j=1

ψjt
ρ−2Eρ,ρ−1(−λjtρ)vj(x)‖2

C(Ω) =

= ‖Â−σ
n∑
j=1

ψjt
ρ−2Eρ,ρ−1(−λjtρ)vj(x)λjλ

σ
j ‖2

C(Ω) ≤

= C1‖
n∑
j=1

ψjt
ρ−2Eρ,ρ−1(−λjtρ)vj(x) λσ+1

j ‖2
L2(Ω) ≤ C1

n∑
j=1

∣∣ψjtρ−2Eρ,ρ−1(−λjtρ)vj(x)λσ+1
j

∣∣2 ≤
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≤ C1

n∑
j=1

∣∣∣∣ψjtρ−2 · C2

1 + λjtρ
· λσ+1

j

∣∣∣∣2 ≤ C1

n∑
j=1

∣∣∣∣ψjtρ−2 · C2

1 + λjtρ
· λ1+σ

j

∣∣∣∣2 ≤
≤ C1

n∑
j=1

∣∣∣∣ψjtρ−2 C2

λjtρ
· λ1+σ

j

∣∣∣∣2 =
n∑
j=1

∣∣∣∣ψj · C2

t2
· λσj

∣∣∣∣2 =
C

t4

n∑
j=1

|ψj|2λ2σ
j , t > 0.

Thus, according to Il’in’s result, if ψ ∈ W
[N

2
]+1

2 (Ω) and ψ,∆ψ, ...,∆
N
2 ψ ∈ Ẇ 1

2 (Ω), then the

series
n∑
j=1
|ψj|2λ2σ

j will be convergent. Thus, as we can see, the series (5.2) is convergent. Let

us check the convergence of the sum Sn3 :

Sn3 =
n∑
j=1

(∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
)
vj(x) (6.3)

‖ −∆Sn3 ‖C(Ω) =

∥∥∥∥∥−∆
n∑
j=1

(∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
)
vj(x)

∥∥∥∥∥
C(Ω)

=

=

∥∥∥∥∥
n∑
j=1

λj

(∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
)
vj(x)

∥∥∥∥∥
C(Ω)

.

According to the Krasnoselskii lemma and Parseval’s inequality, we have

‖ −∆Sn3 ‖2
C(Ω) =

∥∥∥∥∥−∆
n∑
j=1

(∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
)
vj(x)

∥∥∥∥∥
2

C(Ω)

=

=

∥∥∥∥∥Â−σ
n∑
j=1

λσ+1
j

(∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
)
vj(x)

∥∥∥∥∥
2

C(Ω)

≤

≤ C

∥∥∥∥∥
n∑
j=1

λσ+1
j vj(x)

∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
∥∥∥∥∥

2

L2(Ω)

≤

≤ C
n∑
j=1

∣∣∣∣λσ+1
j

∫ t

0

fj(t− ξ) · ξρ−1Eρ,ρ(−λjξρ)dξ
∣∣∣∣2 ≤

Here, we estimate the Mittag-Leffler function from above by 1 and by applying the Cauchy-
Schwarz inequality, we obtain the following:

≤ C1

n∑
j=1

λ
2(σ+1)
j

∫ t

0

|fj(t− ξ)|2 dξ ·
∫ t

0

∣∣ξρ−1
∣∣2 dξ ≤

≤ C1

∫ t

0

[
n∑
j=1

λ
2(σ+1)
j |fj(t− ξ)|2

]
dξ ·

∫ t

0

∣∣ξρ−1
∣∣2 dξ ≤ C1T

2ρ

∫ t

0

[
n∑
j=1

λ
2(σ+1)
j |fj(t− ξ)|2

]
dξ.

Thus, according to Il’in’s result, if f ∈ W
[N

2
]+1

2 (Ω) and f,∆f, ...,∆
N
2 f ∈ Ẇ 1

2 (Ω), then the

series
n∑
j=1

λ
2(σ+1)
j |fj(t− ξ)|2 is convergent, here τ = σ + 1 > N

4
+ 1.
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Hence, summing up the estimates of all three terms in (3.14), we obtain ∆u(t) ∈ C(Ω̄×(0, T ]).
In addition, equation (2.1) implies ∂ρt S

n
k (t) = −∆Snk (t). Therefore, from the above reasoning,

we finally have ∂ρt u(t) ∈ C(Ω̄× (0, T ]).
A simple calculation shows the fulfillment of the initial conditions ∂ρ−1

t u(x, t), ∂ρ−2
t u(x, t) ∈

C(Ω× [0, T ]).
Thus, Theorem (3.2) is completely proved.
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1. Introduction

The study of radioactive substance transfer processes in the lithosphere-atmosphere system
is of great importance. On the one hand, such problems arise in ecology and are related to
forecasting the distribution of radioactive substances in the atmosphere [16, 4], on the other
hand, radioactive substances can be indicators of the stress-strain state of the geoenvironment
and affect other geophysical fields [14].

The processes of radioactive substance or emanations transfer are studied within the frame-
work of the theory of the emanation method. According to this theory, the main mechanisms of
radioactive substance transfer are diffusion and convection. Then, using mathematical physics,
diffusion-convection equations with the corresponding initial and boundary conditions are con-
structed. As a rule, these are linear equations that allow finding a solution using integral
transformations. Within the framework of the classical theory of the emanation method, model
equations contain integer derivatives, which in turn limits the application of diffusion-convective
transfer equations [17, 13]. This is due to the fact that radioactive substances have a limited
diffusion length. Therefore, using classical transport equations, it is impossible to describe
anomalous effects in the values of radioactive substance concentration on the earth’s surface in
the absence of a strong radioactive source at some depth in the ground.

Therefore, a non-classical theory of the emanation method began to develop [9, 10], in the
equations of which fractional derivatives began to be used [7, 5]. Fractional derivatives made
it possible to describe the effect of non-locality (heredity) of the medium, which is associated
with its permeability.

It is known that fractional derivatives describe anomalous transport processes [15]. For
example, the introduction of a fractional derivative with respect to time (non-locality with
respect to time) leads to subdiffusion - a slower process than ordinary diffusion [1, 2], and a



194 Parovik R.

fractional derivative with respect to spatial coordinates (non-locality with respect to space)
leads to superdiffusion - a faster process than ordinary diffusion [6].

In this paper, we study the non-stationary process of diffusion-convection of a radioactive
substance in the lithosphere-atmosphere system taking into account non-locality. Non-locality
is taken into account in the upper layer of the lithosphere (soil); in the atmosphere, heredity
effects are absent.

2. Statement of the problem

It is necessary to find the solution A(z, t) in the domain (t > 0,−∞ < z <∞):

lim
z→∞

A (z, t) = 0,

∂A(z, t)

∂t
= Da

∂2A (z, t)

∂z2
+ va

∂A (z, t)

∂z
− λA (z, t) , z > 0 (2.1)

lim
z→0−0

Dα−2
z0 A (z, t) = A (z, t)|z=0+0 ,

lim
z→0−0

[
DgD

α−1
z0 A (z, t) + vgD

β−1
z0 A (z, t)

]
= Da

∂A (z, t)

∂z

∣∣∣∣
z=0+0

+ va A (z, t)|z=0+0 ,

∂γA(z, t)

∂tγ
= DgD

α
z0A (z, t) + vgD

β
z0A (z, t)− (λA (z, t)− A∞), z < 0,

lim
z→−∞

A (z, t) = A∞.

where Dα
z0, D

β
z0 are Riemann-Liouville fractional differentiation operators (1 < α < 2, 0 < β <

1):

Dα
z0A (z, t) =

1

Γ (2− α)

d2

dz2

0∫
z

A (y, t) dy

(z − y)α−1 , D
β
z0A (z, t) =

1

Γ (1− β)

d

dz

0∫
z

A (y, t) dy

(z − y)β
,

where Γ (·) is the gamma function and ∂γ0t is the operator in the sense of Gerasimov-Caputo
[8, 3]:

∂γA (z, t)

∂tγ
=

1

Γ (1− γ)

0∫
z

A′θ (z, θ) dθ

(t− θ)γ
, 0 < γ < 1,

Da, Dg are the diffusion coefficients of matter in the atmosphere and loose sediments, m2/s,
mα/s; λ is the decay constant of matter, 1/s; A∞ is the volumetric activity of matter in
radioactive equilibrium with the emanation source at a given depth, Bq/m3; A(z,t) – volumetric
activity of the substance in loose sediments, Bq/m3, A∞=KAMρ(1-η)/η, where K – substance
emanation coefficient, rel. units; AM – specific activity of the emanation source, Bq/kg; ρ –
density of solid particles of loose sediments, kg/m3; η – porosity of loose sediments.

Remark 2.1. The boundary value problem (2.1) describes non-local and non-stationary
diffusion-convective transfer of radioactive substance in the lithosphere-atmosphere system.
We will not discuss the derivation of model equations (2.1) here. We will say that the introduc-
tion of fractional derivatives with respect to time and space to describe the diffusion-convective
transfer in the soil indicates the non-locality of this medium. The non-locality of the medium in
our case is associated with its permeability, which is responsible for the intensity of the transfer
process.
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Remark 2.2. External boundary conditions indicate that at some depth in the soil there is a
source of radioactive substance, and in the atmosphere with height due to turbulent diffusion
there is a sharp decrease in its concentration. Internal boundary conditions — equality of
concentrations and flows at the boundary of the media provide the necessary condition for
gluing solutions.

Remark 2.3. It should be noted that the paper [11] considered the boundary value problem
(2.1) for radioactive radon gas under the condition α = 2, β = γ = 1. The analytical solution
to the problem was obtained using the Laplace integral equation in terms of integral error
functions. The paper [12] considered the stationary case of the problem (2.1), when the partial
derivatives with respect to time on the right-hand side are equal to zero.

3. Solution method

Let us introduce at the characteristic time t0 both the scale z0 and the corresponding dimen-
sionless coordinates τ = t/t0, ξ = z/z0. Then the equation (2.1) will be written in dimensionless
coordinates as:

∂A(ξ, τ)

∂τ
= D̄a

∂2A (ξ, τ)

∂ξ2
+ v̄a

∂A (ξ, τ)

∂ξ
− λ̄A (ξ, τ) , ξ > 0 (3.1)

∂γA(ξ, τ)

∂τ γ
= D̄gD

α
ξ0A (ξ, τ) + v̄gD

β
ξ0A (ξ, τ)− (λ̄A (ξ, τ)− A∞), ξ < 0

lim
ξ→0−0

Dα−2
0ξ A (ξ, τ) = A (ξ, τ)|ξ=0+0 ,

lim
ξ→0−0

[
D̄gD

α−1
ξ0 A (ξ, τ) + v̄gD

β−1
ξ0 A (ξ, τ)

]
= D̄a

∂A (ξ, τ)

∂ξ

∣∣∣∣
ξ=0+0

+ v̄aA (ξ, τ)|ξ=0+0 ,

Transfer parameters in the soil and in the atmosphere will also be dimensionless quantities.
We will seek a solution to equation (3.1) in the form of a traveling wave with a velocity of

V . We will make a replacement in (3.1): A(ξ, τ) = f(x), x = ξ − V τ , Wa = V − v̄a, s = −V τ .
Then equation (3.1) will become the equation:

D̄a
d2f (x)

dx2
+Wa

df (x)

dx
− λ̄f (x) = 0, x > s (3.2)

D̄gD
α
xsf(x) + v̄gD

β
xsf (x) + V γ d

γf(x)

dxγ
− (λ̄f (x)− A∞) = 0, x < s

lim
x→s−0

Dα−2
xs f(x) = f (x)|x=s+0 ,

lim
x→s−0

[
D̄gD

α−1
xs f (x) + v̄gD

β−1
xs f (x)

]
= D̄a

df (x)

dx

∣∣∣∣
x=s+0

+ v̄af (x)|x=s+0 .

The solution of the first equation (3.2) for the atmosphere is known, it can be written as
follows:

f (x) = C1e

x

−r1 +
√
r2

1 + 4r2

2


+C2e

−x

r1 +
√
r2

1 + 4r2

2


, r1 = Wa

/
D̄a, r2 = λ̄

/
D̄a. (3.3)

From physical considerations, at x→∞ the solution of equation (3.3) tends to zero. Indeed,
the radon concentration decreases toward the earth’s surface, and in the atmosphere it is close
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to zero. Therefore, the constant C1=0 and then the boundary conditions at the soil–atmosphere
boundary are rewritten as follows:

lim
x→s−0

Dα−2
xs f(x) = R1C2,

lim
x→s−0

[
D̄gD

α−1
xs f (x) + v̄gD

β−1
xs f (x)

]
= R2C2,

R1 = exp

(
−s
(
r1 +

√
r2

1 + 4r2

)/
2

)
, R2 = −R1(D̄a(r1 +

√
r2

1 + 4r2)

/
2 + v̄a)

Let us consider the second equation (3.2) in more detail. Applying the integral Laplace
transform to it, we obtain the following equation:

f(p) =
C2R2p+ p2C2R1 − λ̄A∞

p
(
D̄gpα + V βpγ − v̄gpβ − λ̄

) . (3.4)

Let us separately consider the expression: 1
/

(D̄gp
α + V γpγ − v̄gpβ − λ̄). Here the following

cases are possible: γ < β, γ = β, γ > β The case when γ = β leads us to the solution obtained
in [12], but with slightly different coefficients. Let γ > β , then we can write

1/(pα − σpγ − µpβ − b) = p−γ
/[

(pα−γ − σ)(1− (µpβ−γ + bp−γ)
/

(pα−γ − σ))
]
,

σ = −V γ
/
D̄g, µ = v̄g

/
D̄g, b = λ̄

/
D̄g.

Taking into account the condition
∣∣(µpβ−γ + bp−γ)/(pα−γ + σ)

∣∣ < 1 it can be written as
follows [?]:

∞∑
n=0

p−γ
(
µpβ−γ + bp−γ

)n/
(pα−γ + σ)n+1 =

∞∑
n=0

∑
l+m=n

n!µmbl

m!l!
p−1−l−(γ−β)m

/
(pα−γ + σ)n+1.

According to the work [5], the inverse Laplace transform of this expression for the first term
of the equation (3.4) gives:

f1 (x) =
C2R2

D̄g

∞∑
n=0

∑
l+m=n

n!µmblx(α−γ)n+α−2+l+(γ−β)m

m!l!
F1,

F1 =1 Ψ1

[
(n+ 1, 1)
((α− γ)n+ α− 1 + l + (γ − β)m,α− γ)

∣∣∣∣ (σxα−γ)] ,
where 1Ψ1 (x) is the generalized Wright function [5]. Similarly for the second and third terms
of the equation (3.4):

f2 (x) =
C2R1

D̄g

∞∑
n=0

∑
l+m=n

n!µmblx(α−γ)n+α−1+l+(γ−β)m

m!l!
F2,

F2 =1 Ψ1

[
(n+ 1, 1)
((α− γ)n+ α + l + (γ − β)m,α− γ)

∣∣∣∣ (σxα−γ)]

f3 (x) = −A∞b
∞∑
n=0

∑
l+m=n

n!µmblx(α−γ)n+α+l+(γ−β)m

m!l!
F3,
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F3 =1 Ψ1

[
(n+ 1, 1)
((α− γ)n+ α + 1 + l + (γ − β)m,α− γ)

∣∣∣∣ (σxα−γ)]
The solution in this case is a superposition:

f (x) = f1 (x) + f2 (x) + f3 (x) . (3.5)

Let’s find the constant C2. To do this, we use the method proposed in [12]. We write the
equation (3.4) as follows:

f (p) =
C2R1

D̄gp

(p2 +R2/R1p− A∞b/(R1C2))

pα − µpβ − σpγ − b
= (3.6)

=
C2R1

D̄gp

[
p−

(
−R +

√
R2 + 4A∞b/(R1C2)

2

)][
p−

(
−R−

√
R2 + 4A∞b/(R1C2)

2

)]
pα − µpβ − σpγ − b

,

R = R2/R1.

Since the denominator of the equation (3.6) pα − µpβ − σpγ − b is an infinitely increasing
function, and its values are in the right half-plane, then the equation has a positive root. Let us
denote this root as K, then the denominator of the equation (3.5) can be expanded in powers
of p−K:

pα − µpβ − σpγ − b =
∞∑
i=0

ci (p−K)i (3.7)

Substituting (3.6) into (3.5) we obtain:

f (p) =
C2R1

D̄gp

[
p+

(
R−

√
R2 + 4A∞b/(R1C2)

2

)][
p+

(
R +

√
R2 + 4A∞b/(R1C2)

2

)]
(p−K)

∞∑
i=0

ci (p−K)i−1

(3.8)
In order for f (p) to be analytic in the right half-plane, it is necessary to choose the constant

C2 in such a way that the first bracket in the numerator is canceled with the bracket in the
denominator. This is achieved when

C2 =
A∞b

(K2 +RK)R1

(3.9)

Then the solution (3.6) according to (3.9) will be written as follows:

A (ξ, τ) =
A∞be

−(ξ−V τ)

r1 +
√
r2

1 + 4r2

2


(K2 +RK)R1

, ξ > 0

A (ξ, τ) = A∞b

[
R2θ2 +R1θ1

D̄g (K2R1 +KR2)
− θ0

]
, ξ < 0

θi =
∞∑
n=0

∑
m+l=n

µmbl (ξ − V τ)(α−γ)n+α−2+i+l+(γ−β)m

m!l!
Fi, (3.10)
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Fi =1 Ψ1

[
(n+ 1, 1)
((α− γ)n+ α− 2 + i+ l + (γ − β)m,α− γ)

∣∣∣∣σ (ξ − V τ)α−γ
]
,

R1 = exp

(
V τ

(
r1 +

√
r2

1 + 4r2

)/
2

)
, R2 = −R1(D̄a(r1 +

√
r2

1 + 4r2)

/
2 + v̄a),

K is the solution of the equation yα − σyγ − µyβ − b = 0, i = 1, 2, 3.

Proposition 3.1. Similar considerations can be used for the case γ < β. The parameters in
(3.10) will be redefined.

Proposition 3.2. It can be shown using the methodology of the works [12], that in the case
when α = 2, β = γ = 1 solution (3.10) goes over to the classical solution obtained in the article
[11].

4. Conclusion

In this paper, an analytical solution was obtained for the problem of non-stationary radon
transfer from loose sediments to the atmospheric surface layer in the anomalous diffusion and
advection mode, which has an explicit form. This solution is expressed through the generalized
Wright function depending on the parameters of the environment α, β, γ.

The next stage of the development of the developed model is the study of its solution for
various values of α, β, γ, as well as a comparison of the modeling results with experimental
data.

Another direction of research may be related to solving inverse problems with the aim of
identifying the values of orders of fractional derivatives based on experimental data [2].
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as well as within the framework of the State Assignment of the Institute of Cosmophysical
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1. Introduction

Sufficient conditions for the convergence of spectral expansions associated with elliptic oper-
ators have been well studied by many mathematicians [1, 2, 10, 3, 13, 4, 9, 12, 16, 15, 17, 5].
In particular, the convergence of spectral expansions in terms of the eigenfunctions of the
Schrödinger operator can be found in works [1, 2, 10, 3, 13, 4, 9, 12].

In [3] the Schrödinger operator with potential q(x), singular at the point x0, is considered.
In this paper conditions are proved that it is ensure the summability at each point x ∈ Ω by
Riesz means of the Fourier series in to eigenfunctions of the Schrödinger operator. For the
Schrödinger operator with smooth potential it is considered in [13], and in [4] for the case of
potentials having a first-order singularity on manifolds of dimension no greater than N − 3. In
[9] the uniform convergence and the convergence in mean of Riesz means of spectral expansions
of the Schrödinger operator with singular potential satisfying the Stummel type condition are
established.

Let Ω be an arbitrary bounded domain in RN(N ≥ 3) with a C∞-smooth boundary and
let q(x) be an arbitrary non-negative function from the class L2(Ω). Consider the Schrödinger
operator

L = −∆ + q(x) (1.1)

with domain C∞0 (Ω). In the domain, the operator is symmetric and positive. Let L̂ denote an
arbitrary positive self-adjoint extension of the operator L with discrete spectrum. According
to classical theorem of K.O. Friedrichs [16, 15], such a self-adjoint extension exists.

Let denote the sequence 0 < λ1 ≤ λ2 ≤ ... of eigenvalues of the operator L̂, and {un}∞n=1

the complete orthonormal system of the corresponding eigenfunctions in L2(Ω). The spectral
decomposition of an arbitrary function f ∈ L2(Ω) has the form

Eλf(x) =
∑
λn<λ

fnun(x) (1.2)

and their Riesz means of order s are defined by the equality

Es
λf(x) =

∑
λn<λ

(
1− λn

λ

)s
fnun(x) =

λ∫
0

(
1− t

λ

)s
dEtf(x). (1.3)
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Note that for s = 0 the Riesz means coincides with the partial sums of the series (1.2). In the
present paper, we study the behavior of a function f in a neighborhood of the point at which
its spectral expansion or Riesz means are convergent. The problem of convergence of spectral
expansions and their Riesz means at an arbitrary inner point of the domain has been studied
in sufficient detail for arbitrary elliptic operators (see reviews [[1, 2, 10, 3]]).

In this paper, we assume that the potential q is spherically symmetric. Namely, let a ∈
C∞(0,∞) be a non-negative function satisfying

tk|a(k)(t)| ≤ Cτ t
τ−1 (t > 0; k = 0, 1, ..., [N/2]) (1.4)

for some τ > 0. If N = 3, then it is assumed that τ > 1/2. In particular, we have

a(t) ≤ Cτ t
τ−1 (t > 0). (1.5)

The constant Cτ , depends only on τ . Now assume that the potential q has the form

q(x) =
a(|x− x0|)
|x− x0|

, x ∈ Ω,

where x0 ∈ Ω is an arbitrary but fixed point.
The average value of order α > 0 of a function f(x) over a ball of radius r centered at point

x is defined as follows:

Sαr f(x) =
1

ωN(α)rN

∫
|y|≤R

(
1− |y|

2

r2

)α−1

f(x+ y)dy, (1.6)

where

ωN(α) =

∫
|y|<1

(
1− |y|2

)α−1
dy.

In this section, the main result of the paper is formulated in the following theorem.

Theorem 1.1. Suppose that numbers α > 0 and s ≥ 0 satisfy the condition

s− α < (N − 3)/2. (1.7)

Let the expansion of a function f ∈ L2(Ω) at some point x0 ∈ Ω be summed by Riesz means of
order s:

lim
λ→∞

Es
λf(x0) = f(x0). (1.8)

Then the following equality holds

lim
r→0

Sαr f(x0) = f(x0).

Similar theorems are proved for the Laplace and B− elliptic operators in the works [6], [7].
Also in the work [8] for a B− elliptic operator with a Bessel operator in one of the variables it
is proved that if the spectral decomposition of an arbitrary function at some point of a given
hypersurface is summed by Riesz means, then its average value over a hemisphere with the
center at the specified point has generalized smoothness.
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2. Relationship between ball means and Riesz means.

By integrating the spectral expansion

f(x+ y) =
∞∑
k=1

fkuk(x+ y),

over the ball |y| < r after multiplication by an appropriate factor, we obtain the representation

Sαr f(x) =
∞∑
k=1

fkS
α
r uk(x+ y). (2.1)

Next, by definition (1.5), we have

Sαr uk(x) =
1

ω(N,α)rN

∫
|y|≤r

(
1− |y|

2

r2

)α−1

uk(x+ y)dy. (2.2)

Next, we will use the following formula for the average value (see [4]):∫
θ

un(x+ ρθ)dθ = un(x)
{

2N/2−1Γ(N/2)(ρµn)1−N/2JN/2−1(ρµn) + ψ(ρ, µn)
}
, (2.3)

where |ψ(ρ, µn)| ≤ Cµ−τn ω(ρµn), ω(t) = min(1, t(1−N)/2). Substituting formula (2.3) into inte-
gral (2.2), we obtain the equality

Sαr uk(x) = uk(x)
2N/2−1Γ(N/2)

ω(N,α)rN

r∫
0

(
1− ρ2

r2

)α−1

JN/2−1(ρ
√
µk)(ρ

√
µk)

1−N/2ρN−1dρ+

+uk(x)
1

ω(N,α)rN

r∫
0

(
1− ρ2

r2

)α−1

ρN−1ψ(ρ, µk)dρ.

According to the well-known formula (see [11], p.717) for the Bessel function, the first integral
on the right-hand side is equal to the expression 2α−1Γ(α)rN(rµn)1−α−N/2JN/2+α−1(rµn), and
the second integral is estimated by rNξk(x, r), where ξk(x, r) = O(1)µ−τk .

Therefore, the equality is satisfied

Sαr uk(x) = B(N,α)uk(x)
JN/2+α−1(rµn)

(rµn)N/2+α−1
+

1

ω(N,α)
uk(x)ξk(x, r), (2.4)

where ξk(x, r) = O(1)µ−τk , B(N,α) = 2α−1Γ(α)2N/2−1Γ(N/2)
ω(N,α)

.

Then from equality (2.1) and (2.4) we obtain the representation

Sαr f(x) = B(N,α)
∞∑
k=1

fkuk(x)
JN/2+α−1(rµn)

(rµn)N/2+α−1
+
∞∑
k=1

fkuk(x)ξk(x, r). (2.5)

Let us consider separately each of the two terms on the right-hand side of (2.5).

Λα
r f(x) = B(N,α)

∞∑
k=1

fkuk(x)
JN/2+α−1(rµn)

(rµn)N/21+α−1
(2.6)
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and we denote

Iαr f(x) =
∞∑
k=1

fkuk(x)ξk(x, r). (2.7)

Then
SαRf(x) = Λα

Rf(x) + IαRf(x). (2.8)

Lemma 2.1. Let conditions (1.7) be satisfied, and let the Fourier coefficients of a function
f ∈ L2(Ω) satisfy the condition

∞∑
n=1

|fn|2λmn <∞ (2.9)

for any positive integer m.Then the relation

Λα
r f(x) =

C(N,α, s)

rN/2+α−s−2

∞∫
0

(
√
λ)s−α−N/2JN/2+α+s(r

√
λ)Es

λf(x)dλ, (2.10)

holds for an arbitrary point x ∈ Ω and for each r in the interval 0 < r < dis{x, ∂Ω}, where
Jν(z) is a Bessel function of the first kind and C(N,α, s) is some positive constant.

Proof. Condition (2.9) and the uniform convergence of the series

∞∑
n=0

|un(x)|2λ−βn , β > N/2 (2.11)

on any compact set K ⊂ Ω imply the uniform convergence of the spectral expansion of the
function f on compact sets and, in particular, the boundedness of the Riesz means Es

λf(x) of
arbitrary order at any point x ∈ Ω. Let us consider the integral on the right side of equality
(2.10):

I(r) =

∞∫
0

(
√
λ)s−α−N/2Jα+s+N/2(r

√
λ)Es

λf(x)dλ. (2.12)

According to the well known estimates for Bessel functions (see [18], chapter 7)

Jν(z) = O(zν), Jν(z) = O(z−1/2), (2.13)

valid for ν ≥ −1/2 and z > 0, the integral

∞∫
0

|Jα+s+N/2(t)|t1+s−α−N/2dt

is converges for all α ≥ 0 and s ≥ 0 satisfying the condition 1 + s − α − N/2 < −1/2. This
condition obviously coincides with (1.7). It follows directly from this that the integral (2.10)
for any function f ∈ L2(Ω) converges absolutely and uniformly on any compact set K ⊂ Ω.

For any A > 0, we introduce the partial integral

IA(r) =

A∫
0

(
√
λ)s−α−N/2Jα+s+N/2(r

√
λ)Es

λf(x)dλ. (2.14)
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It is clear that
lim
A→∞

IA(r) = I(r). (2.15)

We set

as+ =

{
as, if a > 0,

0, if a ≤ 0

and transform the partial integral (2.14) with regard of definition (1.3) as follows:

IA(r) =

A∫
0

(
√
λ)N/2+α+sJN/2+α+s(r

√
λ)
∑
λn<λ

(
1− λn

λ

)s
fnun(x)dλ =

=

A∫
0

(
√
λ)N/2+α+sJN/2+α+s(r

√
λ)[
∑
λn<λ

(λ− λn)sfnun(x)]λ−sdλ =

=

A∫
0

(
√
λ)−s−α−N/2JN/2+α+s(r

√
λ)[

∞∑
n=1

(λ− λn)s+fnun(x)]dλ.

By changing the order of integration and summation, we obtain the relation

IA(r) =
∞∑
n=1

fnun(x)

A∫
0

(λ− λn)s(
√
λ)−s−α−N/2JN/2+α+s(r

√
λ)dλ.

Note that in the case when λn < A, the integration under the sign of the sum is essentially
performed over the interval λn ≤ λ ≤ A. Further, in the case when λn ≥ A, the integrals are
equal to 0. Therefore,

IA(r) =
∑
λn<A

fnun(x)

A∫
λn

(λ− λn)s(
√
λ)−s−α−N/2JN/2+α+s(r

√
λ)dλ. (2.16)

Making the change of variables z = λ/λn and using the inequality λn < A, we obtain

A∫
λn

(λ− λn)s(
√
λ)−s−α−N/2JN/2+α+s(r

√
λ)dλ =

= λs+1
n (

√
λn)−s−α−N/2

A/λn∫
1

(z − 1)s(
√
z)−s−α−N/2JN/2+α+s(r

√
λnz)dz.

Next, using the formula (see [11], p. 717)

∞∫
1

(z − 1)sz−ν/2Jν(a
√
z)dz = 2s+1Γ(s+ 1)

Jν−s−1(a)

as+1
,

where s− ν/2− 1/4 < 0, we obtain the relation

A/λn∫
1

(z − 1)s(
√
z)−s−α−N/2JN/2+α+s(r

√
λnz)dz =
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= 2s+1Γ(s+ 1)
JN/2+α−1(r

√
λn)

(r
√
λn)

s+1 − LA(r, λn),

where

LA(r, λn) =

∞∫
A/λn

(z − 1)s(
√
z)−s−α−N/2JN/2+α+s(r

√
λnz)dz.

As a result, from equality (2.16) we obtain

IA(r) = 2s+1Γ(s+ 1)rN/2+α−s−2
∑
λn<A

fnun(x)
JN/2+α−1(r

√
λn)

(r
√
λn)N/2+α−1

−

−
∑
λn<A

fnun(x)(
√
λn)2+s−α−N/2LA(r, λn). (2.17)

Let’s enter a number,

ε =
1

2
[(N − 3)/2 + α− s] > 0,

which is positive due to condition (1.7). Then

|LA(r, λn)| ≤ Cλn
−1/4

∞∫
A/λn

dz

z1+ε
= C1

λn
ε−1/4

Aε
.

Let us take an arbitrary sufficiently large natural number m and apply the Cauchy-Bunyakovsky
inequality. Then ∑

λn<A

fnun(x)(
√
λn)2+s−α+N/2LA(r, λn) =

=
O(1)

Aε

(∑
λn<A

|fn|2λ2m
n

)1/2(∑
λn<A

|un(x)|2λs−α+1/2+ε−1/2−2m
n

)1/2

.

From condition (2.9) it follows that for sufficiently large values of m, both factors in brackets
are bounded by A > 0. Therefore, as A tends to +∞, from (2.15) and (2.17) we obtain:

I(r) = 2s+1Γ(s+ 1)rN/2+α−s−2
∞∑
n=1

fnun(x)
JN/2+α−1(r

√
λn)

(r
√
λn)N/2+α−1

.

Comparing this equality with (2.6), we obtain:

Λα
r f(x) =

B(N,α)

2s+1Γ(s+ 1)
rs+2−α−N/2I(r).

From here, taking into account the definition (2.12) of the integral I(r), the required equality
(2.10) follows with the constant C = 2−s−1B(N,α)/Γ(s + 1). The proof of Lemma 2.1 is
complete

�
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The following lemmas are related to the necessity to remove the constraint (2.9), which
substantially restricts the class of considered functions. To this end, we introduce the function

F (x, h) =
∞∑
n=1

fne
−λnhun(y), y ∈ Ω, h > 0. (2.18)

The Riesz means of the spectral expansion of this function have the form

Es
λF (y, h) =

∑
λn<λ

(
1− λn

λ

)s
fne
−λnhun(y). (2.19)

Lemma 2.2. Let f ∈ L2(Ω) and let conditions (1.7) be satisfied. If at some point x ∈ Ω
the value Es

λf(x) is bounded by λ > 0, then equality (2.10) is satisfied uniformly in r on any
compact subset of the interval 0 < r < dis{x, ∂Ω}.

Proof. The proof of Lemma 2.2 is given in [6]. �

The following statement is used in the proof.

Proposition 2.3. For each s ≥ 0, there exists a function ψs(t, h, λ) satisfying the estimate∫ λ

0

ts|ψs(t, h, λ)|dt ≤ Cλs, (2.20)

uniformly with respect to h, 0 < h < 1, for all λ > 0 and such that

Es
λF (x, h) = Es

λf(x)e−λh +
1

λs

∫ λ

0

tsψs(t, h, λ)Es
λf(x)dt. (2.21)

The validity of this statement follows from the results of work [5].

Lemma 2.4. Let f ∈ L2(Ω) and let conditions (1.7) be satisfied. If equality (1.8) is satisfied
at some point x ∈ Ω, then

lim
r→0

Λα
r f(x) = f(x). (2.22)

Proof. According to Lemmas 2.1 and 2.2, equalities (2.10) hold for the function f ∈ L2(Ω). In

equalities (2.10), after replacing the variable t = r
√
λ, we obtain the equality

Λα
r f(x) = C(N,α, s)

∞∫
0

ts−α−N/2JN/2+α+s(t)E
s
t2/r2f(x)dt.

At each fixed point the equality (1.8) is satisfied. Due to the boundedness of |Es
t2/r2f(x)| ≤

M(x) and the convergence of the integral under conditions (1.7)

∞∫
0

ts−α−N/2|JN/2+α+s(t)|dt <∞

using Lebesgue’s theorem, we obtain equality (2.22). �
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Since L̂ is an arbitrary positive self-adjoint extension of the operator L, then for any σ > 0
the operator L̂ is an integral operator

L̂−σu(x) =

∫
Ω

Gσ(x, y)u(y)dy,

whose kernel Gσ(x, y) has the following expansion in a Fourier series in eigenfunctions:

Gσ(x, y) =
∞∑
n=1

un(x)un(y)

λσ
.

For a negative degree self-adjoint extension of the operator under consideration, the following
estimate is obtained:

Lemma 2.5. Let σ > N/4. Then for any f ∈ L2(Ω) and on each compact set K ⊂ Ω we have
the estimate

‖L̂−σf‖L∞(K) ≤ C(K)‖f‖L2(Ω).

Proof. See [3]. �

Corollary 2.6. For any σ > N/4 the estimate

∞∑
n=1

|un(x)|2λ−2σ
n ≤ C(K), x ∈ K, (2.23)

is satisfied uniformly on each compact subset K ⊂ Ω.

Proof. The proof of the corollary follows from the following estimate∑
|
√
λn−µ|≤1

|un(x)|2 ≤ C(K)µN−1, µ > 1.

Then
∞∑
n=1

|un(x)|2

λ2σ
n

=
∞∑
k=1

∑
k≤
√
λn≤k+1

|un(x)|2

λ2σ
n

=
∞∑
k=1

k−4σ
∑

k≤
√
λn≤k+1

|un(x)|2 ≤

≤ C(K)
∞∑
k=1

k−4σ(k + 1)N−1 ∼
∞∫

1

dt

t4σ−N+1
.

The integral converges for σ > N/4. �

Corollary 2.7. For the quantity Iαr f(x) introduced by equality (??), for any τ > N/4 the
estimate

|Iαr f(x)| ≤ C(K)‖f‖L2(Ω) (2.24)

is satisfied uniformly on each compact subset K ⊂ Ω.

Lemma 2.8. Let f ∈ L2(Ω) then

lim
R→0
|SαRf(x)− Λα

Rf(x)| = 0. (2.25)
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Proof. According to Corollary 2.7 of lemma 2.5, for any function f ∈ L2(Ω) the estimate (2.24)
is satisfied. We show that this estimate implies the equality

lim
R→0

IαRf(x) = 0. (2.26)

This equality obviously holds if f ∈ C∞0 (Ω). Since C∞0 (Ω) is dense in L2(Ω), then for any
ε > 0 there exist functions f1 ∈ C∞0 (Ω) and f2 ∈ L2(Ω) such that f = f1 + f2 and

‖f2‖L2(Ω) ≤ ε.

In this case, from (2.24) we obtain

|IαRf(x)| ≤ |IαRf1(x)|+ |IαRf2(x)| ≤ |IαRf1(x)|+ Cε.

Hence,
¯lim

R→0
|IαRf(x)| ≤ Cε,

and due to the arbitrariness of ε > 0, the required equality (2.26) follows from here, which,
according to relation (2.8), means the fulfillment of equality (2.25). �

The proof of the theorem follows directly from lemmas 2.4 and 2.8.
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Abstract. This is a work in progress with my coauthor Barbara Keyfitz, Professor of
Mathematics in Ohio State University. In this paper some boundary-value problems (BVPs)
for partial differential equations are discussed. The situation is rather surprising and there is no
general understanding even more than sixty years after Murray Protter (Berkeley) formulated
them. These are multidimensional analogues of classical BVPs on the plane and intuitively
the initial expectations was that their properties would be similar. Unexpectedly, it turned
out that unlike the two-dimensional variants, the Protter problems are not well-posed. The
generalized solution is uniquely determined, but it may have a strong singularity at an isolated
boundary point even for the wave equation with infinitely smooth right-hand side. In this paper
will be introduced a new BVP which will be nonlocal and in some sence is a ”regularizer” for
the probably strongly overdetermined original Protter-Morawetz problem for the 3-D Tricomi
equation. Let note also that we put a long list of bibliography inside.

Keywords: ill-posed problems, regularization methods, boundary-value problems, nonlocal
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1. Guderley-Morawetz problem in R2

Consider the two dimensional problem for the Gellerstedt equation

t|t|m−1uxx − utt = 0 in Ω,

u = 0 on σ ∪ A1C1 ∪ A2C2,

where m > 0, Ω is a mixed type domain in the plane.

Figure 2. The domain for Guderley-Morawetz problem
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In the Guderley-Morawetz problem one takes a simply bounded open and connected set
(containing the origin, say) and removes the solid characteristic cone with vertex at the origin
(look to Fig. 2). The curves A1C1 and A2C2 are characteristic.

When t < 0 the equation is elliptic and describes subsonic flows, while for t > 0 the equation is
hyperbolic that corresponds to supersonic flows. The topic was extensively studied in the 1950s
and 1960s with the development of supersonic aircrafts. The need of practical applications, as
for efficient airplane design (a connection first established by Frankl), was the driving force
and many prominent scientists from USSR and USA (especially from the Courant Institute)
were involved in the research. In particular the Guderley-Morawetz problem models flows
around airfoils. More explanations about this statement of the problem one could find in L.
Bers [5], Some results for existence of week solution and uniqueness for a strong solution in
weighted Sobolev spaces you can find in C. Morawetz [24]. Finally, a common result about
”week solutions are strong ones” was proved by P. Lax and R. Phillips [22].

An historic survey from Canthleen Morawetz one could find in [25]. Let also mention here
that according to Cathleen Morawetz, another very interesting domain from the physical point
of view is with the closed line from the hyperbolic part of the domain... The answer of this
question is still open.

2. Protter-Morawetz multidimensional problem

M.K. Protter [35] proposed a multidimensional analogue to the two-dimensional Guderley-
Morawetz problem for the Gellerstedt equation of hyperbolic-elliptic type.

Lu ≡ t|t|m−1 (ux1x1 + ux2x2)− utt = 0 in Ω,

Figure 3. The domain for Protter-Morawetz problem

Remark 2.1. Actually, if on the left picture in Fig 3 the curve σ is symmetric according to
the t-axes, the right picture will come after rotation the left one around t-axes.

Later, A.K.Azis and M. Schneider [3] proved the uniqueness of quasi-regular solutions. A.V.
Bitsadze in [4] studied the existence of the solution in the axis-symmetric case. A lot of
publications in 1960s and and 1970s – USA, USSR, Germany. The next step came in 1957,
when appeared a result shows that the multidimensional case is quite different from 2-D case.
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In that example for the Protter’s problem in the hyperbolic part of the domain only have been
shown the infinite dimensions of the cokernel of Protter problem.

To explain more precise the situation in the Mixed type equations, we will show it on the
case of the wave equation in next Sections, which statement have been given also by M. Protter
[35].

3. Protter problems for the (3+1)-D wave equation

Consider the wave equation in R4

ux1x1 + ux2x2 + ux3x3 − utt = f(x, t)

with points (x, t) = (x1, x2, x3, t), in the domain

Ω = {(x, t) : 0 < t < 1/2, t <
√
x2

1 + x2
2 + x2

3 < 1− t}.

Figure 4. The domain for Protter problem

The boundary of Ω consists of two characteristic parts – the cones

Σ1 = {0 < t < 1/2, |x| = 1− t},

Σ2 = {0 < t < 1/2, |x| = t}
and a non-characteristic part – the ball

Σ0 = {t = 0, |x| < 1},

centered at the origin O : x = 0, t = 0.
Consider the following Protter problems for the inhomogeneous wave equation:

Problem P1. Find a solution of the wave equation in Ω which satisfies the boundary conditions

u|Σ0 = 0, u|Σ1 = 0.

Problem P1∗. Find a solution of the wave equation in Ω which satisfies the adjoint boundary
conditions

u|Σ0 = 0, u|Σ2 = 0.
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3.1. Solutions of the homogeneous adjoint problem.
P. Garabedian [12] proved uniqueness of a classical solution of Protter problem. What about
existence? Protter’s advice: use of the Asgeirsson principle. Very short time later appears the
following very surprising result:

Theorem 3.1 (Tong Kwang Chang [47]). There are infinite number of linearly independent
classical solutions to the homogeneous problem P1∗.

Let us mention, that such result is true for the case of Gellerstedt and Keldish equations also
(see [13], [15], [14], [29], [30]).

If v(x, t) is a classical solution to the homogeneous adjoint problem P1∗, then a necessary
condition for the existence of classical solution for the Problem P1 is the orthogonality of the
right-hand side function f to the function v:

(f,v) = (2u,v) = (u,2v) = 0.

To avoid such infinite number of necessary conditions, Popivanov and Schneider introduced
generalized solutions for the problem P1, eventually with a singularity at the origin O.

Definition 3.2 ([36]). A function u = u(x, t) is called a generalized solution of the problem
P1 in Ω, if:

1) u ∈ C1(Ω\O), u|Σ0\O = 0, u|Σ1 = 0, and

2) the identity ∫
Ω

(utwt − ux1wx1 − ux2wx2 − ux3wx3 − fw)dxdt = 0

for all w ∈ C1(Ω) such that w = 0 on Σ0 and in a neighborhood of Σ2.

Let mention here a series of paper by S. Aldashev since 1990: singular solutions for
hyperbolic and mixed-type equations.

The obvious question: how to solve Problem P1 with right-hand side function f = v(x, t)
– a solution of the homogeneous Problem P1∗?

Popivanov and Schneider [37, 38]:

• Uniqueness

• For each n ∈ N there exists a right-hand side function f ∈ Cn(Ω̄), for which the
generalized solution has a strong power-type singularity like |x|−n.

• This singularity is isolated at the vertex O and does not propagate along the
bi-characteristics at the light characteristic cone.

• Khe Kan Cher [18, 19, 20]: new solutions of the homogenous adjoint problem P1∗.

• S. Aldashev: some singular solutions

• Korean mathematicians Jong Duek Jeon et al. [16], Jong Bae Choi, Jong Yeoul Park
[17]: singular solutions with power-type singularity without mentioning any orthog-
onality conditions.

• N.P, T. Popov [32]: the influence of the orthogonality conditions for the right-hand side
function, on the singularity of the generalized solution of Problem P1.

• The exact asymptotic behaviour [34], [6], [33].
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3.2. Solutions with exponential growth.

If only finite number of the orthogonality conditions are not fulfilled, the generalized solution
has power-type singularity Natural question: are there solutions with stronger singularity in
the case when the right-hand side is not orthogonal to infinite number of the solutions of
the homogeneous adjoint problem? We are able to construct an infinitely smooth in Ω right-
hand side function f(x, t), such that the corresponding generalized solution has exponential
singularity.

Theorem 3.3 (Popivanov, Popov, Witt, [33]). There exists a function f ∈ C∞(Ω) and a
positive number δ < 1/2, such that the unique generalized solution u(x, t) ≡ u(x1, x2, x3, t) ∈
C1(Ω\O) of the problem P1 for the wave equation with right-hand function f , satisfies the
estimates

u(0, 0, t, t) ≥ exp(t−1) for t ∈ (0, δ),

and for some constant C

|u(x, t)| ≤ C exp(2|x|−1) for (x, t) ∈ Ω.

4. Study of singularity

According to the previous results, the generalized solution of the Problem P1 is smooth in
Ω \ O and has possible singularity only at O. To explain better such behavior we are looking
for an extension problem:

Problem E. Extend the generalized solution of Problem P1, as a solution of the wave
equation with smooth right-hand side function inside of the light cone Σ2.

We hope this extension will give more information about possible singularity at O. This some-
times is possible, sometimes not!

4.1. Polynomial growth of the generalized solution at the vertex O. Actually, this
happens if only finitely many of these orthogonality conditions are violated. In this case the
generalized solutions are smooth up to the light cone, while the data, being conormal with
respect to the light cone Σ2, help us to extend the general solution of Protter problem across
the light cone to a solution of the wave equation. Using the microlocal technique it is possible
to build such kind of solution ũ in the frame of distribution theory. In this case the properties
of the new solution ũ inside of the cone Σ2 looks almost the same: they are smooth inside Σ2,
but with some singularity on Σ2, the order of which might be calculated. This is a work in
progress.

4.2. The case of exponential growth solution at the vertex O. Actually, in this case the
solution in the Section 4 above is found as a superposition of polynomially growing generalized
solutions. The latter are smooth up to the light cone, while the data being conormal with
respect to the light cone Σ2, could be extended across the light cone to a solution of the wave
equation. The order of conormality increases as more terms are added to the right side, that
violate the orthogonality conditions. Eventually, it yields the strong exponential singularity.
Actually, this exponential singularity is only on some directions on the light cone Σ2 (which is
obvious on the visualization), but to build such extension across the light cone to a solution of
the wave equation will be not possible in the frame of the distribution theory in the common
case.

The obvious question is: How to proceed in such cases?
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5. Nonlocal statement of the Problem

Now, we will introduce a new nonlocal Problem B, following our joint with David Edmunds
(Sussex University, UK) paper [9]. Let also mention here that before our join result for the
Tricomi equation, the author had published a series of papers (see [39], [42] ), with this approach
for the case of wave equation and for the Tricomi equation.

A key point in the present work is that we make progress by relating the Gellerstedt equation
to a first-order system – but to a particular system derived artificially and equipped with
boundary conditions that make it well-posed, and inequivalent to the original problem.

Let K : R→ R be of class C1 and such that tK(t) > 0 for t 6= 0 and K ′(t) > 0, t ∈ R. An
obvious example is K(t)=t, which choise leading directly to the Tricomi equation.

Denote by G = G+ ∪ S0 ∪G− a bounded simply connected region, where

G+ =

{
(x1, x2, t) ∈ R3 : 0 < t < d,

∫ t

0

√
K(τ)dτ <ρ<1−

∫ t

0

√
K(τ)dτ

}
,

with 2
∫ d

0

√
K(τ)dτ = 1; S0 is the disc S0 = {x : t = 0, 0 ≤ ρ ≤ 1} and

G− = {x ∈ R3 : 0 < ρ < 1, g(ρ) < t < 0}.

We assume that the rotating surface Γ = { 0 ≤ ρ ≤ 1, t = g(ρ) } is C2, lies in the half space
{t < 0} and meets the plane {t = 0} at the curve {ρ = 1, t = 0}, i.e. g ∈ C2 [0, 1] , g (ρ) < 0,
0 ≤ ρ < 1, g (1) = 0, g′(0) = g′′(0) = 0.

Let consider in G the so called Gellerstedt equation

Lu := K(t) (ux1x1 + ux2x2)− utt ≡ K(t)
{
ρ−1 (ρuρ)ρ + ρ−2uϕϕ

}
− utt = f(x, t), (5.1)

where f is a given function. Note that the surfaces

S1 =

{
0 ≤ t ≤ d, ρ = 1−

∫ t

0

√
K(τ)dτ

}
, S2 =

{
0 ≤ t ≤ d, ρ =

∫ t

0

√
K(τ)dτ

}
are characteristics of (5.1). The equation (5.1) is of changing type in G: it is elliptic in G−,
hyperbolic in G+ and parabolic on S0.

Problem P. Find a solution of (5.1) in G, which satisfies the condition

u = 0 on S1 ∪ Γ. (5.2)

Problem P∗. Find a solution of (5.1) in G, with

u = 0 on S2 ∪ Γ. (5.3)

There are two well known models for changing type equations: the Tricomi equation (with
K(t) ≡ t), and Lavrent’ev - Bitsadze equation (K(t) ≡ sgnt). Bitsadze and Didenko in-
vestigated for both the axially symmetric cases of Problem P. Didenko proved the existence
of solutions, but in a function space with a degenerating weight function on {t = 0}. Some
uniqueness results for quasi - regular solutions for both cases were obtained by Aziz, Schneider
[3] and Karatoprakliev [21] . The Protter problems have also been investigated by Salzman,
Schneider, Papadakis, Aldashev, Sorokina, Popivanov, Schneider and others (see [1], [2], [31],
[44], [45]). Sorokina [45] got some interesting results, which we will discuss in Section 5. Let
fix that for now there are no general existence results for the Problem P in G.

Note. What is the situation for Protter Problem P now:
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(i) The Problem P has at most one quasi-regular solution (see [3])
(ii) We do not know any kind of general solvability results for some wide class of right - hand

side functions f.
(iii) We do not know whether or not there exists any nontrivial solution to the adjoint

Problem P ∗ (like infinite number of solutions for the Problem P1∗).
(iv) We have a feeling that the Problem P is also strongly overdetermined. That is the reason

to look for another Problem, which can give us more information about the Problems P and
P∗.

(v) Instead of considering the ill-posed Problems P1 and P1∗ in G+, Edmunds, Popivanov
[9] studied for the Gellersteadt equation an appropriate new problem in G+. This nonlocal
regularization of the Problem P1 connects points from G+ with points on the characteristic
cone S2. The new problem is such that its solutions are free of singularities on S2 and in some
sense it is a regularizer of the ill-posed Problem P1. In our case of changing type equation we
look for some new equation, instead of (5.1).

Key: We actually do not have any information about well-posedness or ill–posedness of
the Protter Problem P. There are many different ways to proceed in such situation (let say
for ”regularization of such improperly posed problems”) see site [9]. Now, we suggest some
approach, formulating a new BVP, named B (with a nonlocal operator) for which we show
that it is well-posed. Finally, the solution of the original Protter Problem P will coincide with
the solution of the well posed Problem B for a wide class of right-hand side functions f(x, t).
The results for this nonlocal Problem B will give some more information even for the adjoint
Problem P∗.

Now, having this situation in mind (with regard to the work on ill-posed problems), with
the same reason as in [9] we investigate some non-local problems in the domain G. To explain
them, let α be a small positive parameter. Given a point (t0, ρ0, ϕ0) ∈ G+ we consider the
curve t = C0ρ

−α−α(1+α)−1ρ, ϕ = ϕ0 through this point, i.e. with C0 = t0ρ
α
0 +α(1+α)−1ρ1+α

0

(look to the Fig. 5 below). Now let (pα (t0, ρ0) , qα (t0, ρ0)) be the point of intersection of two
curves

ρ =

∫ t

0

√
K(τ)dτ, t = C0ρ

−α − α(1 + α)−1ρ.

For enough small, but fixed, positive parameter α this construction connect one arbitrary fixed
point (t0, ρ0, ϕ0) ∈ G+ with a unique determined point on the cone S2.

Figure 5. Nonlocal equation
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Let note that in the case of Tricomi equation (i.e. K(t) = t) is enough α ≤ 1/3. In the
elliptic part G− the condition on Γ is:

E1. There exists a positive number α1, for which

ρg′(ρ) + α1(ρ+ |g(ρ)|) > 0, (5.4)

α1(1 + |K(d1)|) < 2, where d1 := min{g(ρ) : 0 ≤ ρ ≤ 1}. (5.5)

Instead of studying Problem P we now consider

Problem B. Find a solution ω(t, ρ, ϕ) of the equation (Lω)(t, ρ, ϕ)− ρ−2K(t)ωϕϕ (pα (t, ρ) , qα (t, ρ) , ϕ) = f(t, ρ, ϕ) in G+,

(Lω)(t, ρ, ϕ) = f(t, ρ, ϕ) in G−,
(5.6)

which satisfies the boundary conditions (5.2), i.e.

ω = 0 on S1 ∪ Γ.

Remark 5.1. Since this point we will working with Tricomy equation, i.e. with K(t) = t.
Note that in this case it is enough 0 < α < 1/3. Obviously, the condition (5.4) is satisfied if
g′(ρ) ≥ 0.

Remark 5.2. Note, that the equation (5.6) is not a standard one. Actually, we save the
equation (5.1) in its elliptic part G− of the domain G, but modify it in the hyperbolic part
G+ to the non-local equation (5.6), not of ΨDO type, for which the classification does not
apply. Finally, the equation (5.6) has continuous coefficients in G. More precisely, the equation
(5.6) is non-local in the hyperbolic part G+ of the domain G, because it involves points with
coordinates (t, ρ, ϕ) and (pα (t, ρ) , qα (t, ρ) , ϕ). We remark here merely that in our non-local
Problem B, in the additional term

ρ−2K(t)ωϕϕ (pα (t, ρ) , qα (t, ρ) , ϕ)

of (5.6), the point (pα, qα, ϕ) lies just on the characteristic cone S2, where the singularity at the
point (0, 0, 0) appears in the ‘generalized solution’ of the original Problem P1. The derivative
ωϕϕ is tangential to S2 at that point. Also, the equation (5.6) is local and elliptic in G−, local
and parabolic on {t = 0} and nonlocal in Ḡ+\S2. Finally, on the characteristic cone S2 it is

L1u
∣∣∣S2 ≡ K(t)ρ−1 (ρuρ)ρ − utt = f ,

i.e. obviously it is local there, but not hyperbolic. Let mention also here that such kind
equations in Russian literature are known as ”loaded equations” (see for example [28], [26], [27]
).

6. Results on the nonlocal problem

Following the work of Morawetz [24] in the two-dimensional case and Sorokina [45] in the
multi-dimensional case, we introduce the weighted Sobolev space

W̃ 1
2 (G) :=

{
ω : ‖ω‖W̃ 1

2 (G) =

(∫
G

(
ω2 + ω2

t + r
(
ω2
x1

+ ω2
x2

))
dx

)1/2

<∞
}
, (6.1)

where r =
√
x2

1 + x2
2 + t2. (The weight in Sorokina is different.)
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Definition 6.1. A function ω(t, ρ, ϕ) is called a generalized solution of Problem B if: (a) ω,
∂ω

∂t
∈ L2(G), (b) ω ∈ W̃ 1

2 (G−);
√
r
∂ω

∂ρ
,
√
rρ−1∂ω

1

∂ϕ
∈ L2(G+), where

ω1(t, ρ, ϕ) := ω(t, ρ, ϕ)− ω (pα (t, ρ) , qα (t, ρ) , ϕ) ; (6.2)

(c) ω = 0 on S1 ∪ Γ; (d) for any function v ∈ C∗ := {v ∈ C1(G) : v = 0 on S2 ∪ Γ and in some
neighborhood of (0, 0, 0)}, the equality∫

G

(
∂ω

∂t

∂v

∂t
−K(t)

∂ω

∂ρ

∂v

∂ρ
− fv

)
ρdρdϕdt

−
∫
G−

K (t)

ρ2

∂ω

∂ϕ

∂v

∂ϕ
ρdρdϕdt−

∫
G+

K (t)

ρ2

∂ω1

∂ϕ

∂v

∂ϕ
ρdρdϕdt = 0

(6.3)

holds.

Theorem 6.2. Suppose that the positive parameter α is enough small and the surface Γ is
such that the conditions (5.4) and (5.5) are satisfied. Then for any f ∈ L2 (G), there exists a
generalized solution of problem B. This generalized solution is at most one and satisfies the a
priori estimate

‖ω‖W̃ 1
2 (G−) + ‖ω‖

L2(G)
+ ‖ωt‖

L2(G)
+
∥∥√rωρ∥∥

L2(G+)
+

∥∥∥∥√rρ ∂ω1

∂ϕ

∥∥∥∥
L2(G+)

≤ Cα ‖f‖
L2(G)

, (6.4)

where the constant Cα depends on α, but not on f and ω.

Let formulate a result for infinite smoothness of the generalized solution of Problem B with
respect to ϕ.

Theorem 6.3. Suppose that the conditions from Theorem 6.2 are satisfied. Let f ∈ L2(G)

and ` ∈ N be such that
∂kf

∂ϕk
∈ L2(G) for k = 1, . . . , `. Then there exists a unique generalized

solution ω of Problem B with

∂kω

∂ϕk
∈ W̃ 1

2 (G) (k = 0, . . . `− 1),
∂`+1ω

∂t∂ϕ`
∈ L2(G),

√
r
∂`+1ω

∂ρ∂ϕ`
∈ L2(G+) (6.5)

and
`−1∑
k=0

∥∥∥∥∂kω∂ϕk

∥∥∥∥
W̃ 1

2 (G)

+

∥∥∥∥∂`+1ω

∂t∂ϕ`

∥∥∥∥
L2(G)

+

∥∥∥∥√r ∂`+1ω

∂ρ∂ϕ`

∥∥∥∥
L2(G+)

≤ Cα
∑̀
k=0

∥∥∥∥∂kf∂ϕk

∥∥∥∥
L2(G)

. (6.6)

Corollary 6.4. Suppose that the conditions from Theorem 6.2 are satisfied. Let f ∈ L2(G)

and
∂f

∂ϕ
∈ L2(G). Then there exists a unique generalized solution ω ∈ W̃ 1

2 (G) of Problem B

and the a priori estimate

‖ω‖W̃ 1
2 (G) ≤ C

(
‖f‖

L2(G)
+ ‖fϕ‖

L2(G)

)
holds.
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The natural question is: what are the connections between original Protter Problem P and
the new nonlocal Problem B? Assume that a solution uf of the Problem P is such, that it is a
solution of the special Problem P (introduced by Didenko ), now called

Problem Pϕ. Find a solution u of Problem P, which satisfy the extra condition ∂u/∂ϕ = 0
on S2.

We prove that in this case the generalized solution uf (if it exists for this function f) coincides
with the solution ωf of the Problem B (which always exists if f ∈ L2), i.e. uf ≡ ωf . Accordingly
we can say that Problem B is a ”non-local regularizer” of the Problems Pϕ and P. Using the
results about Problem B we prove that the solution uf of Problem Pϕ depends continuously on
f . Thus the non-local Problem B (for which Theorem 6.3 holds, ensuring uniqueness, existence
and differentiability with respect to ϕ) is, so to speak, a ‘regular continuation’ of the strongly
over-determined Problem Pϕ. In this sense, we may regard Problem B to be a ‘non-local
regularization’ of Problems P and Pϕ. All this suggests the following procedure for tackling the
probably ill-posed Problem P. For a given function f ∈ L2(G) we first try to solve the nonlocal
Problem B. To do that, it is possible first to find the solution û = (u1, u2, u3) (which always
exists) of the local problem for the corresponding system of PDEs (connected to the Problem
B) and then to determine a solution ωf of Problem B by integration of u3(t, ρ, ϕ). Then we
check the value of (ωf )ϕ on the characteristic cone S2 and if that value is very close to zero, we
might conclude that the solution uf of the Problem P exists and is very close to the function
ωf already found.

Remark 6.5. For a treatment of the famous Hadamard’s example about the strongly overde-
termined Cauchy problem, Eskin and Vishik changed (see Eskin [10]) the Poisson equation

∆nu = f by ∆̂nu + G(v) = f, where G(v) is a potential with unknown density v and ∆̂n

is a slightly modified Laplas operator ∆n. In an appropriate Sobolev space they established
existence and uniqueness results about the pair of functions (u, v); the addition of the potential
G(v) removed the overdeterminacy. In our approach we modify the equation (5.1) to (5.6), but
our additional term depends only on the function ω, not on some new function.
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1. Introduction

Consider the equation (
∂α

∂yα
−∆x

)
u(x, y) = f(x, y) (1.1)

where ∂α

∂yα
= Dα

0y is the Riemann–Liouville fractional derivative of order α with the origin at the

point y = 0 (see the definition below); α ∈ (0, 1); and ∆x is the Laplace operator with respect to
x = (x1, ..., xn) ∈ Rn, i.e.

∆x =
n∑
k=1

∂2

∂x2
k

.

The equation (1.1), which coincides with the diffusion equation for α = 1 and is called the fractional
diffusion equation in the case 0 < α < 1, has been actively studied in recent decades. These studies
began in [23, 22, 15, 11]. Since then, a large number of works have appeared devoted to the study of
various problems for fractional diffusion equations, and various approaches to their solution have been
developed. Brief overviews of works on this topic are given in [18, 19]. More detailed and complete
surveys can be found in the article [13] and monographs [20, 14, 16].

In the last few years, interest in the study of inverse problems for fractional-order equations in which
the order of fractional differentiation is unknown has increased greatly. The study of such problems for
the fractional diffusion equation was apparently begun in the works of [10, 12]. Today this scientific
direction has an extensive bibliography. Detailed surveys of the results obtained in this direction can
be found in [17, 3, 2].

For such problems, overdetermination conditions for finding the unknown order α play an important
role. In the first works on inverse problems with unknown order, the overdetermination conditions
were time-oriented, i.e. conditions that use use behavior of the sought solution along the time variable
at a fixed point in space.

In the works [4, 1], spatially oriented overdetermination conditions were first proposed, i.e. condi-
tions information about the sought solution at a fixed point in time. This approach is currently being
actively developed [5, 6, 7, 8, 9, 3].
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The aim of this paper is to discuss new spatially oriented overdetermination conditions for the
equation (1.1). First, we prove an integral identity relating solutions of the Cauchy problem for the
equation (1.1) to entire harmonic functions. As a consequence of this identity, we obtain relations
between the sought solution and the unknown order of the equation, from which the latter can be
uniquely determined. Based on these relations, we present three overdetermination conditions gener-
ated by the obtained integral identity.

The article is structured as follows. In Section 2 we give the definitions of the fractional integral and
derivative, recall some facts concerning the solvability of the Cauchy problem for the equation (1.1),
and prove some auxiliary statements about the properties of its solutions. In Section 3, an integral
identity is proved that connects solutions of the Cauchy problem and entire harmonic functions, and
its corollaries are given. The formulation and proof of the main results of the article are given in
Section 4. Here we formulate theorems on the solvability of inverse problems with overdetermination
conditions generated by the proven integral identity. Section 5 contains conclusions and comments on
the results obtained.

2. Preliminaries

2.1. Integrals and derivatives of fractional order. The Riemann–Liouville fractional integral of
order β (β < 0) with respect to y, and with origin at y = 0 is defined as follows

Dβ
0yg(y) =

1

Γ(−β)

∫ y

0

g(t)(y − t)−β−1dti. (2.1)

The Riemann–Liouville fractional derivative has the form

Dβ
0yg(y) =

dm

dym
Dβ−m

0y g(y).

Here β > 0, m ∈ N and is chosen to satisfy the inclusion β ∈ (m− 1,m]. It is also assumed that

D0
0yg(y) = g(y).

2.2. Cauchy problem and fundamental solution. We consider the equation (1.1) in an infinite
layer and use the following notation:

Ω = Rn × (0, T ), Ω0 = Rn × [0, T ).

Definition 2.1. A function u(x, y) is called a regular solution of the equation (1.1) in the domain
Ω if y1−αu(x, y) ∈ C (Ω0), Dα−1

0y u(x, y) ∈ C1
y (Ω), u(x, y) ∈ C2

x (Ω), and u(x, y) satisfies the equation
(1.1) in Ω.

The Cauchy problem for the equation (1.1) is formulated as follows: find a regular solution of
(1.1) in Ω that satisfies the initial condition

lim
y→0

Dα−1
0y u(x, y) = τ(x) (x ∈ Rn) . (2.2)

The fundamental solution of (1.1) can be written as [21]

Γα,n(x, y) = 2−nπ
1−n
2 y

α
2 (2−n)−1fα

2

(
|x|y−α2 ; n− 1,

α

2
(2− n)

)
where

fβ (z; ε, δ) =


2

Γ
(
ε
2

) ∫ ∞
1

φ (−β, δ;−zt)
(
t2 − 1

) ε
2−1

dt, if ε > 0,

φ (−β, δ;−z) , if ε = 0,
β ∈ (0, 1),

and

φ (ξ, η; z) =
∞∑
k=0

zk

k!Γ(ξk + η)
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is the Wright function [24].
The two lemmas below reveal the question of solvability and uniqueness of problems (1.1) and (2.2)

(proofs can be found in [21]).
In what follows, the set of functions growing (decreasing) no faster than exp (p|x|q) as |x| → ∞ is

denoted by E(p, q) (p ∈ R, q ≥ 0), or more precisely

E(p, q) =

{
g(x) : lim

r→∞
exp (−p rq) sup

|x|=r
|g(x)| = 0

}
. (2.3)

Lemma 2.2. Let τ(x) ∈ C (Rn), y1−µf(x, y) ∈ C (Ω0), and

τ(x) ∈ E
(
ρ,

2

2− α

)
, sup

y∈[0,T ]

y1−µf(x, y) ∈ E
(
ρ,

2

2− α

)

for some µ > 0 and ρ < 2−α
2

(
α

2T

) α
2−α ; and let y1−µf(x, y) be locally Hölder continuous with respect to

x in Ω0. Then the function

u(x, y) =

∫
Rn
τ(s) Γα,n (x− s, y) ds+

∫ y

0

∫
Rn
f(s, t) Γα,n (x− s, y − t) ds dt,

is a regular solution of the problem (1.1) and (2.2).

Lemma 2.3. The problem (1.1) and (2.2) has at most one solution in the class of functions satisfying

sup
y∈[0,T ]

y1−αu(x, y) ∈ E
(
σ,

2

2− α

)
for some σ > 0. (2.4)

Now let us recall the estimates for the function Γα,n (x, y) and its derivatives, which we will use
later. The proof of these estimates can be found in [21].

In what follows, the letter C denotes positive constants that are different in different cases, and if
necessary, the parameters on which they may depend are indicated in parentheses; e.g. C = C(α, β, ...).

Lemma 2.4. Let ζ ∈ R and β = α
2

. Then∣∣∣Dζ
0yΓα,n (x, y)

∣∣∣ ≤ Cyβ(2−n)−ζ−1γp
(
|x|y−β

)
E(|x|y−β, σ), (2.5)

∣∣∣∣ ∂∂xkDζ
0yΓα,n (x, y)

∣∣∣∣ ≤ C |xk| y−βn−ζ−1γp+2

(
|x|y−β

)
E(|x|y−β, σ),

∣∣∣∣ ∂2

∂x2
k

Dζ
0yΓα,n (x, y)

∣∣∣∣ ≤ C y−βn−ζ−1γq
(
|x|y−β

)
E(|x|y−β, σ), (k = 1, 2, ..., n),

for any σ ∈ (0, σ0), where σ0 = (1− β)ββ/(1−β), and

E(z, σ) = exp
(
−σz1/(1−β)

)
, γn(z) =

 1, n ≤ 3,
| ln z|+ 1, n = 4,
z4−n, n ≥ 5,

p =

{
n, if ζ ∈ N ∪ {0},

n+ 2, if ζ 6∈ N ∪ {0}, q =

{
n+ 2, for ζ ∈ N ∪ {0} or n = 1,
n+ 4, for ζ 6∈ N ∪ {0} and n ≥ 2.

Here C = C(n, α, σ), and σ can be chosen (by choosing C) as close as desired to σ0.
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2.3. Auxiliary assertions. Here we prove auxiliary statements necessary for the further exposition.
In what follows, by H we denote the set of entire harmonic functions, i.e.

H :=
{
v(x) ∈ C2 (Rn) : ∆xv(x) = 0, x ∈ Rn

}
.

Lemma 2.5. Let v(x) ∈ H ∩ E(σ, p) for some σ > 0 and p ≤ 2
2−α . Then∫

Rn
v(s) Γα,n (x− s, y) ds =

yα−1

Γ(α)
v(x), (2.6)

for every y ∈ (0, y0), where y0 = α
2

(
2σ

2−α

) α
2−α

if p = 2
2−α , and y0 =∞ else.

Proof. First, we note that the conditions imposed on v(x) and the estimate (2.5) guarantee the con-
vergence of the integral in (2.6).

Let h(x, y) is a solution of the problem(
Dα

0y −∆x

)
h(x, y) = 0, lim

y→0
Dα−1

0y h(x, y) = v(x) (x ∈ Rn) . (2.7)

Lemma 2.2 gives that

h(x, y) =

∫
Rn
v(s) Γα,n (x− s, y) ds (2.8)

is a solution of (2.7).
At the same time, given that

Dα
0yy

α−1 = 0 and Dα−1
0y yα−1 = Γ(α),

direct computation shows that the function

h(x, y) =
yα−1

Γ(α)
v(x) (2.9)

satisfies (2.7). Combining Lemma 2.3 and equalities (2.8) and (2.9) proves (2.6). �

In what follows g ∗ h denote the Fourier convolution of the functions g and h, i.e.

(g ∗ h) (x) =

∫
Rn
g(s)h(x− s) ds.

Lemma 2.6. Let g(x) ∈ C (Rn) ∩ E(−a, p), h(x) ∈ C (Rn) ∩ E(−b, q), a > 0, b > 0, 0 < p ≤ q. Then

(g ∗ h) (x) ∈ E(−c, p), (2.10)

for every c < a if p < q; and c < min{a, b} if p = q.

Proof. According to (2.3), we have

|g ∗ h| ≤ C
∫
Rn
e−a|x−s|

p−b|s|q ds ≤ C
∫
Rn
e−a
∣∣|x|−|s|∣∣p−b|s|q ds.

By (4.7) we obtain

sup
|x|=r
|g ∗ h| ≤ C

∫ ∞
0

zn−1e−a|z−r|
p−bzq dz =

= Ce−ar
p

∫ r

0

zn−1eaz
p−bzq dz + Cear

p

∫ ∞
r

zn−1e−az
p−bzq dz ≤ C (1 + rn) e−ar

p

.

This proves (2.10). �
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Lemma 2.7. Let τ(x) ∈ C (Rn) ∩ E (−a, p) for some a > 0, p ≤ 2
2−α . Then∫

Rn
τ(s) Γα,n (x− s, y) ds ∈ E(−c, p), (2.11)

for every y ∈ (0, T ); and c < a if p < 2
2−α , and c < min

{
a, 2−α

2

(
α

2T

) α
2−α
}

if p = 2
2−α .

Proof. The inclusion (2.11) follows from the estimate (2.5) and Lemma 2.6. �

Lemma 2.8. Let

y1−µf(x, y) ∈ C (Ω0) , sup
y∈[0,T ]

y1−µf(x, y) ∈ E (−a, p) , (2.12)

for some a > 0, p ≤ 2
2−α , and µ > 0. Then∫ y

0

∫
Rn
f(s, t) Γα,n (x− s, y − t) ds dt ∈ E(−c, p), (2.13)

for every y ∈ (0, T ); and c < a if p < 2
2−α , and c < min

{
a, 2−α

2

(
α

2T

) α
2−α
}

if p = 2
2−α .

Proof. Let g(x) = supy∈[0,T ] y
1−µf(x, y). By (2.1) and (2.12) we get∣∣∣∣∫ y

0

∫
Rn
f(s, t) Γα,n (x− s, y − t) ds dt

∣∣∣∣ ≤ C

∫
Rn
g(s)D−µ0y Γα,n (x− s, y) ds.

From here, taking into account (2.5) and Lemma 2.6, we obtain (2.13). �

3. Integral identity

Here we prove an integral identity that relates solutions of the Cauchy problem for equation
(1.1) to entire harmonic functions, and can be interpreted as a conservation law for solutions
of (1.1), (2.2).

Next, for a pair of functions g(x) and h(x) such that g(x)h(x) ∈ L (Rn), we set

(g, h) :=

∫
Rn
g(x)h(x) dx.

In the case where one of the functions depends on two variables, say h = h(x, y), we write

(g, h) (y) :=

∫
Rn
g(x)h(x, y) dx,

assuming that g(x)h(x, y) ∈ L (Rn) (as a function of x for each y for which the integral is
considered).

Theorem 3.1. Let

τ(x) ∈ C (Rn) ∩ E (−a, p) , y1−µf(x, y) ∈ C (Ω0) , sup
y∈[0,T ]

y1−µf(x, y) ∈ E (−a, p) ,

for some a > 0, 0 < p ≤ 2
2−α ; and y1−µf(x, y) be locally Hölder continuous with respect to x.

Let also

v(x) ∈ H ∩ E (c, p) for some c <

{
a, if p < 2

2−α ,

min
{
a, 2−α

2

(
α

2T

) α
2−α
}
, if p = 2

2−α ,
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and u(x, y) be a solution of the problem (1.1) and (2.2) satisfying (2.4).
Then v(x)u(x, y) ∈ L (Rn) for every y ∈ (0, T ) as function of x, and

(v, u) (y) =
yα−1

Γ(α)
(v, τ) +

(
v,D−α0y f

)
(y) (0 < y < T ). (3.1)

Proof. By Lemmas 2.2, 2.3, 2.7, and 2.8, we get u(x, y) ∈ E(−c, p). On account of the restriction
on the growth of v(x), it follows from this inclusion that v(x)u(x, y) ∈ L (Rn). The conditions
on τ(x) and f(x, y) allow us to apply Fubini’s theorem, so we obtain∫

Rn
v(x)u(x, y) dx =

∫
Rn
τ(s)

∫
Rn
v(x)Γα,n (x− s, y) dx ds+

+

∫ y

0

∫
Rn
f(s, t)

∫
Rn
v(x)Γα,n (x− s, y − t) dx ds dt.

Taking into account Lemma 2.5, we get (3.1). �

Corollary 3.2. Let the conditions of Theorem 3.1 be fulfilled and let

w(y) :=
(
v, u−D−α0y f

)
(y) ≡

∫
Rn
v(x)

[
u(x, y)−D−α0y f(x, y)

]
dx (3.2)

Then
1) the function w(y) does not change sign on (0, T ), namely,

signw(y) = sign (v, τ) ∀ y ∈ (0, T ); (3.3)

in particular, if w(y0) = 0 for some y0 ∈ (0, T ) then w(y) ≡ 0; and w(y) = 0 only if (v, τ) = 0;
2)

w(y) ∈ C∞(0, T ); (3.4)

3) if moreover (v, τ) 6= 0, then

w(y)

(v, τ)
=
yα−1

Γ(α)
∀ y ∈ (0, T ); (3.5)

w(y1)

w(y2)
=

(
y1

y2

)α−1

∀ y1, y2 ∈ (0, T ); (3.6)

and
w′(y)

w(y)
=
α− 1

y
∀ y ∈ (0, T ). (3.7)

Proof. According to the notation (3.2), the relations (3.3), (3.4), (3.5) and (3.6) are simple
consequences of the formula (3.1).

Next, from (3.3) it follows that w(y)
(v,τ)

> 0 if (v, τ) 6= 0. Taking the logarithmic derivative of

both parts of (3.5), we obtain (3.7). �
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4. Order determination inverse problems

The equalities (3.5), (3.6) and (3.7) allow us to pose inverse problems for the equation (1.1)
in which the order of the fractional derivative, α, is unknown and must be determined.

Let us give a general formulation of inverse problems that we consider here: find a pair
{u(x, y), α}, where u(x, y) is a regular solution of the problem (1.1), (2.2), and α ∈ (0, 1), the
order of the fractional derivative in (1.1), satisfies the overdetermination condition

F (u, α) = d, (4.1)

where F (·, α) is a given functional, and d is a given real number.
Below we present three forms of the functional F (·, α) that can be used as overdetermination

conditions in (4.1).

4.1. One-point condition. First, let us study some properties of the function (see also [4, 3])

H(z, t) :=
tz−1

Γ(z)
. (4.2)

In what follows, for any positive t we set

η(t) := sup
z>0

H(z, t) and ϕ(t) := Ψ−1(ln t) , (4.3)

where Ψ(z) = Γ′(z)
Γ(z)

is the digamma function. From the properties of the functions Γ(z) and

Ψ(z) it follows that both quantities η(t) and ϕ(z) are defined correctly and uniquely for any
t > 0.

Lemma 4.1. For each fixed t > 0, the equation

H(z, t) = d, (4.4)

in z ∈ R+ := (0,∞), has exactly two distinct solutions if 0 < d < η(t); it has a unique solutions
if d = η(t); and it has no solutions if d > η(t).

Proof. On accounts of the definiition (4.2), it is easy to check that

H(z, t) > 0 (z, t > 0); lim
z→0

H(z, t) = lim
z→∞

H(z, t) = 0 (t > 0), (4.5)

∂

∂z
H(z, t) = H(z, t) [ln t−Ψ(z)] .

By (4.3), this equality gives that

sign
∂

∂z
H(z, t) = sign (ϕ(t)− z) .

It follows that the function H(z, t), as a function of z for each positive t, monotonically increases
on the interval 0 < z < ϕ(t), reaches a maximum at the point z = ϕ(t), i.e.,

η(t) = H(ϕ(t), t) , (4.6)

and monotonically decreases for z > ϕ(t). This proves the statement of the lemma. �

Remark 4.2. Note that the equality H(1, t) = 1, which is valid for any t > 0, shows that
η(t) ≥ 1. Moreover, from (4.3), (4.6), and the equality Ψ(1) = −γ, it follows that η(t) = 1 if
and only if t = e−γ, where γ = −Γ′(1) is Euler’s constant.
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Lemma 4.3. Let t > 0, d ∈ (0, η(t)], z1(t) and z2(t) be solutions of (4.4), and z1(t) ≤ z2(t).
1) If 0 < d < 1 then

0 < z1(t) < 1 < z2(t).

2) If 1 ≤ d ≤ η(t) then

0 < z1(t) ≤ z2(t) ≤ 1 for 0 < t < e−γ ;

and
1 ≤ z1(t) ≤ z2(t) for t ≥ e−γ .

Moreover, z1(t) = z2(t) if and only if d = η(t), and (z1(t)− 1)(z2(t)− 1) = 0 if and only if d = 1.

Proof. Taking into account Remark 4.2, Lemma 4.3 follows from Lemma 4.1. �

Theorem 4.4. Let

τ(x) ∈ C (Rn) ∩ E (−a, p) , y1−µf(x, y) ∈ C (Ω0) , sup
y∈[0,T ]

y1−µf(x, y) ∈ E (−a, p) ,

for some a > 0, 0 < p ≤ 1; and y1−µf(x, y) be locally Hölder continuous with respect to x.
Let also v(x) ∈ H ∩ E (c, p) for some c < a and u(x, y) be a solution of the problem (1.1) and (2.2)

satisfying (2.4); (v, τ) 6= 0, and y0 ∈ (0, T ).
1) If 0 < d < 1 or d = η(y0) with y0 < e−γ, then the inverse problem (1.1), (2.2), and (4.1) with

the overdetermination condition

F (u, α) :=

(
v, u−D−α0y f

)
(y0)

(v, τ)
= d, (4.7)

has a unique solution.
2) If 1 < d < η(y0) and y0 < e−γ, then the inverse problem (1.1), (2.2), and (4.1) with the

overdetermination condition (4.7), has exactly two solutions.

Proof. The conditions of the theorem guarantee the existence of a unique solution of the problem
(1.1), (2.2) for any α ∈ (0, 1). It remains to determine α satisfying condition (4.1) with F (u, α) given
by (4.7). By (3.5), this question is equivalent to the solvability of the equation

H(α, y0) = d.

The solvability of this equation under the conditions imposed on y0 and d follows from Lemma 4.3. �

4.2. Two-point condition. As follows from Theorem 4.4, the overdetermination condition given by
(4.7) does not always guarantee a unique determination of α for small values of y0. Here we consider
the overdetermination condition that allows us to uniquely determine α, but requires observation data
specified at two points in time.

Theorem 4.5. Let the conditions of Theorem 4.4 imposed on τ(x), f(x, t), v(x) and u(x, y) be fulfilled,
(v, τ) 6= 0, 0 < y1 < y2 < T . Then the problem (1.1), (2.2), and (4.1) with overdetermination condition

F (u, α) :=

(
v, u−D−α0y f

)
(y1)(

v, u−D−α0y f
)

(y2)
= d, (4.8)

has a unique solution if and only if 1 < d < y2/y1.

Proof. Recall that the condition (v, τ) 6= 0 guarantees that
(
v, u−D−α0y f

)
(y) 6= 0 for any y ∈ (0, T ).

Further, by virtue of (3.6), (4.1) and (4.8), to determine α it is sufficient to solve the equation(
y1

y2

)α−1

= d.

This equation has a unique solution

α = 1 +
ln d

ln y1 − ln y2

,

which belongs to (0, 1) if and only if 1 < d < y2/y1. �
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4.3. Condition in terms of logarithmic derivative. Here we will consider another type of overde-
termination condition. It is generated by the equality (3.7) and is given using the logarithmic deriva-
tive.

Theorem 4.6. Let the conditions of Theorem 4.4 imposed on τ(x), f(x, t), v(x) and u(x, y) be fulfilled,
(v, τ) 6= 0, 0 < y0 < T . Then the inverse problem (1.1), (2.2), and (4.1) with overdetermination
condition

F (u, α) :=

[(
v, u−D−α0y f

)′
(y)(

v, u−D−α0y f
)

(y)

]
y=y0

= d, (4.9)

has a unique solution if and only if 0 < −d < 1/y0.

Proof. By (3.7), (4.1), and (4.9), α can be uniquely determined from the equality

d =
α− 1

y0

.

That is α = 1 + dy0, and α ∈ (0, 1) if and only if 0 < −d y0 < 1. �

5. Conclusion

In the paper, we prove the integral identity (3.1), which connects a solution of the Cauchy problem
for the fractional diffusion equation (1.1) with entire harmonic functions. Based on this identity,
we propose three overdetermination conditions for the inverse problem, in which, in addition to the
desired solution, the order of fractional differentiation is also unknown.

The following features of the presented results should be highlighted.
First, the condition (v, τ) 6= 0 excludes the possibility of considering the discussed problems in the

case of zero initial conditions. However, this is compensated by the wide arbitrariness of the choice of
harmonic function v(x).

Further, the considered conditions, (4.7), (4.8), and (4.9), work in the case of the Riemann-Liouville
derivative. For example, in the case of the Gerasimov-Caputo derivative they are not applicable. It
would be interesting to investigate the question of the existence of similar conditions for other forms
of fractional differentiation.

Also, the proposed overdetermination conditions require the initial function and the right-hand
side to rapidly tend to zero, which also narrows the class of admissible data for the problems under
consideration, and it would also be interesting to expand it.
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Abstract. This article addresses the regular solvability in Sobolev spaces of parabolic coef-
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1. Introduction

We consider the problem of recovering the coefficients and the right-hand in a parabolic
equation. Let G be a domain in Rn with boundary Γ and Q = (0, T )×G. We assume that the
domain G is divided into two open sets G+ and G−, G− ⊂ G, G+ ∪ G− = G,G+ ∩ G− = ∅,.
Denote Γ0 = ∂G+ ∩ ∂G−, S0 = (0, T ) × Γ0, S = (0, T ) × Γ. The parabolic equation has the
form

ut + A(t, x,D)u = f(t, x), (t, x) ∈ Q, (1.1)

where the function f and the second order elliptic operator A in G± are representable as

− A(t, x,D) = A0(t, x,Dx) +
r∑
i=1

qi(t)Ai(t, x,Dx), f = f0(t, x) +
s∑

i=r+1

fi(t, x)qi(t),

Ai =
n∑

k,l=1

aikl(t, x)∂2
xkxl

+
n∑
k=1

aik(t, x)∂xk + ai0.

The equation (1.1) is furnished with the initial and boundary conditions

u|t=0 = u0, Bu|S = g(t, x), (1.2)

where Bu = u or Bu = ∂u
∂N

+σu =
∑n

i,j=1 aijuxinj +σu and n = (n1, n2, . . . , nn) is the outward
unit normal to Γ, and the transmission conditions

∂u+

∂N
(t, x) =

∂u−

∂N
(t, x), u+(t, x) = u−(t, x), (t, x) ∈ S0, (1.3)

where
∂u±

∂N
(t, x0) = lim

x∈G±, x→x0∈Γ0

n∑
i,j=1

aijuxiνj, u
±(t, x0) = lim

x∈G±, x→x0∈Γ0

u(t, x),
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ν = (ν1, ν2, . . . , νn) is the outward unit normal to G−. The overdetermination conditions are
given in the form ∫

G

u(t, x)ϕj(x)dx = ψj(t), j = 1, 2, . . . , s. (1.4)

The unknowns in problem (1.1)-(1.4) are a solution u and the functions qi(t) (i = 1, 2, . . . , s).
It is possible that there are many connectedness components of the sets Γ or Γ0 with their own
boundary and transmission conditions. To simplify the presentation, we do not specify this
case separately.

Problems of the type (1.1)-(1.4) arise when describing heat and mass transfer, diffusion,
filtration processes, in ecology, etc. As an example, we can point out the problems of description
of soil temperature regimes of northern territories, where determining thermophysical and mass
transfer characteristics becomes crucial. These characteristics are typically specified by solving
an associated inverse problem (see [26]). There are few, if any, theoretical results addressing
problems (1.1)-(1.4), in contrast to the large number of articles available in the case of a single
medium. We describe the results obtained in the latter case. We can refer to the monograph
[28] devoted to inverse parabolic problems, and the monographs [5, 14, 20, 22] which contain
the main statements of inverse problems, including those in the parabolic case. It is worth
mentioning the articles [12, 13, 17, 18] where, in the case n = 1, the thermal conductivity is
determined as a function of time, and existence and uniqueness theorems are obtained. The
additional data used in these articles are the values of a solution at separate points which can
be interior or boundary. The thermal conductivity, being independent on one of the spatial
variables, and some coefficients with the use of the Cauchy data on the lateral surface of the
cylinder and integral data are determined in works [15, 16]. Existence and uniqueness theorems
for solutions, as well as stability estimates, have been obtained. In the monograph [5] (see
also, for example, the results of work [10] and others) existence and uniqueness theorems for
solutions to coefficient inverse problem with coefficients (including the higher-order coefficients)
independent of certain spatial variables and the overdetermination data on sections of the spatial
domain by planes are established. Due to the specifics of the method, all coefficients also do not
depend on some spatial variables. More complete results are obtained in the articles [29]-[31],
where the well-posedness of inverse problems for determining coefficients is demonstrated in
the case when the solution is given on spatial manifolds or at separate points. Inverse problems
with pointwise data are studied in the articles of A. I. Prilepko and his followers and a number of
interesting problems are studied in [28]. Similar results but under somewhat different conditions
on the data and in other spaces were obtained in articles [32], [33]. Our results are close to
those in [34], where inverse problem of determining the higher-order coefficients in the equation
in the case of an ordinary initial-boundary value problem (not a transmission problem), are
considered.

The numerical solution to problems (1.1)-(1.4) and similar ones has been the subject of a
large number of articles. The main numerical methods are based on reducing the problem to
an optimal control problem and minimization of the corresponding objective functional (see
[35, 2, 25, 36]). Various formulations and results can also be found in the articles [11]-[7].
Additionally, there are several articles devoted to various model problems of this type (see
[21]).

Let us describe the content of the work. The second section outlines the conditions for the
data of the problem and provides auxiliary results. The third section is devoted to the existence
and uniqueness theorems for solutions to the problem (1.1)-(1.4). We consider the cases when
the unknown coefficients occur into the higher-order part of the equation and when they appear
in the lower-order part.
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2. Preliminaries

Let E be a Banach space. Denote by Lp(G;E) (G is the domain in Rn) the space of measur-
able functions defined on G with values in E and a finite norm ‖‖u(x)‖E‖Lp(G) [37]. The nota-
tions for Sobolev spaces W s

p (G;E), W s
p (Q;E), etc. are standard (see [8, 9]). If E = R or E = Rn

then we denote the last space simply by W s
p (Q). Definitions of Hlder spaces Cα,β(Q), Cα,β(S)

can be found, for example, in [23]. By the norm of a vector, we mean the sum of the norms
of coordinates. Given an interval J = (0, T ), denote W s,r

p (Q) = W s
p (J ;Lp(G))∩Lp(J ;W r

p (G)).
Similarly, W s,r

p (S) = W s
p (J ;Lp(Γ)) ∩ Lp(J ;W r

p (Γ)). Let (u, v) =
∫
G u(x)v(x)dx. All considered

spaces and coefficients of equation (1.1) are assumed to be real. Next, we assume that the
parameter p > n+ 2 is fixed and

Γ,Γ0 ∈ C2. (2.1)

The definition of a boundary of class Cs, s ≥ 1, can be found in [23, Chapter 1]. We introduce
the following notations: Qτ = (0, τ)×G, Sτ0 = (0, τ)×Γ0, Q± = (0, T )×G±, Q±τ = (0, τ)×G±,
Sτ = (0, τ)× Γ.

The consistency and smoothness conditions for the data can be written as follows:

u0(x) ∈ W 2−2/p
p (G±), B(0, x,D)u0|Γ = g(0, x), g ∈ W k0,2k0

p (S), p > n+ 2,

∂u+
0

∂N
(x) =

∂u−0
∂N

(x), u+
0 (x) = u−0 (x) x ∈ Γ0, (2.2)

where k0 = β0 = 1− 1/2p in case Bu = u and k0 = 1/2− 1/2p otherwise;

fj ∈ C([0, T ];Lp(G)), j = 0, r + 1, . . . , s; (2.3)

ψj ∈ C1([0, T ]),

∫
G

u0(x)ϕj(x)dx = ψj(0), j ≤ s. (2.4)

We assume also that

akij ∈ C(Q±), akij|S0 ∈ W s0,2s0
p (S0) (s0 = 1/2− 1/p), σ, akij|S ∈ W s0,2s0

p (S), (2.5)

where the latter condition holds if Bu 6= u;

ϕj ∈ W β0
q (G) (2/p < β0 < 1− n/p), akij ∈ C([0, τ ];Cβ1(G±)), akl ∈ C([0, T ];Lp(G)), (2.6)

for all i, j = 1, 2, . . . , n, l = 0, 1, . . . , n, k = 0, 1, . . . , r, where β1 > β0. Consider the matrix B0

of size s× s, with rows

(A1(0, x)u0(x), ϕj), . . . , (Ar(0, x)u0(x), ϕj), (fr+1(0, x), ϕj), . . . , (fs(0, x), ϕj), j ≤ s.

We require that
detB0 6= 0. (2.7)

Consider the systems of equations
B0~q0 = ~g0, (2.8)

where

~g0 = (ψ1t(0)− (A0(0, x)u0, ϕj)− (f0(0, x), ϕj), . . . , ψst(0)− (A0(0, x)u0, ϕs)− (f0(0, x), ϕs))
T .

In view of (2.7), the system (2.8) has a unique solution ~q0 = (q01, . . . , q0s)
T . Define the coeffi-

cients apl =
∑r

i=0 a
i
plq0i and assume that

n∑
p,l=1

apl(t, x)ξpξl ≥ δ0|ξ|2 ∀ξ ∈ Rn, ∀(t, x) ∈ Q.
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where δ0 is a positive constant. In this case the operator −A0 = A0(t, x,Dx) +∑r
i=1 q0iAi(t, x,Dx) is elliptic and we can consider the problem

ut + A0(t, x,Dx)u = f ((t, x) ∈ Q), u|t=0 = u0(x), Bu|S = g,

∂u+

∂N
(x, t) =

∂u−

∂N
(t, x), u+(t, x) = u−(t, x), (t, x) ∈ S0. (2.9)

Theorem 2.1. Let the conditions (2.1), (2.2), (2.5) hold and let f ∈ Lp(Q). Then there exists
a unique solution u ∈ W 1,2

p (Q+)∩W 1,2
p (Q−) to the problem (2.9). The following estimate holds:

‖u‖W 1,2
p (Q+) + ‖u‖W 1,2

p (Q−) ≤ C
[
‖u0‖W 2−2/p

p (Q+)
+ ‖u0‖W 2−2/p

p (Q−)
+ ‖f‖Lp(Q)

]
. (2.10)

If g = 0, then the estimate

‖u‖W 1,2
p (Q+

τ ) + ‖u‖W 1,2m
p (Q−τ ) ≤ C

[
‖u0‖W 2−2/p

p (Q+
τ )

+ ‖u0‖W 2−2/p
p (Q−τ )

+ ‖f‖Lp(Qτ )

]
(2.11)

holds, where the constant C does not depend on u0, f, τ ∈ (0, T ].

Proof. The first statement of the theorem is proven in the case of coefficients independent
of t in the book [27, Chapter 6]. In principle, the assertion of the theorem in the case of
arbitrary coefficients follows from the results of this work and standard reasoning, for example,
those used in the work [1]. The case of t-dependent coefficients was considered in the article
[3, Theorem 7.1]. Unfortunately, these results are mainly devoted to the more complicated
case when Γ∩Γ0 6= ∅ and therefore their presentation and formulations are quite cumbersome.
The second assertion and the estimate (2.11) follow from standard arguments, coinciding, for
example, with those in the articles [33, theorem 2], [32, theorem 1].

3. Main results

We need the following auxiliary lemma.

Lemma 3.1. Let v ∈ W 1,2
p (Q+) ∩W 1,2

p (Q−), p > n+ 2 and let the condition (2.6) hold. Then

the functions (akijvxixj , ϕl), (aki vxi , ϕl), (ak0v, ϕl) are continuous in t after possible modification
on a set of measure 0 and the following estimates hold

‖(akijvxixl , ϕj)‖C([0,τ ]) ≤ C(‖v‖
C([0,τ ];W

2−β0
p (G+))

+ ‖v‖
C([0,τ ];W

2−β0
p (G−))

), (3.1)

‖(aki vxj , ϕl)‖C([0,τ ]) + ‖(ak0v, ϕl)‖C([0,τ ]) ≤ C(‖v‖
C([0,τ ];W

2−β0
p (G+))

+ ‖v‖
C([0,τ ];W

2−β0
p (G−))

). (3.2)

where τ ∈ [0, T ] is arbitrary and the constant C does not depend on τ .

Proof. Using the Schwarz inequalities we have

|(akijvxixl , ϕj)| ≤ ‖vxixj‖W−β0
p (G+)

‖akijϕj‖Wβ0
q (G+)

+ ‖vxixj‖W−β0
p (G−)

‖akijϕj‖Wβ0
q (G−)

≤
C(‖v‖

W
2−β0
p (G+)

‖ϕj‖Wβ0
q (G+)

+ ‖v‖
W

2−β0
p (G−)

‖ϕj‖Wβ0
q (G−)

) ≤
C1(‖v‖

W
2−β0
p (G+)

+ ‖v‖
W

2−β0
p (G−)

) (1/p+ 1/q = 1). (3.3)

Here we used the well-known fact that multiplication by the function akij ∈ Cβ1(G±) is a

pointwise multiplier in W β0
q (G±) for β1 > β0, the inequality β0 <

1
q

= 1− 1
p
, and the estimate

‖vxixj‖W−β0
p (G±)

≤ C‖v‖
W

2−β0
p (G±)

. (3.4)
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This inequality is a well-known fact that follows from the following arguments: since

∂xixj ∈ L(W 2
p (G±), Lp(G

±)) and ∂xixj ∈ L(Lp(G
±),W−2

p (G±)), where W−2
p (G±) = (

◦
W 2

q(G
±))′

(1/p + 1/q = 1), then ∂xixj ∈ L((W 2
p (G±), Lp(G

±))θ,p, (Lp(G
±),W−2

p (G±))θ,p) and, in par-

ticular for fractional s, ∂xixj ∈ L(W s
p (G±),W s−2

p (G±)) for s ∈ [0, 2] (see[37]). Note that

v ∈ C([0, τ ];W 2−2/p
p (G±)) for each τ (for example, this follows from Theorem 4.10.2, Chap-

ter III in [4]). In this case v ∈ C([0, τ ];W 2−β0
p (G±)) for β0 ≥ 2/p. From (3.3) we obtain the

inequality

‖(akijvxixl , ϕj)‖C([0,τ ]) ≤ C1(‖v‖
C([0,τ ];W

2−β0
p (G+))

+ ‖v‖
C([0,τ ];W

2−β0
p (G−))

).

The further proof of the continuity of the expression (akijvxixj , ϕl) is carried out using the

definitions and continuity of the function akij. Consider the terms (ak0, v, ϕj),(a
k
i vxi , ϕj). Due to

embedding theorems v ∈ C1−n+2
2p

,2−n+2
p (Q±). In this case vxi ∈ C(Q+) ∩ C(Q−) and we have

|(aki vxi , ϕl)| ≤ ‖ϕl‖Lq(G)‖aki ‖Lp(G)‖vxi‖L∞(G) ≤ C‖∇v‖L∞(G). (3.5)

From this we obtain the estimate

‖(aki vxi , ϕl)‖C([0,τ ]) ≤ C‖v‖C([0,τ ];W 1
∞(G)) ≤ C1(‖v‖

L∞(0,τ ;W
2−β0
p (G+))

+‖v‖
L∞(0,τ ;W

2−β0
p (G−))

), (3.6)

where we used embedding theorems. Similar estimate is valid for ‖(ak0v, ϕl)‖C([0,τ ]). Using the
definitions of continuity, the obtained estimates (3.5),(3.6) and the condition (2.6) it is easy to
prove that (akijvxixj , ϕl), (aki vxi , ϕl), (ak0v, ϕl) ∈ C([0, τ ]).

Theorem 3.2. Let the conditions (2.1)-(2.7) hold. Then on some segment [0, τ0] (τ0 ≤ T ) there
exists a unique solution (u, q1, q2, . . . , qs) to the problem (1.1)-(1.4) such that u ∈ W 1,2

p (Q±τ0),
qj ∈ C([0, τ0]), j = 1, 2, . . . , s.

Proof. Let ~q = (q1, . . . , qs)
T . Find a solution Φ to the problem (2.9), where instead of the

function f we take the function f̃0 = f0 +
∑s

i=r+1 fi(t, x)q0i, and the functions g, u0 are those in
(1.1)-(1.3). By Theorem 1, there exists a solution to the problem (2.9) such that Φ ∈ W 1,2

p (Q±).
Making a change of variables u = v + Φ, we arrive at the problem

Lv = vt + S(~µ)v = (A0 − A)Φ +
s∑

i=r+1

fi(t, x)µi(t), (t, x) ∈ Q, S(~µ) = A0 + A(~µ), (3.7)

where −A(~µ) =
∑r

i=1 µi(t)Ai(t, x,Dx), µi(t) = qi(t)− q0i;

v|t=0 = 0, Bv|S = 0; (3.8)

∂v+

∂N
(x, t) =

∂v−

∂N
(t, x), v+(t, x) = v−(t, x), (t, x) ∈ S0; (3.9)∫

G

v(t, x)ϕj(x) dx = ψj(t)−
∫
G

Φ(t, x)ϕj(x) dx = ψ̃j, j = 1, 2, . . . , s. (3.10)

Thus, we have reduced the problem (1.1)-(1.4) to an equivalent and simpler problem (3.7)-

(3.10), which we will be studied below. Consider the expression L(~ξ) =
∑n

ij=1 ãijξiξj, ãij =∑r
k=1 a

k
ijµk and find the value R0 such that

|L(~ξ)| ≤ δ0|ξ|2/2 ∀ξ ∈ Rn,∀(t, x) ∈ Q, ∀~µ : ‖~µ‖C([0,T ]) ≤ R0.
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In this case the operator S(~µ) is elliptic and Theorem 1 holds with the operator S(~µ) instead
of the operator A0. We now have a mapping ~µ → v = v(~µ) (~µ = (µ1, . . . , µs)). Study its
properties. Let ~µ ∈ BR0,τ = {~µ ∈ C([0, τ ]) : ‖~µ‖C([0,τ ]) ≤ R0}. Theorem 1 yields

v = L−1f, f = (A0 − A)Φ +
s∑

i=r+1

fi(t, x)µi(t) (x ∈ G±). (3.11)

We have an estimate
‖v‖W 1,2

p (Q+) + ‖v‖W 1,2
p (Q−) ≤ c‖f‖Lp(Qτ ), (3.12)

where

f =
r∑
i=1

µiAiΦ(t, x) +
s∑

i=r+1

µifi(t, x), (t, x) ∈ Q±. (3.13)

From this representation and the conditions on the coefficients, we conclude that

‖f‖Lp(Qτ ) ≤ c2‖~µ‖C([0,τ ]), (3.14)

where the constant c2 does not depend on τ and depends on the norms of the coefficients in Q
and the quantities ‖fi‖Lp(Qτ ), ‖AiΦ‖Lp(Qτ ). Assuming that ~µi ∈ BR0,τ (i = 1, 2), we consider two
solutions v1, v2 to the problem (3.7)-(3.8) (or equation (3.11)), corresponding to two different
vectors ~µi (~µi = (µ1i, µ2i, . . . , µsi) (i = 1, 2). Subtracting the second equation in (3.7) from the
first one, we find that the difference ω = v2 − v1, vi = v(~µi), satisfies the equation

ωt + S(
µ1 + µ2

2
)ω =

r∑
j=1

(
µj2(t)− µj1(t)

)
Aj(t, x,D)(v1 + v2)/2

+
r∑
j=1

(µj2(t)− µj1(t))Aj(t, x,D)Φ +
s∑

j=r+1

fj(t, x)
(
µj2(t)− µj1(t)

)
. (3.15)

We have that (µ1 + µ2)/2 ∈ BR0,τ and therefore the estimate is valid (see (??))

‖ω‖W 1,2
p (Q+) + ‖ω‖W 1,2

p (Q−) ≤ c‖f̃‖Lp(Qτ ), (3.16)

f̃ =
r∑
j=1

(
µj2(t)− µj1(t)

)
Aj(t, x,D)(v1 + v2)/2 +

s∑
j=r+1

fj(t, x)
(
µj2(t)− µj1(t)

)
+

+
r∑
j=1

(µj2(t)− µj1(t))Aj(t, x,D)Φ. (3.17)

The estimates (3.16), (3.14) validate the inequality

‖ω‖W 1,2
p (Q+) + ‖ω‖W 1,2

p (Q−) ≤ c‖f̃‖Lp(Qτ ) ≤ c2c‖~µ2 − ~µ1‖C([0,τ ]), (3.18)

where, as before, the constant c2 depends on the norms (as a linear function) ‖Aj(v1+v2)‖Lp(Qτ ),
‖fi‖Lp(Qτ ),‖AjΦ‖Lp(Qτ ). In view of our conditions on the coefficients and inequalities (3.12),
(3.14), we obtain that ‖Aj(v1+v2)‖Lp(Qτ )+‖AjΦ‖Lp(Qτ ) ≤ c(‖v1+v2‖W 1,2

p (Q+)+‖v1+v2‖W 1,2
p (Q−)+

‖Φ‖W 1,2
p (Q+) + ‖Φ‖W 1,2

p (Q−)) ≤ c(R0). Let v, ~µ be a solution to problem (3.7), (3.8) and, thus,
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v = v(~µ). Multiplying equation (3.7) scalarly in the space L2(G) by the function ϕj taking into

account that (vt, ϕj) = ψ̃′j, we obtain the system

ψ̃′j + (S(~µ)v(t, x), ϕj) =
r∑
j=1

µj(AjΦ, ϕj) +
s∑

j=r+1

µj(fj, ϕj), j = 1, 2, . . . , s. (3.19)

The right-hand side of this equality can be represented in the form B(t)~µ, where the matrix B
has the rows

(A1(t, x)Φ(t, x), ϕj), . . . , (Ar(t, x)Φ(t, x), ϕj), (fr+1(t, x), ϕj), . . . , (fs(t, x), ϕj), j ≤ s.

As it follows from Lemma 1 and condition (2.3), (AkΦ, ϕj) ∈ C([0, τ ]) (k = 1, 2, . . . , r),
(fj, ϕj) ∈ C([0, τ ]). Therefore, the elements of the matrix B are continuous in t and when
t = 0 we have that B(0) = B0. In this case there exist τ0 ≤ T and a constant δ3 > 0 such that

|detB(t)| ≥ δ3 > 0 ∀t ∈ [0, τ0]. (3.20)

Thus, the system (3.19) can be written as

~µ(t) = B−1H(~µ)(t) = R(~µ),

H(~µ) = (ψ̃′1 + (S(~µ)v, ϕ1), ψ̃′2 + (S(~µ)v, ϕ2), . . . , ψ̃′s + (S(~µ)v, ϕs))
T . (3.21)

Note that S(µ) = 0 if ~µ = 0 due to the uniqueness of a solution to parabolic problems. The
right-hand side of (3.21) involves an operator that associates the vector functions ~µ with the
vector R(~µ) and contains the function v being a solution to the problem (3.7), (3.8). As shown
earlier, this operator is defined for all vectors ~µ such that ~µ ∈ BR0,τ , τ ≤ τ0. We have already
investigated the properties of this mapping ~µ→ v(~µ). We now show that there exists a number
τ1 ≤ τ0 such that the operator R(~µ) = B−1H(~µ)(t), R : C([0, τ1])→ C([0, τ1]), is well-defined,
maps the ball BR0,τ1 into itself and is a contraction. Consider equation (2.9) for Φ. Integrating
it with the weight ϕj, we obtain

(Φt, ϕj) + (A0Φ, ϕj) = (f̃0, ϕj), j = 1, 2, . . . , s. (3.22)

By Lemma 1, (A0Φ, ϕj) ∈ C([0, T ]). The conditions on the data also guarantee that

(f̃0, ϕj) ∈ C([0, T ]) for all j. Therefore, we may assume that (Φ, ϕj) ∈ C1([0, τ ]) after a
possible rearrangement on a set of zero measure. Next, we have

ψ̃jt(0) = ψjt(0)−
∫
G

Φtϕjdx|t=0 = ψjt + (A0Φ, ϕj)− (f, ϕi) = 0, (3.23)

due to the equality (2.8). Let ~ψ(t) = (ψ̃1t, ψ̃2t, . . . , ψ̃st). In this case there exists a number

τ1 ≤ τ0 such that ‖B−1 ~ψ‖C([0,τ ]) ≤ R0/2. Note that R(0) = B−1(t)~ψ(t). Next, we obtain some
estimates assuming that ~µi ∈ BR0,τ and τ ≤ τ1. Estimate the difference ‖R(~µ1)−R(~µ2)‖C([0,τ ]).
We have

‖R(~µ1)−R(~µ2)‖C([0,τ ]) ≤ c0(
s∑
i=1

‖(A0v1, ϕi)− (A0v2, ϕi)‖C([0,τ ])+

s∑
i=1

r∑
k=1

‖µ1k(Akv1, ϕi)− µ2k(Akv2, ϕi)‖C([0,τ ])). (3.24)
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Using Lemma 1 for the functions v1 − v2 and v1 + v2, we obtain

‖µ1k(Akv1, ϕi)− µ2k(Akv2, ϕi)‖C([0,τ ]) ≤ ‖(µ1k − µ2k)((Akv1, ϕi) + (Akv2, ϕ))‖C([0,τ ])/2

+ ‖(µ1k + µ2k)

2
((Akv1, ϕi)− (Av2, ϕi))‖C([0,τ ]) ≤

C‖µ1k − µ2k‖C([0,τ ])(‖v1 + v2‖C([0,τ ];W
2−β0
p (G+))

+ ‖v1 + v2‖C([0,τ ];W
2−β0
p (G−))

)

‖µ1k + µ2k‖C([0,τ ])(‖v1 − v2‖C([0,τ ];W
2−β0
p (G+))

+ ‖v1 − v2‖C([0,τ ];W
2−β0
p (G−))

), (3.25)

where the constants ci do not depend on τ . Similarly, we obtain the estimate

‖(A0v1, ϕi)−(A0v2, ϕi)‖C([0,τ ]) ≤ c0(‖v1−v2‖C([0,τ ];W
2−β0
p (G+))

+‖v1−v2‖C([0,τ ];W
2−β0
p (G−))

), (3.26)

The inequality [37] holds
‖u‖W s

p (G) ≤ C‖u‖θ
W
s1
p (G)
‖u‖1−θ

W
s2
p (G)

, (3.27)

s1θ + s2(1− θ) = s, θ ∈ (0, 1), s1 < s < s2. Using the interpolation inequality (3.27) we have

‖v1 − v2‖C([0,τ ];W
2−β0
p (G±))

≤ ‖v1 − v2‖θ
C([0,τ ];W

2− 2
p

p (G±))
‖v1 − v2‖1−θ

C([0,τ ];Lp(G±)), (3.28)

where (2− 2
p
)θ = 2− β0. The inequality

‖v1 − v2‖C([0,τ ],Lp(G±)) ≤ τ
p−1
p ‖v1 − v2‖Lp(Q±τ ) (3.29)

results from the Newton-Leibniz formula v =
∫ t

0 vξ(ξ)dξ (v(0, x) = 0). Futhermore, we have the
inequality

‖v1 − v2‖
C([0,τ ]),W

2− 2
p

p (G±))
≤ C‖v1 − v2‖W 1,2

p (Q±τ ), (3.30)

where the constant C does not depend on τ . The estimate follows from [4, Theorem 4.10.2 Ch.
III] and the possibility of extension of the function v by zero for t < 0 with the preservation of
the class. In this case the inequalities (3.28),(3.29), and (3.30) imply that

‖v1 − v2‖C([0,τ ];W
2−β0
p (G±))

≤ C‖v1 − v2‖W 1,2
p (Q±)τ

τβ, (3.31)

where C does not depend on τ and β = (1− θ)(p−1
p

). Similarly, we obtain that

‖v1 + v2‖C([0,τ ];W
2−β0
p (G±))

≤ C‖v1 + v2‖W 1,2
p (Q±τ )τ

β. (3.32)

The inequalities (3.18), (3.25), (3.26), (3.31), (3.32) ensure the estimate

‖R(~µ1)−R(~µ2)‖C([0,τ ]) ≤ c12τ
β‖~µ1 − ~µ2‖C([0,τ ]). (3.33)

If we choose τ2 ≤ τ1 such that c12τ
β ≤ 1

2
for τ ≤ τ2, then the operator R is a contraction and

maps the ball BR0,τ into itself for all τ ≤ τ2. Applying the fixed-point theorem, we obtain the
existence of a solution to system (3.21). Let v = v(~µ). We now demonstrate that this solution
satisfies the overdetermination conditions (3.10). Multiply (3.7) scalarly in L2(G) by ϕj. We
obtain the system of equalities

(vt, ϕj) + (S(~µ)v, ϕj) =
r∑
j=1

µj(AjΦ, ϕj) +
s∑

j=r+1

(fj, ϕj)µj(t). (3.34)
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Subtracting these equalities from (3.19), we obtain
∫
G vt(t, x)ϕj dx − ψ̃′j = 0 for all j, which

means that the conditions (3.10) are satisfied. The uniqueness of solutions follows from the
estimates presented in the proof of existence. Q.E.D.

We now present some results on the solvability of problem (1.1)-(1.4) in the case when the
unknown functions qi(t) enter the equation only as lower-order coefficients. The formulation
and the proof differ slightly. In this case, the unknown coefficients are sought not in the class
of continuous functions but in the class of functions belonging to some Lebesgue space. The
parabalic equitaion has the same form, but akij = 0 for i, j = 1, . . . , n, k = 1, 2, . . . , r and, thus,

Aiu =
n∑
k=1

aikuxi + ai0u, k = 1, 2, . . . , r. (3.35)

We preserve the notations of the previous section.

akl ∈ L∞(0, T ;Lp(G)), aij ∈ C(Q) ∩ L∞(0, T ;Cβ1(G)), p > n+ 2, (3.36)

ϕi1 ∈ W β0
q (G), f0 ∈ Lp(Q), fi2(t, x) ∈ L∞(0, T ;Lp(G)), ψi1(0) =

∫
G

u0(x)ϕi1(x)dx, (3.37)

where i1 = 1, . . . , s, l = 0, 1, . . . , n, i, j = 1, . . . , n, k = 1, . . . , r, i2 = r+1, . . . , s, and we assume
that 0 < β0 < 1− 1

p
, β1 > β0. Consider the matrix B0 of size s× s with the rows

((A1(t, y,D)u0(y), ϕi) . . . , (Ar(t, y,D)u0(y), ϕi), (fr+1(t, y), ϕi), . . . , (fs(t, y), ϕi),

where i = 1, . . . , s. The following condition ensures well-posedness of the problem:

|detB0| > δ2 > 0 a.e. on (0, T ), (3.38)

where δ2 is some constant.

Theorem 3.3. Let conditions (2.1), (2.2), (3.36)-(3.38) be satisfied. Then on some segment
[0, τ0] (τ0 ≤ T ) there exists a unique solution (u, q1, q2, . . . , qs) to the problem (1.1)-(1.4) such
that

u ∈ W 1,2m
p (Qτ0), qj ∈ Lp(0, τ0), j = 1, 2, . . . , s.

Proof. First, we note that the above-introduced matrix A0 coincides with the matrix A0

in this case. The proof is in line with the proof of the previous theorem. Therefore, we only
outline the main stages. Rewrite the problem as follows:

ut − A0(t, x,D)u = f0 +
s∑

i=r+1

qiAiu+
r∑
i=1

bi(t, x)qi(t), (3.39)

u|t=0 = u0, Bu|S = g. (3.40)

(u(t, y), ϕi) = ψi, i = 1, 2, . . . , s. (3.41)

Let Φ be a solution to the problem (3.39)-(3.40), where qi ≡ 0 for all i. A solution exists and
by Theorem 1, Φ ∈ W 1,2

p (Q). Making the substitution u = v + Φ, we reduce the problem to
the problem

vt − A0(t, x,D)v =
s∑

i=r+1

qiAiv +
s∑

i=r+1

bi(t, x)µi(t) +
r∑
i=1

qiAiΦ, (3.42)
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v|t=0 = 0, Bv|S = 0. (3.43)

(v(t, x), ϕi) = ψi − (Φ(t, x), ϕi) = ψ̃i, i = 1, 2, . . . , s. (3.44)

Let v be a solution to problem (3.42)-(3.43), so v = v(~q). Multiplying the equation by ϕj
scalarly in L2(G), we obtain the system

ψ̃jt − (A0v(t, y), ϕj)−
s∑

i=r+1

qi(t)(Aiv(t, y), ϕj) =

s∑
i=r+1

qi(t)(Ai(t, y,D)Φ(t, y), ϕj) +
r∑
i=1

qi(bi(t, y), ϕj), (3.45)

where the brackets (·, ·) denote the inner product in L2(G). The left-hand side is a vector H(~q)
with the coordinates

ψ̃jt − ((A0v(t, y), ϕj) +
r∑
i=1

qi(t)(Aiv(t, y), ϕj)). (3.46)

The right-hand side of (3.45) is written as B(t)~q. As in the proof of Lemma 1, it is easy to see
that the entries (bi(t, y), ϕj), (Ai(t, y,D)Φ(t, y), ϕj) of the matrix B belongs to L∞(0, T ). The
last s− r columns of the matrix B coincide with those of the matrix B0. The remaining entries
are written as

(Ai(t, y,D)Φ(t, y), ϕj) = (Ai(t, y,D)u0(y), ϕj) + (Ai(t, y,D)(Φ(t, y)− u0(y)), ϕj).

Due to the condition on the coefficients, the second summand on an arbitrary interval [0, τ ]
admits an estimate

|(Ai(t, y,D)(Φ(t, y)− u0(y)), ϕj)| ≤ c‖Φ(t, y)− u0(y)‖L∞(0,τ,W 1
∞(G)). (3.47)

Furthermore, using interpolation inequalities, embedding theorems [37], and Theorem 1, we
have that the right-hand side is estimated by the quantity

c2(‖Φ(t, x)− u0(x)‖
L∞(0,τ,W

1+n/p+ε
p (G+))

+ ‖Φ(t, x)− u0(x)‖
L∞(0,τ,W

1+n/p+ε
p (G−))

≤

c3(‖Φ(t, x)− u0(x)‖
L∞(0,τ ;W

2−2/p
p (G+))

+ ‖Φ(t, x)− u0(x)‖
L∞(0,τ ;W

2−2/p
p (G−))

)θ·

‖Φ− u0‖1−θ
L∞(0,τ,Lp(G)) ≤ c4(‖Φ(t, y)− u0‖L∞(0,τ ;W

2−2/p
p (G+))

+

‖Φ(t, y)− u0‖L∞(0,τ ;W
2−2/p
p (G−))

)θ‖Φt‖1−θ
Lp(0,τ,Lp(G))τ

(1−θ)(p−1)/p ≤ c5τ
(1−θ)(p−1)/p, (3.48)

where (2−2/p)θ = 1+n/p+ε, the parameter ε > 0 is chosen such that 1+n/p+ε < 2−2/p and
without loss of generality we may assume that the constant c5 does not depend on τ. Thus, the
elements of the matrix B differ from the elements of the matrix B0 by cτβ where the parameter
β = (1 − θ)(p − 1)/p > 0 and c is a constant. Therefore, there exists a number τ0 such that
|detB(t)| > δ2/2 > 0 a.e. on (0, τ0). Hence, we obtain the system

~q(t) = B−1H(~q)(t) = R(~q) (3.49)

for finding the vector-function ~q. The operator on the right-hand side is defined for τ ≤ τ0.
Note that R(0) = (ψ̃1, . . . , ψ̃s)

T due to the uniqueness of solutions to the problem (??), (3.40).
Proceeding as in the previous theorem, we show that there exists τ1 ≤ τ0 such that the operator
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R is a contraction in some ball Bτ = {~q : ‖~q‖Lp(0,τ) ≤ R0}, where τ ≤ τ1, and maps it into itself.
As the parameter R0, we take the value: R0 = 2‖R(0)‖Lp(0,T ). Fixing the functions qj ∈ Lp(0, τ)
and solving the problem (3.39)-(3.40) on the interval (0, τ), we obtain the mapping v = v(~q).
Study the properties of this mapping. We have the estimate

‖v‖W 1,2
p (Q−τ ) + ‖v‖W 1,2

p (Q+
τ ) ≤ c6‖

r∑
i=1

qiAiv +
s∑

i=r+1

bi(t, x)qi(t) +
r∑
i=1

qiAiΦ‖Lp(Qτ ) ≤

≤ c7‖v‖L∞(0,τ ;W 1
∞(G)) + c8‖~q‖Lp(0,τ). (3.50)

The first summand on the right-hand side (see the estimates (3.47), (3.48)), is estimated by
c8τ

β(‖v‖W 1,2
p (Q+

τ ) + ‖v‖W 1,2
p (Q−τ )), where the constant c8 does not depend on τ . In this case we

obtain the estimate

‖v‖W 1,2
p (Q+

τ ) + ‖v‖W 1,2
p (Q−τ ) ≤ c9‖~q‖Lp(0,τ) + c8τ

β(‖v‖W 1,2
p (Q+

τ ) + ‖v‖W 1,2
p (Q−τ )). (3.51)

Choosing τ1 ≤ τ0 so that c8τ
β ≤ 1/2 for τ ≤ τ1, we infer

‖v‖W 1,2
p (Q+

τ ) + ‖v‖W 1,2
p (Q−τ ) ≤ c10‖~q‖Lp(0,τ), (3.52)

where the constant c10 does not depend on τ ≤ τ1. Now consider two solutions v1, v2 to the
problem (3.39), (3.40) corresponding to two different collections ~q i = (qi1, q

i
2, . . . , q

i
s) (i = 1, 2)

in the right-hand side of the equation (3.39). Subtracting the second equation from the first,
we obtain that the difference ω = v1 − v2 satisfies the equation

ωt − A0ω =
r∑
j=1

(
q1
j − q2

j

)
Aj(t, x,D)(v2 + v1)/2

+
r∑
j=1

(q1
j + q2

j )

2
Aj(t, x,D)ω +

s∑
j=r+1

bj(t, x)
(
q1
j (t, x

′)− q2
j (t, x

′)
)
. (3.53)

If ~qi ∈ Bτ (i = 1, 2), then repeating the proof of (3.52), we derive that

‖v1 − v2‖W 1,2
p (Q+

τ ) + ‖v1 − v2‖W 1,2
p (Q−τ ) ≤ c11‖~q 1 − ~q 2‖Lp(0,τ). (3.54)

Now estimate the norm ‖R(~q 1)−R(~q 2)‖Lp(0,τ). We have that

(H(~q 1)−H(~q 2))j = (A0ω(t, y), ϕj) +
1

2

s∑
i=r+1

(q1
i − q2

i )(Ai(v1 + v2)(t, y), ϕj)+

1

2

s∑
i=r+1

(q1
i + q2

i )(Aiw(t, y), ϕj),

where the subscript on the left side denotes the number of the coordinate of the vector H(~q 1)−
H(~q 2). We can write down analogs of the inequalities (3.47), (3.48), in which instead of the
function Φ − u0 we take the functions v1 − v2, v1 + v2. In this case the second and third
summands as estimated as

‖1

2

r∑
i=1

(q1
i − q2

i )(Ai(v1 + v2)(t, y), ϕj) +
1

2

r∑
i=1

(q1
i + q2

i )(Ai(v1 − v2)(t, y), ϕj)‖Lp(0,τ)

≤ c12(‖~q 1 − ~q 2‖Lp(0,τ)(‖v1 + v2‖W 1,2
p (Q+

τ ) + ‖v1 + v2‖W 1,2
p (Q−τ ))+

‖~q 1 + ~q 2‖Lp(0,τ)(‖v1 − v2‖W 1,2
p (Q+

τ ) + ‖v1 − v2‖W 1,2
p (Q−τ )))τ

β. (3.55)
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Note that ‖~q 1 + ~q 2‖Lp(0,τ) ≤ 2R0, ‖v1 + v2‖W 1,2
p (Q±τ ) ≤ 2c(R0), upper bounds of the norms

generally depend on R0, the constant c(R0) coincides with that in the estimates (3.52). Using
(3.54), we obtain the estimate

‖1

2

r∑
i=1

(q1
i − q2

i )(Ai(v1 + v2)(t, y), ϕj) +
1

2

r∑
i=1

(q1
i + q2

i )(Ai(v1 − v2)(t, y), ϕj)‖Lp(0,τ)

≤ c13τ
β‖~q 1 − ~q 2‖Lp(0,τ), (3.56)

where the constant c13 depends on R0 but does not depend on τ . Estimate the first summand
(A0ω(t, y), ϕj). It contains summands of the form Iij = (a0

ijwxixj , ϕj), Ij = (a0
jwxj , ϕj) i, j =

1, 2, . . . , n), I0 = (a0
0wxj , ϕj).

|Iij| ≤ (‖wxixj‖W−β0
p (G+)

+ ‖wxixj‖W−β0
p (G−)

)(‖a0
ijϕj‖Wβ0

q (G+)
+ ‖a0

ijϕj‖Wβ0
q (G−)

) ≤

c1(‖w‖
W

2−β0
p (G+)

+ ‖w‖
W

2−β0
p (G−)

) ≤ c2(‖w‖W 2
p (G+) + ‖w‖W 2

p (G−))
θ‖w‖1−θ

Lp(G).

From here we obtain the estimate

‖Iij‖Lp(0,τ) ≤ c2(‖w‖Lp(0,τ ;W 2
p (G+)) + ‖w‖Lp(0,τ ;W 2

p (G−)))
θ‖w‖1−θ

Lp(Qτ ) ≤
c3(‖w‖W 1,2

p (Q+
τ ) + ‖w‖W 1,2

p (Q−τ ))τ
1−θ, θ = (2− β0)/2, (3.57)

where we used the inequality ‖w‖Lp(Qτ ) ≤ τ‖wt‖Lp(Qτ ), which follows from the Newton-Leibnitz
formula. The conditions on the data imply that

|Ij| ≤ c1‖w‖W 1
∞(G) ≤ c2(‖w‖

W
1+n/p+ε
p (G+)

+ ‖w‖
W

1+n/p+ε
p (G−)

) ≤

c2(‖w‖W 2
p (G+) + ‖w‖W 2

p (G−))
θ1‖w‖1−θ1

Lp(G), θ1 = (1 + n/p+ ε)/2,

where we choose ε < 1− n/p. Thus, we obtain

|Ij|Lp(0,τ) ≤ c3(‖w‖W 1,2
p (Q−τ ) + ‖w‖W 1,2

p (Q+
τ ))τ

1−θ1 . (3.58)

Repeating the arguments, we similarly obtain that

‖I0‖Lp(0,τ) ≤ c4(‖w‖W 1,2
p (Q−τ ) + ‖w‖W 1,2

p (Q+
τ ))τ

1−θ1 . (3.59)

The estimate we need follows from (3.54), (3.56)-(3.59) and has the form

‖R(~q 1)−R(~q 2)‖Lp(0,τ) ≤ c19τ
β1‖~q 1 − ~q 2‖Lp(0,τ), τ ≤ τ1, (3.60)

where the constant c19 does not depend on τ . Find τ2 ≤ τ1 so that c19τ
β1 ≤ 1/2 for τ ≤ τ2. In

this case the equation (3.49) has a unique solution in the ball Bτ2 . Recover the function v as a
solution to problem (3.39), (3.40). Demonstrate that conditions (??) are satisfied. Multiplying
equation (3.39) scalarly by ϕj, we obtain the system

(vt(t, y), ϕj)− (A0v(t, y), ϕj)−
s∑

i=r+1

qi(t)(Ai(v(t, y), ϕj) =

+
s∑

i=r+1

qi(t)(AiΦ(t, y), ϕj) +
r∑
i=1

qi(fi(t, y), ϕj).
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Subtracting the obtained equalities from (3.45), we obtain (vt(t, y), ϕj) − ψ̃jt = 0 for all j.
Integrating with respect to time and using the consistency conditions, we arrive at equality
(3.41). The uniqueness of solutions follows from the arguments and estimates of the proof of
the theorem.
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1. Introduction

Consider in the halfspace R2
+ = {(x, y) ∈ R2 : x ∈ R, y > 0} differential equation

div [k(y)gradu(x, y)] = 0 (1.1)

with boundary condition

u(x, 0) = φ(x). (1.2)

We assume that the function k(y) > 0 is defined for y ≥ 0, two times continuously differ-
entiable, and for large y is stabilized. In other words, k ∈ C2(R+), k(y) > 0 and there exists
R > 0 such that the condition

k(y) = const, y ≥ R. (1.3)

is fulfilled.
We say that operator Q : L2(R)→ C2(R2

+) is Poisson operator of the second type, if for any
function ψ ∈ L2(R) the following function

u(x, y) = (Qψ)(x, y) (1.4)

satisfies equation (1.1) in R2
+ and boundary condition

∂u

∂y

∣∣∣∣
y=0

= ψ(x). (1.5)

Boundary condition (1.7) is understood in the following sense:

lim
y→0+0

∞∫
−∞

∣∣∣∣∂u∂y (x, y)− ψ(x)

∣∣∣∣2 dx = 0. (1.6)

Following theorem is true.

Theorem 1.1. For any positive function k ∈ C2(R+), satisfying condition (1.3), there exists
second type Poisson operator.
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2. Solution of the axuiliary integral equation

To find the solution to the equation (1.1) we use the Fourier transform :

u(x, y) =
1

2π

∞∫
−∞

û(s, y)eisx ds, (2.1)

where function û(s, y) satisfies the following differential equation

1

k(y)

d

dy
[k(y) ûy] = s2û(s, y), y > 0. (2.2)

By introducing new function

v(s, y) =
√
k(y) û(s, y) (2.3)

we reduce equation (2.2) to the following:

d2v

dy2
− q(y)v − s2v = 0. (2.4)

Potential q(y) is a continuous function on half-line y ≥ 0 and has the form

q(y) =
1

2

k′′(y)

k(y)
− 1

4

(
k′(y)

k(y)

)2

. (2.4*)

According to (2.3), potential q(y) satisfied following condition:

q(y) = 0, y ≥ R. (2.5)

Among the all solutions of the equation (2.4) the most important is v = e(s, y), which satisfies
for s ∈ R, s 6= 0, the integral equation

e(s, y) = e−|s|y −
∞∫
y

sinh s(y − ξ)
s

q(ξ)e(s, ξ) dξ. (2.6)

(see. Naimark, §27, Theorem 1).
In order to obtain necessary estimates, we introduce the following function:

v(s, y) = e(s, y)e|s|y (2.7)

Multiplying by e|s|y each terms of equation (2.6), we get the integral equation

v(s, y) = 1 −
∞∫
y

e|s|y
sinh |s|(y − ξ)

|s|
e−|s|ξq(ξ)v(s, ξ) dξ. (2.8)

Then, the equation (2.8) can be writtten as follows:

v(s, y) = 1 +
1

2|s|

∞∫
y

[
1− e−2|s|(ξ−y)

]
q(ξ)v(s, ξ) dξ. (2.9)
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Lemma 2.1. The solution of the equation (2.9) exists and satisfies condition

v(s, y) = 1 +
O(1)

1 + |s|
, y ≥ 0, s ∈ R. (2.10)

Proof. Introduce the following kernel:

K(y, ξ) = K(y, ξ, s) = (ξ − y)Φ(|s|(ξ − y))q(ξ), ξ ≥ y ≥ 0, (2.11)

where

Φ(t) =
1

2t
(1− e−2t), t ≥ 0.

In this case, taking into account (2.5), equation (2.9) takes the form

v(s, y) = 1 +

R∫
y

K(y, ξ)v(s, ξ) dξ, 0 ≤ y ≤ R. (2.12)

It also follows from condition (2.5) that v(s, y) = 1 for y > R.
Set

M = sup
y≥0
|q(y)|.

Since the function Φ satisfies the relations

Φ(0) = 1, 0 < Φ(t) < 1, Φ(t) <
1

2t
, t > 0,

we get for kernel (2.11) the estimates

|K(y, ξ)| ≤ M · (ξ − y), 0 ≤ y ≤ ξ (2.13)

and

|K(y, ξ)| ≤ M

2|s|
, 0 ≤ y ≤ ξ. (2.14)

Define the sequence {wn(y)}∞n=0 by the following recurrence relation:

wn+1(y) =

R∫
y

K(y, ξ)wn(ξ) dξ, w0(y) ≡ 1, 0 ≤ y ≤ R. (2.15)

Let us prove the estimate

|wn(y)| ≤ Mn (R− y)2n

(2n− 1)!!
. (2.16)

We use method of mathematical induction. Inequality (2.16) is formally satisfied for n = 0,
if set (−1)!! = 1. Further, according to (2.15) and (2.13),

|wn+1(y)| ≤
R∫
y

|K(y, ξ)| · |wn(ξ)| dξ ≤
R∫
y

(ξ − y)MMn (R− ξ)2n

(2n− 1)!!
dξ ≤

≤ Mn+1(R− y)

(2n− 1)!!

R∫
y

(R− ξ)2n dξ = Mn+1 (R− y)2n+2

(2n+ 1)!!
.
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Set

w(s, y) =
∞∑
n=1

wn(y). (2.17)

Then function

v(s, y) = 1 + w(s, y) =
∞∑
n=0

wn(y) (2.18)

is solution to the equation (2.12).
Indeed,

R∫
y

K(y, ξ)v(s, ξ) dξ =
∞∑
n=0

R∫
y

K(y, ξ)wn(s, ξ) dξ =

=
∞∑
n=0

wn+1(y) =
∞∑
n=1

wn(y) = w(s, y) = v(s, y)− 1.

We estimate series (2.17) by using inequality (2.16):

|w(s, y)| ≤
∞∑
n=1

Mn (R− y)2n

(2n− 1)!!
≤

∞∑
n=1

Mn R2n

(2n− 1)!!
= CR, 0 ≤ y < R.

Besides, the condition (2.5) implies the following equality

w(s, y) = 0, y ≥ R.

Therefore,
|w(s, y)| ≤ CR, y ≥ 0, s ∈ R. (2.19)

According to (2.19) and (2.18) we get necessary estimate

|v(s, y)| ≤ C, y ≥ 0, s ∈ R. (2.20)

Further, according to definition (2.11), (2.18) and integral equation (2.12), we obtain that
the following equality is valid

w(s, y) =
1

2|s|

R∫
y

[
1− e−2|s|(ξ−y)

]
q(ξ)v(s, ξ) dξ. (2.21)

Moreover, the relation above and estimate (2.20) follow that

|w(s, y)| ≤ M

2|s|

R∫
0

|v(s, ξ)| dξ ≤ C

|s|
, s 6= 0, y ≥ 0, (2.22)

which together with (2.19) imply the required estimate (2.10).
�

Lemma 2.2. The integral equation (2.6) has a solution of the form

e(s, y) = e−|s|y[1 + w(s, y)], (2.23)

where the function w(s, y) has derivatives which satisfies the following estimates:

dkw

dyk
= O(1)(1 + |s|)k−2, y ≥ 0, s ∈ R, k = 1, 2. (2.24)
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Proof. Differentiate (2.21).

w′(s, y) = −
R∫
y

e−2|s|(ξ−y)q(ξ)v(s, ξ) dξ.

Then by applying (2.10), we have

|w′(s, y)| ≤ C

R∫
y

e−2|s|(ξ−y) dξ = C
1− e−2|s|(R−y)

2|s|
≤ C

|s|
.

Further,

w′′(s, y) = −2|s|
R∫
y

e−2|s|(ξ−y)q(ξ)v(s, ξ) dξ + q(y)v(s, y)

Analogously,

|w′′(s, y)| ≤ C|s|
R∫
y

e−2|s|(ξ−y) dξ + C = O(1).

�

3. Estimation of the solution of the main equation

Assume that the coefficients q(y) and k(y) are connected with the relation (2.4*). Set

V (s, y) =
e(s, y)√
k(y)

, (3.1)

where the function e(s, y) is defined as (2.23).
The function e(s, y) satisfies the equation (2.4) and the function V (s, y) is solution of the

equation (2.2) (see. formula (2.3)). Therefore, the following representation is a true

V (s, y) =
e−|s|y√
k(y)

[1 + w(s, y)] (3.2)

and the function w(s, y) and its derivative satisfy the estimates (2.19) and (2.22).
The function V (y) = V (s, y) is a solution to the differential equation (2.2), which satisfies

the following equality:

V ′(y) =
k(0)

k(y)
V ′(0) +

s2

k(y)

y∫
0

k(t)V (t) dt. (3.3)

Note that, for s 6= 0 the initial data V (s, 0) and V ′(s, 0) are not identically zero at one time,
which follows from the uniqueness of the solution to the Cauchy problem for the differential
equation (2.2). Moreover, it follows directly from the equality (3.3) that each of the initial data
taken by the solution V (s, y) also cannot be equal to zero. Namely, the following statement is
true.
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Lemma 3.1. Let s 6= 0. Then the function V (s, y) satisfies the following equalities:

V (s, 0) 6= 0, V ′(s, 0) 6= 0. (3.4)

Proof. 1. First of all, we proove that V (s, 0) 6= 0. Assume that the V (s, 0) = 0. Consider
two possible case. If V ′(s, 0) > 0, then function V (y) = V (s, y) increases at zero and strictly
positive in some interval on the right side of zero. Let (0, y∗) − be the maximum interval such
that

V (y) > 0, 0 < y < y∗.

We show that y∗ = +∞. If it is not, then the following relations have to satisfy

V (y∗) = 0, V ′(y∗) ≤ 0.

According to (3.3), we get the following estimate

V ′(y∗) >
k(0)

k(y∗)
V ′(0) > 0.

Obtained contradiction shows that the V ′(y) > 0 on the halfline y > 0. Hence, the function
V (y) strictly increases on the halfline.

Analogously, we consider the second case, which V ′(0) < 0. Thus, the assumption that
V (s, 0) 6= 0 is incorrect.

2. Then we will prove that V ′(s, 0) 6= 0. If we assume that V ′(s, 0) = 0 then the equality
(3.3) takes the form

V ′(y) =
s2

k(y)

y∫
0

k(t)V (t) dt. (3.5)

Again we consider two possible case: V (s, 0) > 0 and V (s, 0) < 0. If V (0) > 0, then
according to (3.5) we get V ′(y) > 0 in some interval (0, y∗). Hence, the function V (y) increases
and positive on the entire halfline. Therefore, the case of V (0) > 0 could not be. Analogously,
we consider second case, which V (0) < 0. In this case, the initial assumption that V ′(s, 0) = 0
is incorrect.

�

Lemma 3.1 allows to introduce the following two functions which have a main role to construct
kernel of Poisson type:

V1(s, y) =
V (s, y)

V (s, 0)
, V2(s, y) =

V (s, y)

V ′(s, 0)
. (3.6)

Each functions in (3.6) are solutions of the equation (2.2) and the following boundary con-
ditions are fulfilled:

V1(s, 0) = 1,
∂V2

∂y
(s, 0) = 1, s 6= 0. (3.7)

To construct Poisson operator of second type for small |s| as a main solution of the differential
equation (2.4) we introduce a function v = e2(s, y) which satisfies the following integral equation
for s ∈ R, s 6= 0

e2(s, y) =
sinh sy

s
+

y∫
0

sinh s(y − t)
s

q(t)e2(s, t) dt. (3.8)
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Lemma 3.2. The integral equation (3.8) has a solution, for s 6= 0, which is a solution of the
differenatial equation (2.4) and satisfies the following estimates

|e2(s, y)| ≤ Cye|s|y, y > 0, s ∈ R, (3.9)

dke2

dyk
(s, y) = O(1)(1 + |s|)k−1e|s|y, y > 0, s ∈ R, k = 1, 2. (3.10)

Proof. First of all, we assume that the y ≤ R. Set

v0(y) =
sinh sy

s
, vn+1(y) =

y∫
0

sinh s(y − t)
s

q(t)vn(t) dt, n = 0, 1, 2, ... . (3.11)

Then the following inequalities hold

|vn(y)| ≤ MnRn yn+1

(n+ 1)!
e|s|y, n = 0, 1, 2, ... . (3.12)

Further,

|vn+1(y)| ≤
y∫

0

sinh s(y − t)
s

|q(t)| · |vn(t)| dt ≤

≤ M

y∫
0

(y − t)e|s|(y−t)MnRn tn+1

(n+ 1)!
e|s|t dt ≤ Mn+1Rn+1 yn+2

(n+ 2)!
e|s|y.

Then the solution takes the form

v(s, y) =
∞∑
n=0

vn(y).

Estimate of the solution will be in the following form

|v(s, y)| ≤
∞∑
n=0

MnRn yn+1

(n+ 1)!
e|s|y ≤ C(R)ye|s|y, 0 ≤ y ≤ R, (3.13)

where

C(R) =
∞∑
n=0

MnRn Rn

(n+ 1)!
.

If y ≥ R, then the integral equation (3.8) takes the form

e2(s, y) =
sinh sy

s
+

R∫
0

sinh s(y − t)
s

q(t)e2(s, t) dt. (3.14)

According to (3.13), we obtain

|e2(s, y)| ≤ ye|s|y + C(R)M

R∫
0

(y − t)e|s|(y−t)e|s|t dt ≤ Cye|s|y. (3.15)
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Thus , the inequality (3.9) has been proved. The validity of the estimate (3.10) is proved by
differentiating equation (3.8). We have

e′2(s, y) = cosh sy +

y∫
0

cosh s(y − t)q(t)e2(s, t) dt. (3.16)

According to (3.15) and (3.16), we obtain

|e′2(s, y)| ≤ e|s|y + CM

R∫
0

e|s|(y−t)te|s|t dt ≤ C(R)e|s|y. (3.17)

Further, for y < R,

e′′2(s, y) = s sinh sy + s

y∫
0

sinh s(y − t)q(t)e2(s, t) dt + q(y)e2(s, y).

Hence

|e′′2(s, y)| ≤ |s|
2
e|s|y + M

|s|
2

y∫
0

e|s|(y−t)te|s|t dt + Mye|s|y ≤

≤ C(R)(1 + |s|)e|s|y. (3.18)

Finally, according to (3.16) for y > R, we obtain

e′2(s, y) = cosh sy +

R∫
0

cosh s(y − t)q(t)e2(s, t) dt.

Hence,

e′′2(s, y) = s sinh sy + s

R∫
0

sinh s(y − t)q(t)e2(s, t) dt.

Therefore, as estimating the first two terms of (3.18).
�

4. Proof of the Theorem 1.1

Set

U2(s, y) =

√
k(0)

k(y)
e2(s, y). (4.1)

Let ω ∈ C∞0 (R), sω′(s) ≤ 0 for s ∈ R,

ω(s) =

{
1, |s| ≤ A,

0, |s| ≥ A+ 1.

Set
W2(s, y) = ω(s)U2(s, y) +

(
1− ω(s)

)
V2(s, y), (4.2)

where V2 is defined by equality (3.6).
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Lemma 4.1. The function W2(s, y) is infinitely differentiable by s ∈ R. For each y ≥ 0, the
function increases exponentially by s at infinity and two times continuously differentiable by
y ≥ 0. And the following relations

|W2(s, y)| ≤ B(y)e−|s|y, lim
y→0

∂W2(s, y)

∂y
= 1 (4.3)

are valid

Proof. If |s| ≥ A+ 1, then

|W2(s, y)| = |V2(s, y)| ≤ B(y)e−|s|y

also according to (3.7)

lim
y→0

∂W2(s, y)

∂y
= lim

y→0

∂V2(s, y)

∂y
= 1.

If |s| ≤ A+ 1, then

|W2(s, y)| ≤ Ce|s|y ≤ Ce(2A+2−|s|)y = B(y)e−|s|y, B(y) = Ce(2A+2)y

and

lim
y→0

∂W2(s, y)

∂y
= lim

y→0

∂U2(s, y)

∂y
= 1.

�

Set

W̃2(x, y) =
1

2π

∞∫
−∞

W2(s, y)eisx ds.

Lemma 4.2. The function W̃2(x, y) is infinitely differentiable by x ∈ R and two times differ-
entiable by y ∈ R+. For any function ψ ∈ L2(R), the following function

v(x, y) = Qψ(x, y) =

∞∫
−∞

W̃2(x− x′, y)ψ(x′) dx′

is a solution of the differential equation (1.1) in the halfspace K, satisfying condition (1.5) in
the sense (1.6).

Proof. We have

v(x, y) =
1

2π

∞∫
−∞

∞∫
−∞

W2(s, y)eis(x−x
′)ψ(x′) dx′ds =

1

2π

∞∫
−∞

W2(s, y)ψ̂(s)eisxds.

Hence,

v̂(s, y) = W2(s, y)ψ̂(s).

Then
∞∫
−∞

∣∣∣∣∂v(x, y)

∂y
− ψ(x)

∣∣∣∣2 dx =
1

2π

∞∫
−∞

∣∣∣∣∂W2(s, y)

∂y
− 1

∣∣∣∣2 |ψ̂(s)|2ds
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and according to (4.3)

|∂W2(s, y)

∂y
− 1| ≤ C, s ∈ R, 0 ≤ y ≤ y0.

Then according to Lebesgue theorem lemma is proved.
�

5. Solvability conditions of the Cauchy problem

Consider the following Cauchy problem:

div [k(y)gradu(x, y)] = 0, (5.1)

u(x, 0) = φ(x),
∂u

∂y

∣∣∣∣
y=0

= ψ(x). (5.2)

We will say that the function u(x, y) is a solution of the Cauchy problem (5.1)-(5.2) in the
stripe

Ωh = {(x, y) ∈ R2 : x ∈ R, 0 ≤ y ≤ h},
if this function satisfies the equation (5.1) in Ωh and boundary condition (5.2) in the sense of
(1.6) and

lim
y→0+0

∞∫
−∞

|u(x, y)− φ(x)|2 dx = 0. (5.3)

We prove the following theorem.

Theorem 5.1. Then a necessary and sufficient condition for the existence of a solution of the
Cauchy problem (5.1)-(5.2) in the stripe Ωh is that the function

f(x) = φ(x)− (Qψ)(x, 0) (5.4)

belongs to class Aσ, where σ = h.

Where class Aσ was introduced in (see [2], Theorem 3).

Proof. Necessity. Let the function u(x, y) is the solution of the Cauchy problem (5.1)-(5.2).
Then the function

v(x, y) = u(x, y)−Qψ(x, y) (5.5)

is the solution of the Cauchy problem for the equation (5.1) with the following boundary
conditions

v(x, 0) = f(x),
∂v

∂y

∣∣∣∣
y=0

= 0. (5.6)

Further, the function f(x) belongs to the class Aσ with σ = h (see [2], Theorem 2)
Sufficiency. Let the function (5.4) belongs to the class Aσ with σ = h. Then the solution

of the problem (5.1)-(5.2) exists. It is clear that the function u(x, y) = v(x, y) + Qψ(x, y) is a
solution of the problem (5.1)-(5.2).

�

The author thanks academician S. A. Alimov for his attention to the work and valuable
comments.
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Abstract. In this work, we investigate one class of nonlinear overdetermined system integral
equation with boundary super-singular kernels. For this type overdetermined system integral
equation in depend of sign parameters present in kernels, integral representation manifold solution
by one arbitrary constant obtained. Investigate the property of the obtained integral representation.
In this basis formulation Caushy type boundary value problems and its solution found in explicit form.
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singular lines; non linear integral equation.
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1. Introduction

The problem of studying an overdetermined linear system of Volterra integral equations with singu-
lar and super-singular kernels has been addressed in works [6], [11], [12]. The study of overdetermined
linear systems of differential equations has been considered in [16], [5], [8].

The investigation of degenerate differential equations and the related integral equations, in partic-
ular, has been covered in works [14], [15], [3], [4], [2], [13], [18], [10], [7].

In this work, for system (2.1), where the right-hand sides are expanded into uniformly convergent
functional series depending on the signs of the parameters λ, µj(j = 1, 2), a representation of the
solution manifold of the general solution of the inhomogeneous system is obtained in the class of
functions representable as uniformly convergent functional series satisfying the condition ϕ(t, z) =
ϕ(t, r). It is assumed that the functions present in the right-hand side of the system also satisfy the
properties f(t, z) = f(t, r), g(t, z) = g(t, r).

Based on results previously obtained in [9] and depending on the signs of the parameters λ, µj(j =
1, 2), a representation of the solution manifold for the homogeneous system of integral equations (2.1) is
obtained. By adding a particular solution of the inhomogeneous system in the form of functional series
to the general solution of the homogeneous system, we obtain the general solution of the inhomogeneous
system. The properties of the obtained solutions are studied. On this basis, the solution to Cauchy-
type problems is formulated and found.

In [7], for the linear system (2.1) (when µ2 = 0), a representation of the solution manifold was
obtained through an arbitrary analytic function of a complex variable defined on the lower base of
the cylinder. Formulas for the inversion of the integral representation were derived. Based on this,
the formulation of boundary value problems of the Schwartz type was clarified, and their reduction to
the Schwartz boundary value problem in the theory of analytic functions was studied [1], [17]. Cases
where system (2.1) has a unique solution were also examined.

2. Representation of the Solution Manifold

Let Ω denote the cylindrical domain Ω = {(t, z) : a < t < b, |z| < R}, the lateral surface of this
cylinder is denoted by S = {a < t < b, |z| = R}, and its lower base is denoted by D = {t = a, |z| < R}.

In the domain Ω, we consider the overdetermined system of integral equations:
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
ϕ(t, z) + λ

∫ t
a

ϕ(τ, z)

(τ − a)α
dτ = f(t, z)

ϕ(t, z) + 1
π

∫∫
D

exp(iθ)[µ1ϕ(t,ζ)+µ2ϕ(t,ζ)]
(R−ρ)β(ζ−z) dξ dη = g(t, z)

(2.1)

where λ, µj(j = 1, 2), are given real constants, f(t, z), g(t, z) are given functions in the domain Ω,
ϕ(t, z) is the unknown function, Θ = argζ , ζ = ξ + iη , z = x+ iy , α = const > 1, β = const > 1.

We will seek the solution to the system of integral equations (2.1) in the class of functions ϕ(t, z) ∈
C(Ω), with the condition ϕ(a, z) = 0 and the following asymptotic behavior: ϕ(t, z) = 0[(t − a)δ1 ],
δ1 > α− 1 as r → a,

and
ϕ(t, Rexp[iΘ]) = 0 with the asymptotic behavior
ϕ(t, z) = 0[(R− r)δ2 ], δ2 > β − 1 as r → R.

Definition 2.1. We will say that in system (2.1), the first equation is the main equation if we first
find the solution to the first equation and then subordinate it to the second equation.

1. Let the functions f(t, z) and g(t, z) in system (2.1) be expanded into the following uniformly
convergent functional series:

f(t, z) =
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
fk(t) (2.2)

g(t, z) =
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
gk(t) (2.3)

where δ = const > 0, fk(t), gk(t)are known functions, an ωβR(r) =
[
(β − 1)(R− r)β−1

]−1

A particular solution of the inhomogeneous system (2.1) will be sought in the form:

ϕ(t, z) =
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
ϕk(t) (2.4)

where ϕk(t) are unknown functions.
Let the first equation in system (2.1) be the main equation. Substituting the value of ϕ(t, z) from

equation (2.4) and the value of f(t, z) from equation (2.2) into the first equation of system (2.1), we
get:

∞∑
k=0

exp
[
−(k + δ)ωβR(r)

] [
ϕk(t) + λ

∫ t

a

ϕk(τ)

(τ − a)α
dτ

]
=
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
fk(t).

In this equation, by equating the coefficients of exp[−(k+ δ)ωβR(r)] on the left and right-hand sides,
we obtain the solution to the following infinite separated system of Volterra-type integral equations
with super-singular kernels:

ϕk(t) + λ

∫ t

a

ϕk(τ)

(τ − a)α
dτ = fk(t), k = 0, 1, 2, . . . (2.5)

According to [9], when λ < 0, the solution to system (2.5) is given by the following formulas:

ϕk(t) = exp [λωαa (t)]Ck + fk(t)− λ
∫ t

a

exp [λ (ωαa (t)− ωαa (τ))] ·

· fk(τ)

(τ − a)α
dτ ≡ Tk[Ck, fk(t)], k = 0, 1, 2, 3, . . . (2.6)

where ωαa (t) = [(α− 1)(t− a)α−1]−1.
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The solution of the form (2.6) exists if λ < 0, fk(a) = 0, with the following asymptotic behavior:

fk(t) = 0
[
exp (λωαa (t)) (t− a)δ3

]
, δ3 > α− 1ast→ a. (2.7)

Substituting the found solution of the separated system of integral equations (2.5) from formula
(2.6) into formula (2.4), we obtain the solution to the first equation of system (2.1):

ϕ(t, z) =
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
Tk[Ck, fk(t)], (2.8)

where Ck(k = 0, 1, 2, 3, . . . )-arbitrary constants.
The solution of the form (2.8) exists if the series of the form

∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
Ck

converges.
A direct verification shows that if the series of the form (2.2) converges, then the series of the form

(2.8) also converges.
Now, we substitute the solution of the form (2.8) into the second equation of system (2.1).

∞∑
k=0

{Tk[Ck, fk(t)] exp
[
−(k + δ)ωβR(r)

]
+

+
1

π

∫∫
D

exp[iθ]
[
exp

[
−(k + δ)ωβR(ρ)

] (
µ1Tk[Ck, fk(t)] + µ2Tk[Ck, fk(t)]

)]
(R− ρ)β(ζ − z)

dξ dη} =

=
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
gk(t), (2.9)

Noting that

µ1Tk [Ck, fk(t)] + µ2Tk[Ck, fk(t)] =

= exp [λωαa (t)] (µ1 + µ2)Ck +
(
µ1fk(t) + µ2fk(t)

)
−

−λ
∫ t

a

exp [λ (ωαa (t)− ωαa (τ))]
(
µ1fk(τ) + µ2fk(τ)

)
(τ − a)α

dτ,

according to [9], we have:

1

π

∫∫
D

exp (iθ)
[
exp

(
−(k + δ)ωβR(ρ)

)(
µ1Tk [Ck, fk(t)] + µ2Tk[Ck, fk(t)]

)]
(R− ρ)β(ζ − z)

dξdη =

=
(
µ1Tk [Ck, fk(t)] + µ2Tk[Ck, fk(t)]

) 1

π

∫∫
D

exp [iθ] exp
[
−(k + δ)ωβR(ρ)

]
(R− ρ)β(ζ − z)

dξdη =

=
(
µ1{Tk [Ck, fk(t)] + µ2Tk[Ck, fk(t)]

)−exp
[
−(k + δ)ωβR(r)

]
k + δ

 .
Then, equation (2.9) takes the following form:

∞∑
k=0

{
Tk [Ck, fk(t)] exp

[
−(k + δ)ωβR(r)

]
+ µ1Tk [Ck, fk(t)] + µ2Tk [Ck, fk(t)]

}
×
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×(−
exp

[
−(k + δ)ωβR(r)

]
k + δ

) =
∞∑
k=0

exp
[
−(k + δ)ωβR(r)

]
gk(t).

Now, by equating the coefficients of the same powers of the function exp
[
−(k + δ)ωβR(r)

]
gk(t) for

k = 0, 1, 2, 3, . . . , on the left and right-hand sides, we obtain the following equalities:

Tk [Ck, fk(t)]

(
1− µ1

k + δ

)
− µ2

k + δ
Tk [Ck, fk(t)] = gk(t), k = 0, 1, 2, 3, . . . (2.10)

or

exp [λωαa (t)]Ck

(
k + δ − (µ1 + µ2)

k + δ

)
+

(
k + δ − µ1

k + δ

)
fk(t)−

µ2

k + δ
fk(t)−

− λ
∫ t

a

exp [λ (ωαa (t)− ωαa (τ))]
(

(k + δ − µ1)fk(τ)− µ2fk(τ)
)

(k + δ)(τ − a)α
dτ = gk(t) (2.11)

Multiplying both sides of the equalities (2.11) by exp[−λωαa (t)], we will get

Ck

[
k + δ − (µ1 + µ2)

k + δ

]
+ exp [−λωαa (t)]

[
k + δ − µ1

k + δ
fk(t)−

µ2

k + δ
fk(t)

]
−

−
∫ t

a

exp [−λωαa (τ)]

(
(k + δ − µ1)fk(τ)− µ2fk(τ)

)
(k + δ)(τ − a)α

dτ = exp [−λωαa (t)] gk(t). (2.12)

Differentiating both sides of this equality with respect to the variable t, we obtain:

d

dt
[exp[−λωαa (t)]{[k + δ − µ1

k + δ
]fk(t)−

µ2

k + δ
fk(t)− gk(t)}] =

= λ exp[−λωαa (t)]
(k + δ − µ1)fk(t)− µ2fk(t)

(k + δ)(t− a)α
. (2.13)

Taking into account equality (2.13), we rewrite expression (2.12) in the following form:

exp[−λωαa (t)]{[k + δ − µ1

k + δ
]fk(t)−

µ2

k + δ
fk(t)}−

−
∫ t

a

d

dτ
[exp(−λωαa (τ)){[k + δ − µ1

k + δ
]fk(τ)− µ2

k + δ
fk(τ)− gk(τ)}]dτ =

= exp[−λωαa (t)]gk(t)

or

[Ck(
k + δ − (µ1 + µ2)

k + δ
)− [exp[−λωαa (t)]gk(t)]]τ=a = 0.

From here,

Ck =
k + δ

k + δ − (µ1 + µ2)
[exp [−λωαa (t)] gk(t)]t=a , k = 0, 1, 2, 3, . . .

Substituting the found value of Ck into formula (2.8), we obtain the solution to system (2.1) in the
form:

ϕ(t, z) =
∞∑
k=0

exp[−(k + δ)ωβR(r)]Tk×

× [
k + δ

k + δ − (µ1 + µ2)
[exp[−λωαa (t)]gk(t)t]t=a, fk(t)] ≡ N1[f(t, z), g(t, z)] (2.14)

Thus, the following statement is proved:
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Theorem 2.2. Let in the system of integral equations (2.1), λ < 0, µj < 0, (j = 1, 2), the functions
f(t, z) = f(t, r), g(t, z) = g(t, r) are expanded into uniformly convergent functional series of the forms
(2.2), (2.3), where fk(a) = 0 with asymptotic behavior (2.7). There exist limits of the forms (2.13),
and the functions fk(t), gk(t) are related to each other by the equalities (2.10) or (2.11). The functions
gk(t), fk(t) are such that the functional series of the form

∞∑
k=0

exp[−(k + δ)ωβR(r)]
k + δ

k + δ − (µ1 + µ2)
[exp[−λωαa (t)]gk(t)]t=a

converges. Then, any particular solution of the inhomogeneous overdetermined system of integral
equations (2.1) in the class of functions representable in the form (2.4) is given by formula (2.14)

2. Suppose that in system (2.1), the functions f(t, z) = f(t, r), g(t, z) = g(t, r) are expanded into
the following uniformly convergent functional series:

f(t, z) =
∞∑
k=0

exp[−(k + δ)ωαa (t)]Fk(r), (2.15)

g(t, z) =
∞∑
k=0

exp[−(k + δ)ωαa (t)]Gk(r), (2.16)

where Fk(r), Gk(r)-known functions of the lower base of the cylinder.
In this case, we will seek the solution to the overdetermined system of integral equations (2.1) in

the form:

ϕ(t, z) =
∞∑
k=0

exp[−(k + δ)ωαa (t)]Φk(r) (2.17)

where Φk(r)-unknown functions.
Let the first equation in system (2.1) be the main equation. Then, by substituting the values of

f(t, z) and ϕ(t, z) from formulas (2.15) and (2.17) into the first equation of system (2.1), we obtain:

∞∑
k=0

[exp[−(k + δ)ωαa (t)]Φk(r) + λ

∫ t

a

exp[−(k + δ)ωαa (τ)]Φk(r)

(τ − a)α
dτ ] =

=
∞∑
k=0

exp[−(k + δ)ωαa (t)]Fk(r). (2.18)

Noting that ∫ t

a

exp[−(k + δ)ωαa (τ)]

(τ − a)α
fk(t)dτ =

1

k + δ
exp[−(k + δ)ωαa (t)].

Substituting these calculated values of the integrals into equality (2.18), we have:

∞∑
k=0

exp[−(k + δ)ωαa (t)](1 +
λ

k + δ
)Φk(r) =

=
∞∑
k=0

exp[−(k + δ)ωαa (t)]Fk(r).

Equating the coefficients of the function exp[−(k + δ)ωαa (t)] for k = 0, 1, 2, . . . on the left and
right-hand sides, we obtain:

[1 +
λ

k + δ
]Φk(r) = Fk(r), k = 0, 1, 2, 3, . . .

From here
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Φk(r) =
k + δ

k + δ + λ
Fk(r), k = 0, 1, 2, 3, . . . .

Substituting the found value of Φk(r) into equality (2.17), we obtain the particular solution to the
first equation in the overdetermined system of integral equations (2.1) in the form:

ϕ(t, z) =
∞∑
k=0

exp[−(k + δ)ωαa (t)](
k + δ

k + δ + λ
)Fk(r) = N2[f(t, z)] (2.19)

Substituting the found value of ϕ(t, z) from equality (2.19) into the second equation of system (2.1),
we obtain:

∞∑
k=0

exp[−(k + δ)ωαa (t)](
k + δ

k + δ + λ
)[Fk(r)+

+
1

π

∫∫
D

exp(iθ)[µ1Fk(ρ) + µ2Fk(ρ)]

(R− ρ)β(ζ − z)
dξdη] =

=
∞∑
k=0

exp[−(k + δ)ωαa (t)]Gk(r).

Equating the coefficients of the same powers of the function exp[−(k + δ)ωαa (t)] on the left and
right-hand sides, we obtain:

(
k + δ

k + δ + λ
)[Fk(r)+

+
1

π

∫∫
D

exp(iθ)[µ1Fk(ρ) + µ2Fk(ρ)]

(R− ρ)β(ζ − z)
dξdη] = Gk(r), k = 0, 1, 2, 3, . . . . (2.20)

The integrals on the left-hand side of expression (2.20) converge if Fk(R) = 0 with the following
asymptotic behavior:

Fk(r) = o[(R− r)δ], δ > β − 1, k = 0, 1, 2, 3, . . . , when r → R. (2.21)

Thus, the following is proven:

Theorem 2.3. Let in the system of integral equations (2.1), λ < 0, the functions f(t, z) = f(t, r),
g(t, z) = g(t, r) are expanded into uniformly convergent functional series of the forms (2.15) and
(2.16), where Fk(R) = 0 with asymptotic behavior (2.21), and λ < 0. The functions Fk(r) and
Gk(r) are related to each other by the formula (2.20). Then, any solution of the inhomogeneous
overdetermined system (2.1) in the class of functions representable in the form (2.17) is given by
formula (2.19).

As follows from [9], the solution to the first homogeneous equation in system (2.1) as λ < 0 is given
by the formula:

ϕ0(t, z) = exp[λωαa (t)]C(z)

where C(z) the general solution of the second homogeneous integral equation in system (2.1).
As is well known [9], the solution to the second homogeneous integral equation in system (2.1) at

µ1 < 0, µ2 < 0 is given by the following formula:

C(z) = exp[(µ1 + µ2)ωβR(r)]C1,

where C1 – an arbitrary real constant.
For µ1 > 0, µ2 < 0, µ1 + µ2 = µ1 − bµ2c < 0 the solution to the second homogeneous integral

equation in system (2.1) is given by the formula:
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C(z) = exp[(µ1 − bµ2c)ωβR(r)]C2

where C1 – an arbitrary real constant.
For µ1 > 0, µ2 > 0 where [2] −µ1 + µ2 = µ2 − µ1 < 0 when µ2 < µ1. The general solution of the

second homogeneous integral equation in system (2.1) is given by the formula:

C(z) = iexp[(µ2 − µ1)ωβR(r)]C3,

where C3 – an arbitrary real constant.
For µ1 < 0, µ2 > 0, −µ1 + µ2 = µ2 + bµ2c > 0. In this case, the second homogeneous equation in

system (2.1) has no solution other than the trivial one.
From the above reasoning, it follows that for µ1 < 0, µ2 < 0, the following statement is true:

Theorem 2.4. Let in the overdetermined system of integral equations (2.1), the functions f(t, z) =
f(t, r), g(t, z) = g(t, r), and the parameter λ satisfy all the conditions of Theorem 4.1. Additionally,
let µ1 < 0, µ2 < 0. Then, any solution of the overdetermined system (2.1) in the class of functions,
which is the particular solution of the inhomogeneous system representable in the form (2.4), is given
by the formula:

ϕ(t, z) = i exp[λωαa (t)] exp[(µ1 + µ2)ωβR(r)]C2 +N2[f(t, z)], (2.22)

where C1 – an arbitrary real constant.

For µ1 > 0, µ2 > 0 for the over determined system (2.1), the following statement holds:

Theorem 2.5. Let in the overdetermined system of integral equations (2.1), the functions f(t, z) =
f(t, r), g(t, z) = g(t, r), and the parameter λ satisfy all the conditions of Theorem 2.3. Additionally,
let µ1 > 0, and µ2 > 0, µ2 < µ1. Then, any solution of the overdetermined system (2.1) in the class
of functions, which is the particular solution of the inhomogeneous system representable in the form
(2.17), is given by the formula:

ϕ(t, z) = iexp[λωαa (t)]exp[(µ2 − µ1)ωβR(r)]C2 +N2[f(t, z)], (2.23)

where C2 – an arbitrary real constant.

At µ1 < 0, µ2 > 0 for the overdetermined system (2.1), the following statement holds:

Theorem 2.6. Let in the overdetermined system of integral equations (2.1), the functions f(t, z) =
f(t, r), g(t, z) = g(t, r) and the parameter λ, satisfy all the conditions of Theorem 2.5, except for
the condition µ1 > 0, µ2 > 0. Suppose that µ1 < 0, µ2 > 0, µ2 < µ1. Then, any solution of
the overdetermined system (2.1) in the class of functions, which is the particular solution of the
inhomogeneous system representable in the form (2.17), is unique and is given by the formula:

ϕ(t, z) = N2[f(t, z)].

For µ1 > 0, µ2 < 0 the system (2.1), the following statement holds:

Theorem 2.7. Let in the overdetermined system of integral equations (2.1), the functions f(t, z) =
f(t, r), g(t, z) = g(t, r), and the parameter λ satisfy all the conditions of Theorem 2.4, except for the
condition µ1 < 0, µ2 < 0. Suppose that µ1 > 0, µ2 < 0. Then, any solution of the overdetermined
system (2.1) in the class of functions, which is the particular solution of the inhomogeneous system
representable in the form (2.4), is unique and is given by formula (2.14).

3. Properties of Solutions and Boundary Problems

Let all the conditions of Theorem 1 be satisfied. Then, multiplying both sides of the representation
(2.22) by exp[−λωαa (t)], and taking the limit as t→ a, we obtain:

[exp[−λωαa (t)]ϕ(t, z)]t=a = exp[(µ1 + µ2)ωβR(r)]C1. (3.1)
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Multiplying both sides of the representation (3.1) by exp[−(µ1 + µ2)ωβR(r)], after taking the limit
as r → R, we obtain:

{exp[−(µ1 + µ2)ωβR(r)][exp[−λωαa (t)]ϕ(t, z)]t=a}r=R = C1. (3.2)

The representation of the form (2.22) and its properties (3.2) provide the foundation for the overde-
termined system of integral equations (2.1) to formulate and investigate the following Cauchy-type
problem:

Problem K1. It is required to find the solution of the overdetermined system integral equations
(2.1) for µ1 < 0, µ2 < 0, and λ < 0, where the particular solution of the inhomogeneous system is
representable in the form (2.4), subject to the boundary condition:

{exp[−(µ1 + µ2)ωβR(r)][exp[−λωαa (t)]ϕ(t, z)]t=a}r=R = E1 (3.3)

where E1 a given real constant.
Solution to Problem K1. Let in the system of integral equations (2.1), the parameters and right-

hand sides satisfy all the conditions of Theorem 2.4. Then, using the representation of the solution
manifold of the form (2.22), its properties (3.2), and the condition (3.3), we find C1 = E1. Substituting
this value of C1 into the representation (2.22), we obtain the solution to problem K1:

ϕ(t, z) = exp[λωαa (t)] exp[(µ1 + µ2)ωβR(r)]E1 +N1[f(t, z), g(t, z)]. (3.4)

Thus, it is proven:

Theorem 3.1. Let in the overdetermined system of integral equations (2.1), the functions f(t, z) =
f(t, r), g(t, z) = g(t, r), and the parameters λ, µj (j = 1, 2) satisfy all the conditions of Theorem 2.4.
Then, the problem K1 has a unique solution, which is given by formula (3.4).

Let all the conditions of Theorem 2.5 be satisfied. Then, the solution to the overdetermined system
(2.1) is representable in the form (2.23). Multiplying both sides of equality (2.23) by exp[−λωαa (t)]
and taking the limit as t→ a, we obtain:

[exp[−λωαa (t)]ϕ(t, z)]t=a = i exp[(µ2 − µ1)ωβR(r)]C2.

Multiplying both sides by exp[(µ1 − µ2)ωβR(r)], after taking the limit as r → R, we obtain:

{exp[(µ1 − µ2)ωβR(r)][exp[−λωαa (t)]ϕ(t, z)]t=a}r=R = iC2. (3.5)

The representation (2.23) and its properties (3.5) provide the foundation for the system of integral
equations (2.1) to formulate and solve the following Cauchy-type problem in this case:

Problem K2. It is required to find the solution of the overdetermined system (2.1) for µ1 > 0,
µ2 > 0, λ < 0, where the particular solution of the inhomogeneous system is representable in the form
(2.17), subject to the boundary conditions:

{exp[(µ1 − µ2)ωβR(r)][exp[−λωαa (t)]ϕ(t, z)]t=a}r=R = iE2 (3.6)

where E2 a given real constant.
Solution to Problem K2. Let in the overdetermined system of integral equations (2.1), the pa-

rameters and right-hand sides satisfy all the conditions of Theorem 2.5. Then, using the representation
(2.23) and its properties (3.5), as well as condition (3.6), we find C2 = E2. Substituting this value of
C2 into representation (2.23), we obtain the solution to problem K2:

ϕ(t, z) = i exp[λωαa (t)] exp[(µ2 − µ1)ωβR(r)]E2 +N2[f(t, z)]. (3.7)

Thus, it is proven

Theorem 3.2. Let in the overdetermined system of integral equations (2.1), the functions f(t, z) =
f(t, r), g(t, z) = g(t, r), and the parameters λ, µj(j = 1, 2) satisfy all the conditions of Theorem 2.5.
Then, the problem K2 has a unique solution, which is given by formula (3.7).
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1. Introduction and Problem Statement

Fractional-order differential equations arise in various applications, such as classical mechanics (in-
verse problems), heat conduction (thermal flux dynamics), diffusion (electrochemical analysis of elec-
trode surfaces), and the study of stochastic transport processes. Many problems involving fluid filtra-
tion in highly porous (fractal) media also necessitate the study of boundary value problems for partial
differential equations of fractional order. Boundary value problems for fractional diffusion equations
have been studied in [1, 2, 5, 8]. Fractal theory is used to describe the structure of disordered media,
such as porous materials, and the processes occurring within them. The transport of an impurity in a
homogeneous fluid flow is modeled using fractional-order differential equations [7]. Fractional diffusion
is also the subject of the study in [6]. In [14], a certain family of generalized Riemann–Liouville deriv-

ative operators Dα,β
a+ of orders α and β was studied. The applications of this operator are presented in

[3]. In [4], the unique solvability of a boundary value problem with an integral conjugation condition
in a mixed domain was proven for a mixed-type equation involving the Hilfer derivative.

Consider the fractional-order diffusion equation and the degenerate hyperbolic equation with sin-
gular coefficients 

uxx −Dγ
0+,yu = 0, y > 0, 0 < γ < 1,

−(−y)muxx + uyy +
α0

(−y)1−m2
ux +

β0

y
uy = 0, y < 0,

(1.1)

where
Dγ

0+,y is the partial fractional Riemann–Liouville derivative of order γ(0 < γ < 1) of function u(x, y)
for the second variable [13] in domain D, which is the union of the upper half-plane D+ = {(x, y) :
−∞ < x < ∞, y > 0} and the domain D−, located in the lower half-plane (y < 0) and bounded by

characteristics OC : x− 2
m+2

(−y)
m+2

2 = 0, BC : x+ 2
m+2

(−y)
m+2

2 = 1, and segment [0,1] of the straight

line y = 0. In equation (1.1) m, α0, β0 are some real numbers satisfying conditions m > 0, |α0| < m+2
2

,
−m

2
< β0 < 1.

The solution properties of equation (1.1) essentially depend on the coefficients α0 and β0 for the
lowest terms of equation (1.1).

In plane α0Oβ0 of parameters α0, β0 the triangle A0B0C0, is bounded by straight lines A0C0 :
β0 + α0 = −m/2, B0C0 : β0 − α0 = −m/2, A0B0 : β0 = 1, and depends on the location of point
P (α0, β0) in this triangle, boundary value problems are formulated and investigated for equation
(1.1).

Note that boundary value problems for equation (1.1), in both bounded and unbounded domains,
where the point P (α0, β0) lies inside the triangle A0B0C0, were studied in [11]. Boundary value
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problems for equation (1.1) in the case where α0 = 0, β0 = 0 were studied in [1, 5], while the shifted
problem for equation (1.1) with −m

2
< β0 < 1 in domain D was studied in [9].

In this work, a boundary value problem for the equation (1.1) is studied in the case of P (α0, β0) ∈
A0C0.

Problem. Find in domain D function u(x, y), which:
1) function u(x, y) tends to zero as (x2 + y2)→∞;
2) satisfies the boundary conditions

y1−γu|y=0 = 0, (−∞ < x ≤ 0, 1 ≤ x <∞), (1.2)

u|OC = ψ(x), x ∈
[
0,

1

2

]
(1.3)

as well as the conjugation conditions

lim
y→+0

y1−γu(x, y) = lim
y→−0

u(x, y), x ∈ Ī = [0, 1], (1.4)

lim
y→+0

y1−γ(y1−γu(x, y))y = lim
y→−0

(−y)β0u(x, y)y, x ∈ I = (0, 1).

where ψ(x) is the given function, ψ(0) = 0.
We seek a solution u(x, y) of the problem in the class of twice differentiable functions in domain D

such that
y1−γu ∈ C(D̄+), u(x, y) ∈ C(D̄−), y1−γ(y1−γu)y ∈ C(D+ ∪ {(x, y) : 0 < x < 1, y = 0}), uxx ∈

C(D+ ∪D−), uyy ∈ C(D−).

2. Main results

Let P (α0, β0) ∈ A0C0.
It is known that in domain D−, the solution of the modified Cauchy problem with initial data
u(x, 0) = τ(x), x ∈ Ī lim

y→−0
(−y)β0u(x, y)y = ν(x), x ∈ I, in the case of P (α0, β0) ∈ A0C0, has the

form [10, 12]

u(x, y) = τ
(
x+ 2

m+2
(−y)

m+2
2

)
− 2
m+2

(−y)1−β0

1∫
0

ν
(
x+ 2

m+2
(2t− 1)(−y)

m+2
2

)
(1− t)−βdt,

(2.1)

where β = m+2β0

(m+2)
.

From formula (2.1) by virtue of boundary condition (1.3), we have

ψ(x) = τ(2x)− 2

m+ 2

(
m+ 2

2

)1−β

x1−β

1∫
0

ν(2tx)(1− t)−βdt. (2.2)

In equality (2.2), we make a change of variable integration z = 2tx and have

ψ(x) = τ(2x)− 1

2

(
4

m+ 2

)β 2x∫
0

ν(z)(2x− z)−βdz. (2.3)

In equality (2.3) we replace 2x with X and get

ψ(X) = τ(X)− 1

2

(
4

m+ 2

)β X∫
0

ν(z)(X − z)−βdz,X ∈ [0, 1]. (2.4)

Next, applying the Riemann-Liouville operator
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Dl
a,xf(x) =

1

Γ(−l)

x∫
a

f(t)dt

(x− t)1+l
, l < 0,

from equality (2.4), we obtain

ψ

(
X

2

)
= τ(X)− 1

2

(
4

m+ 2

)β
Γ(1− β)Dβ−1

0X ν(X), X ∈ [0, 1]. (2.5)

Dividing both sides of the equality (2.5) by 1
2

(
4

m+2

)β
Γ(1− β), we obtain

γ0τ(X)−Dβ−1
0,X ν(X) = Ψ1(X), X ∈ [0, 1], (2.6)

where γ0 = 1
1
2( 4

m+2)
β

Γ(1−β)
, Ψ1(x) =

ψ(X2 )
1
2( 4

m+2)
β

Γ(1−β)
.

Equality (2.6) is a functional relation between τ(x) and ν(x) brought to the line y = 0 in the
hyperbolic part D− of domain D.

We introduce the notation lim
y→+0

y1−γu(x, y) = τ(x), lim
y→+0

y1−γ(y1−γu(x, y))y = ν(x).

It is known that the solution to equation (1.1) in the half-plane y > 0, satisfying condition (1.2)
and condition lim

y→+0
y1−γu(x, y) = τ(x), x ∈ Ī , has the following form [2]

u(x, y) =

1∫
0

G(x, y, t)τ(t)dt, (2.7)

where

G(x, y, t) =
Γ(γ)

2
yγ−1e

1, γ2
1, γ2

(
−|x− t|y−

γ
2

)
,

e
1, γ2
1, γ2

(z) =
∞∑
k=0

zk

Γ
(

(1−k)γ

2

)
k!
. (2.8)

Remark 2.1. The solution u(x, y) can be expressed in terms of the special Wright functions
ϕ(α, δ, z) defined for real α, δ and complex z by means of a power series [7]

ϕ(α, δ; z) =
∞∑
k=0

zk

k!Γ(αk + δ)
.

By (2.8), we have e
1, γ2
1, γ2

(z) = ϕ
(
−γ

2
, γ

2
; z
)
, and therefore,

u(x, y) =
Γ(γ)

2
y
γ
2−1

1∫
0

ϕ
(
−γ

2
,
γ

2
;−|x− t|y−

γ
2

)
τ(t)dt.

It is also known [1] that the functional relation between τ(x) and ν(x), brought from the parabolic
part of D+ to the line y = 0 has the following form:

ν(x) =
1

Γ(1 + γ)
τ ′′(x). (2.9)

Differentiating both sides of equality (2.6) with respect to x, we have

γ0τ
′′(x)− d2

dx2

(
Dβ−1

0,x ν(x)
)

= Ψ′′1(x), x ∈ [0, 1]. (2.10)
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By virtue of the formula

(Dα
0+f)(x) =

(
d

dx

)n 1

Γ(n− α)

x∫
0

(x− t)n−a−1f(t)dt, (n = [α] + 1, α > 0),

from (2.10), we get

γ0τ
′′(x)−Dβ+1

0,x ν(x) = Ψ′′1(x), x ∈ [0, 1]. (2.11)

According to (1.4), (2.9), from (2.11), we arrive at the fractional differential equation 1 + β

Dβ+1
0,x ν(x)− λν(x) = Φ(x), x ∈ [0, 1], (2.12)

where
λ = γ0Γ(1 + γ), Φ(x) = −Ψ′′1(x).
It is known [13] that the general solution of the fractional differential equation γ0 > 0

(Dγ0
0+y(t))(x)− λ0y(x) = h(x), γ0 > 0, n = −[−γ0] (2.13)

is given by the formula

y(x) =
n∑
k=0

ckx
γ0−kEγ0,1+γ0−k(λ0x

γ0) +

x∫
0

(x− t)γ0−1Eγ0,γ0(λ0(x− t)γ0)h(t)dt. (2.14)

Here c1, c2, ..., cn are arbitrary constants, and functions Eγ0,1+γ0−k(λ0x
γ0) and Eγ0,γ0(λ0(x− t)γ0) are

special cases of the Mittag-Leffler function Eγ0,δ(z),

Eγ0,δ(z) =
∞∑
m=0

zm

Γ(γ0m+ δ)
, γ0 > 0, δ > 0, Eγ0(z) ≡ Eγ0,1(z)

which is an entire function of z [13].
Equation (2.12) is an equation of the form (2.13) with y(x) = ν(x), γ0 = 1 + β, λ0 = λ, and

h(x) = Φ(x). Since 1 < β + 1 < 2, the general solution of the form (2.14) for equation (2.12) is given
by

ν(x) = c1x
βE1+β,1+β(λx1+β) + c2x

β−1E1+β,β(λx1+β)+
x∫

0

(x− t)βE1+β,β

(
λ(x− t)1+β

)
Φ(t)dt, (2.15)

where c1, c2 are arbitrary constants. Substituting (2.15) into (2.6), we obtain an expression for τ(x):

γ0τ(x) + c1

(
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x) + c2

(
Dβ−1

0,x t
β−1E1+β,β(λt1+β)

)
(x)+

+

Dβ−1
0,x

t∫
0

(t− s)βE1+β,1+β

(
λ(t− s)1+β

)
Φ(s)ds

 (x) = Ψ1(x). (2.16)

From (2.16), we get

τ(x) = c∗1

(
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x) + c∗2

(
Dβ−1

0,x t
β−1E1+β,β(λt1+β)

)
(x)−

− 1

γ0

Dβ−1
0,x

t∫
0

(t− s)βE1+β,1+β

(
λ(t− s)1+β

)
Φ(s)ds

 (x) +
1

γ0

Ψ1(x). (2.17)

where
c∗1 = − c1

γ0
, c∗2 = − c2

γ0
.
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In (2.17), we simplify the expression(
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x).

According to the formula

Eα,β(z) =
∞∑
m=0

zm

Γ(αm+ β)
, (α > 0, β > 0) (2.18)

we have (
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x) =

1

Γ(1− β)

x∫
0

(x− t)βtβ×

×
∞∑
m=0

(λt1+β)m

Γ((1 + β)m+ 1 + β)
dt.

Now, rearranging the orders of integration and summation, we have(
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x) =

∞∑
m=0

λm

Γ((1 + β)m+ 1 + β)

1

Γ(1− β)
×

×
x∫

0

(x− t)βt(1+β)m+βdt. (2.19)

In (2.19) we calculate the integral by changing the integration variable t = xσ:

x∫
0

(x− t)−βt(1+β)m+βdt =

1∫
0

x−β(1− σ)−βx(1+β)m+βσ(1+β)m+βxdσ =

= xx(1+β)m

1∫
0

σ(1+β)m+β(1− σ)−βdσ = xx(1+β)mB ((1 + β)m+ 1 + β, 1− β) =

= xx(1+β)mΓ ((1 + β)m+ 1 + β) Γ(1− β)

Γ ((1 + β)m+ 2)
. (2.20)

Substituting (2.20) into (2.19), we get(
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x) =

=
∞∑
m=0

λm

Γ((1 + β)m+ 1 + β)

1

Γ(1− β)
×

×xx(1+β)mΓ ((1 + β)m+ 1 + β) Γ(1− β)

Γ ((1 + β)m+ 2)
=

= x
∞∑
m=0

(
λx1+β

)m
Γ((1 + β)m+ 2)

= xE1+β,2(λx1+β).

Thus, (
Dβ−1

0,x t
βE1+β,1+β(λt1+β)

)
(x) = xE1+β,2(λx1+β). (2.21)

Similarly, it is easy to show that(
Dβ−1

0,x t
β−1E1+β,β(λt1+β)

)
(x) = E1+β(λx1+β), (2.22)
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0,x

t∫
0

(t− s)βE1+β,1+β

(
λ(t− s)1+β

)
Φ(s)ds

 (x) =

=

x∫
0

(x− s)E1+β,2

(
λ(x− s)1+β

)
Φ(s)ds. (2.23)

By virtue of (2.21)-(2.23) from (2.17), we obtain

τ(x) = c∗1xE1+β,2(λx1+β) + c∗2E1+β(λx1+β)−

− 1

γ0

x∫
0

(x− t)E1+β,2

(
λ(x− t)1+β

)
Φ(t)dt+

1

γ0

Ψ1(x). (2.24)

To find constants c∗1 and c∗2 we can use relation τ(0) = τ(1) = 0 following from condition (1.2).
Substituting x = 0 into the formula (2.24) and taking into account the equality E1+β(0) = 1 that

follows from the condition (2.18), we obtain τ(0) = c∗2 + 1
γ0

Ψ1(0), hence

c∗2 = −Ψ1(0)

γ0

. (2.25)

Substituting x = 1 into formula (2.24) and taking into account equality (2.25), we find

0 = c∗1E1+β,2(λ)− Ψ1(0)

γ0

E1+β(λ)−

− 1

γ0

1∫
0

(1− t)E1+β,2

(
λ(1− t)1+β

)
Φ(t)dt+

1

γ0

Ψ1(1).

From here

c∗1 =
1

E1+β,2(λ)
×

×

Ψ1(0)

γ0

E1+β(λ)− 1

γ0

Ψ1(1) +
1

γ0

1∫
0

(1− t)E1+β,2

(
λ(1− t)1+β

)
Φ(t)dt

 . (2.26)

Taking into account (2.25) and (2.26), substituting equality (2.24) into formula (2.7), we obtain an
explicit solution u(x, y) of the problem under study.

Let P (α0, β0) ∈ B0C0.
In this case, the solution of the modified Cauchy problem with initial data
u(x, 0) = τ(x), x ∈ Ī lim

y→−0
(−y)β0u(x, y)y = ν(x), x ∈ I, has the form [10, 12]

u(x, y) = τ
(
x− 2

m+2
(−y)

m+2
2

)
− 2
m+2

(−y)1−β0

1∫
0

ν
(
x− 2

m+2
(2t− 1)(−y)

m+2
2

)
(1− t)−αdt,

where α = m+2β0

(m+2)
.

Further research is conducted as in the case of P (α0, β0) ∈ A0C0.
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Abstract. In this paper, we solve the inverse source problem that aims to determine the right-
hand sides of the diffusion equation, in each of the bonds, under specific integral overdetermination
conditions on a metric star graph in Sobolev space. We reformulate the problem as an operator
equation and show that the corresponding resolvent operator is well-defined.
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1. Introduction

Differential equations on metric graphs effectively model various physical phenomena, including
oscillations in elastic networks and diffusion processes. A significant body of research has concen-
trated on differential operators and equations within this framework, exploring their implications and
applications in diverse contexts. These studies provide valuable information on the behavior of sys-
tems represented by metric graphs, improving our understanding of complex physical interactions
[13, 17, 16, 19, 11].

The most significant challenge involves solving an inverse problem in differential equations. In [14],
the primary focus is on an inverse problem related to recovering the right-hand side of a parabolic
equation with variable coefficients, along with an integral overdetermination condition. The authors
demonstrate the Fredholm property of this inverse problem, prove the existence and uniqueness of its
solution under certain conditions, and provide stability estimates. A similar issue is addressed in [9].
In addition, several studies have examined inverse problems for fractional differential equations, such
as references [2, 4, 21]. Ashurov et al. [3] investigate the inverse problem of determining the density of
a heat source for a subdiffusion equation. They utilized the Fourier method to establish the existence,
uniqueness, and stability of solutions.

The manuscript is organized as follows: The essential definitions and notations are presented in
Section 2. Section 3 outlines the precise formulations of the problems investigated. In Section 4, the
focus is on studying the inverse problem.

2. Preliminaries

In this section, we define key notations and function spaces essential for our problem.

Definition 2.1. (see [10], p. 69) The the Riemann-Liouville fractional integral of order 0 < α < 1 for
a function ϕ ∈ L1(0, T ) is defined by

Iα0,tϕ(t) ≡ D−α0,t ϕ(t) :=
1

Γ(α)

∫ t

0

ϕ(τ)

(t− τ)1−αdτ,

provided that, the integral, in the right-hand side of this expression, exists.

Definition 2.2. (see [10], p. 70) The Riemann-Liouville fractional derivative of order 0 < α < 1 for
a function ϕ(t) on [0, T ] is defined by

Dα
0,tϕ(t) =

1

Γ(1− α)

d

dt

∫ t

0

ϕ(τ)

(t− τ)α
dτ,

provided that, the integral, in the right-hand side of this expression, exists.
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Definition 2.3. (see [10]) The Caputo fractional derivative of order 0 < α < 1 for a function ϕ(t) on
[0, T ] is defined by

∂α0,tϕ(t) =
1

Γ(1− α)

∫ t

0

ϕ
′
(τ)

(t− τ)α
dτ,

provided that, the integral, in the right-hand side of this expression, exists.

We present functional spaces that help solve the problem. The previously defined fractional deriva-
tives are pointwise, so we need a definition for the generalized fractional derivative, which is well-defined
in a subspace of a fractional-order Sobolev space, as discussed in reference [8].

Following to ([8], p. 12), by Hα(0, T ), 0 < α < 1, we denote fractional Sobolev - Slobodeskii space
governed by the norm (see [7], [8])

‖u‖Hα(0,T ) :=

(
‖u‖2L2(0,T ) +

∫ T

0

∫ T

0

|u(t)− u(s)|2

(t− s)1+2α
dsdt

) 1
2

.

We put

0H
α(0, T ) = {u ∈ Hα(0, T ) : u(0) = 0} for 1

2
< α ≤ 1,

Hα(0, T ) =


Hα(0, T ), 0 ≤ α < 1

2
,

{v ∈ H 1
2 (0, T ) :

∫ T
0
|v(t)|2
t
dt <∞}, α = 1

2
,

0H
α(0, T ), 1

2
< α ≤ 1.

The space Hα(0, T ) is a Banach space with the norm (see [8], p. 12)

‖v‖Hα(0,T ) =


‖v‖Hα(0,T ), 0 < α < 1, α 6= 1

2
,(

‖v‖2
H

1
2 (0,T )

+
∫ T

0
|v(t)|2
t
dt

) 1
2

, α = 1
2
.

According to ([8], p. 15) the space 0C
1[0, T ] = {v ∈ C1[0, T ] : v(0) = 0} is dense in Hα(0, T ). In

the same work, it is shown that Iα0,t : L2(0, T )→ Hα(0, T ) is injective and surjective, and so, the weak
fractional derivative can be defined as ∂α0,t = (Iα0,t)

−1.
Furthermore, the following norms are equivalent in Hα(0, T ) (see [8], p. 17)

‖∂α0,tv‖L2(0,T ) ∼ ‖v‖Hα(0,T ).

We notice, that in the case 1
2
< α < 1 for any v(t) ∈ Hα(0, T ) the weak Caputo derivative can be

defined by the equality ∂α0,tv(t) = ∂α0,t(v(t)− v(0)) (see [8]).

The star metric graph G is a graph with n bonds, consisting of a finite set of vertices V = {νk}n0
and a finite set of edges E = {ek}n1 , where ek connects the vertices ν0 and νk, k = 1, n [6]. Each bond
ek is assigned the interval (0, lk), and coordinates xk are defined on each bond. The vertex ν0 of the
graph has a coordinate of 0 on each bond. Further, without loss of generality, we will use x instead of
xk. For the function, u : G → R, defined on the graph, we put u|ek = uk.

We establish functional spaces within the metric star graph. For the functions defined on the

graph, we use vector-type notations u = (u1, ..., un), ux =
(
∂u1

∂x
, . . . , ∂un

∂x

)
, uxx =

(
∂2u1

∂x2 , . . . ,
∂2un
∂x2

)
,∫

G
udG =

n∑
k=1

lk∫
0

ukdx. For u : G → R, v : G → R, we put uv = (u1v1, u2v2, ..., unvn).

Let Gτ = {(x, t) : x ∈ G, t ∈ (0, τ ]}, 0 < τ ≤ T .

Definition 2.4. (see [6], p. 10) The space L2(G) on G consists of functions that are measurable and
square-integrable on each edge ek, k = 1, n with the scalar product and the norm:

(u (x) , v (x))L2(G) =

∫
G

u(x) · v(x)dG,

‖u‖2L2(G) =
∑
k

‖u‖2L2(ek).

In other words, L2(G) is the orthogonal direct sum of spaces L2(ek), k = 1, n.
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Definition 2.5. The space L2(0, t) on GT consists of functions that are measurable and square-
integrable on each edge ek, k = 1, n with the norm:

‖u‖2L2(0,t) =
n∑
k=1

∫ t

0

u2
k(τ)dτ.

In other words, L2(0, t) is the orthogonal direct sum of spaces L2(0, t), k = 1, n.

Definition 2.6. The Hilbert space W l
2(G), l = 1, 2 defined by

W l
2(G) =

n⊕
k=1

W l
2(ek), l = 1, 2

and with the scalar products

(u, v)W 1
2 (G) =

∫
G

(uv + uxvx) dG,

(u, v)W 2
2 (G) =

∫
G

(uv + uxvx + uxxvxx) dG.

Definition 2.7. Let the space Q = {u ∈ C(G) : uk(x) ∈ C∞(ēk), uk|x=lk = 0}.
◦
W 1

2(G) is a subspace

of the space W 1
2 (G) that is the closure of Q with respect to the norm ‖u‖W 1

2 (G) =
√

(u, u)W 1
2 (G).

Definition 2.8. Let L2(Gτ ) = L2(0, τ ;L2(G)). W 1,α
2 (Gτ ) = {u : u(t, ·) ∈ W 1

2 (G), u, ux, ∂
α
0,tu ∈

L2(Gτ )} is a subspace of L2(Gτ ) with the scalar product

(u, v)W 1,α
2 (Gτ ) =

∫ τ

0

∫
G

(
uv + uxvx + ∂α0,tu∂

α
0,tv
)
dGdt,

and with the norm

‖u‖W 1,α
2 (Gτ ) =

(∫ τ

0

∫
G

(
u2 + u2

x + (∂α0,tu)2
)
dGdt

) 1
2

.

W 1,α
2,0 (Gτ ) = {u ∈W 1,α

2 (Gτ ) : uk|x=lk = 0} is a subset of W 1,α
2 (Gτ ).

Definition 2.9. W 2,α
2 (Gτ ) is the Hilbert space consisting of all elements of L2(Gτ ) that have gener-

alized derivatives ∂α0,tu, ux and uxx from L2(Gτ ). The scalar product in it is defined by the equality

(u, v)W 2,α
2 (Gτ ) =

∫ τ

0

∫
G

(
uv + uxvx + ∂α0,tu∂

α
0,tv + uxxvxx

)
dGdt

and the norm is denoted as follows: ‖ · ‖W 2,α
2 (Gτ ).

Definition 2.10. W 2,α
2,0 (Gτ ) is a subspace of W 2,α

2 (Gτ ), which is the intersection of W 2,α
2 (Gτ ) with

W 1,α
2,0 (Gτ ).

Lemma 2.11. [1] For any function v(t) absolutely continuous on [0, T ], one has the inequality

v(t)∂α0,tv(t) ≥ 1

2
∂α0,tv

2(t), 0 < α < 1. (2.1)

And also we need arithmetic inequality

|ab| ≤ εa2 +
1

4ε
b2, for all ε > 0. (2.2)
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3. Problem statement

We consider the following time-fractional diffusion equation on the metric star graph G

∂α0,tuk(x, t)− uk,xx(x, t) = fk(t)gk(x, t) + hk(x, t), x ∈ ek, t ∈ (0, T ], k = 1, n, (3.1)

where ∂α0,t denotes the Caputo fractional derivative of order α ∈ (0, 1), gk(x, t), hk(x, t) are given
functions, fk(t) are unknown functions. We need to solve both the direct and inverse problems
to determine the pair of functions {u(x, t), f(t)} in the equation (3.1) within a bounded domain
GT = G × (0, T ]. This solution must satisfy the following initial conditions

uk(x, 0) = 0, x ∈ ēk, k = 1, n, (3.2)

the vertex conditions
n∑
k=1

uk,x(0, t) = 0, uk(0, t) = uj(0, t), k 6= j, k, j = 1, n, t ∈ [0, T ], (3.3)

the boundary conditions
uk(lk, t) = 0, t ∈ [0, T ], k = 1, n, (3.4)

and the overdetermination conditions∫ lk

0

ηk(x)uk(x, t)dx = ψk(t), k = 1, n, (3.5)

where ηk(x), ψk(t) are known functions.
In this problem, we are searching for a solution in the form {uk(x, t), fk(t)} = {yk(x, t), 0} +

{wk(x, t), fk(t)}, where yk(x, t) is a solution of the direct problem

∂α0,tyk(x, t)− yk,xx(x, t) = hk(x, t), x ∈ ēk, t ∈ [0, T ], k = 1, n, (3.6)

and the pair {wk(x, t), fk(t)} is a solution of the inverse problem

∂α0,twk(x, t)− wk,xx(x, t) = fk(t)gk(x, t), x ∈ ēk, t ∈ [0, T ], k = 1, n, (3.7)

with (3.2)-(3.4) conditions and the following overdetermination conditions∫ lk

0

ηk(x)wk(x, t)dx = Ek(t), k = 1, n, (3.8)

where Ek(t) = ψk(t)−
lk∫
0

ηk(x)yk(x, t)dx.

We express the problem of defining the function, as noted in reference ([12], p. 153), as Ay = h
over the domain

V (GT ) =

 y(x, t) ∈W 2,α
2,0 (GT ), yk(x, t)|t=0 = 0,

n∑
k=1

yk,x(0, t) = 0, yk(0, t) = yj(0, t), k 6= j, k, j = 1, n

 .

Theorem 3.1. Let g(x, t) = 0, h(x, t) ∈ L2(GT ). Then the problem (3.1)-(3.4) has a unique strong
solution in V (GT ).

Problems that were solved in a similar way were examined in [5, 18, 20]. In these studies, the
approach involved reducing the given equation to an operator equation and solving it using a priori
estimates, which can be classified as a functional method. This method was adapted and improved,
originally drawing inspiration from Ladyzhenskaya [12], to address fractional order equations on metric
graphs. In [20], unique solvability of inverse problem was presented for such a diffusion equation, where
the unknown function on the right side of the equation depended solely on the variable x and was
consistent with the overdetermination condition.

The uniqueness and existence of the direct problem are investigated in [15], so we will focus on
solving the inverse problem.



Inverse problem of determining source of the diffusion equation 277

4. Unique solvability of the inverse problem

We obtain the operator equation for the unknown functions fk(t), assuming the functions in the
problem are measurable and meet the given conditions:

g(x, t) ∈ L2(0, T,
◦
W

1
2(G)), (K1)

Ek(t) ∈ Hα(0, t), η(x) ∈ L2(G), g∗k(t) 6= 0, (K2)

where

g∗k(t) =

∫ lk

0

ηk(x)gk(x, t)dx, k = 1, n.

By multiplying both sides of equation (3.7) with the function ηk(x) and integrating over the interval
[0, lk], we get∫ lk

0

ηk(x)∂α0,twk(x, t)dx−
∫ lk

0

ηk(x)wk,xx(x, t)dx = fk(t)

∫ lk

0

ηk(x)gk(x, t)dx.

Using conditions (3.8), we obtain the relation

fk(t) = Bfk(t) +
∂α0,tEk(t)

g∗k(t)
, (4.1)

where

Bkfk(t) = − 1

g∗k(t)

∫ lk

0

ηk(x)wk,xx(x, t)dx, k = 1, n, (4.2)

Bf = (Bf1, Bf2, . . . , Bfn) , Bfk : L2(0, T )→ L2(0, T ).

Theorem 4.1. Let conditions (K1), (K2) hold. If h(x, t) ∈ L2(GT ), then there exists a generalized
solution {u(x, t), f(t)} of the inverse problem (3.1)-(3.5) and u(x, t) ∈ V (GT ), f(t) ∈ L2(0, T ).

Proof. It suffices to prove the unique solvability of the inverse problem (3.1)-(3.5) by showing that the
operator B, defined by relation (4.2), is a continuous operator into L2(0, t).

By multiplying both sides of equation (3.7) by ∂α0,twk,xx(x, t) and integrate over G

n∑
k=1

∫ lk

0

∂α0,twk(x, t)∂
α
0,twk,xx(x, t)dx−

n∑
k=1

∫ lk

0

wxx(x, t)∂
α
0,twk,xx(x, t)dx

=
n∑
k=1

∫ lk

0

fk(t)gk(x, t)∂
α
0,twk,xx(x, t)dx.

Then, using integration by parts and (2.1) for the second sum, we obtain

n∑
k=1

∂α0,twk(x, t) · ∂α0,t wk,x(x, t)|
x=lk
x=0
−

n∑
k=1

∫ lk

0

(∂α0,twk(x, t))
2dx− 1

2

n∑
k=1

∫ lk

0

∂α0,tw
2
k,xx(x, t)dx

≥
n∑
k=1

fk(t)

(
gk(x, t) · ∂α0,t wk,x(x, t)|

x=lk
x=0
−
∫ lk

0

gk,x(x, t)∂
α
0,twk,x(x, t)dx

)
.

After multiplying both sides of the inequality by −1 and also taking into account conditions (3.2)-
(3.4) and (K1) we get

1

2
∂α0,t||wk,xx(x, t)||2L2(G) + ||∂α0,twk,x(x, t)||2L2(G) ≤

≤
n∑
k=1

fk(t)

∫ lk

0

gk,x(x, t)∂
α
0,twk,x(x, t)dx (4.3)
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By using Cauchy-Bunyakovski inequality and (2.2), also (K1), we can get:

n∑
k=1

fk(t)

∫ lk

0

gk,x(x, t)∂
α
0,twk,x(x, t)dx

≤
n∑
k=1

fk(t)

(∫ lk

0

g2
k,x(x, t)dx ·

∫ lk

0

∂α0,tw
2
k,x(x, t)dx

) 1
2

≤
n∑
k=1

|fk(t)| · ||gk,x(x, t)||L2(0,lk) · ||∂α0,twk,x(x, t)||L2(0,lk)

≤ c
n∑
k=1

|fk(t)| · ||∂α0,twk,x(x, t)||L2(0,lk) ≤
c

4ε

n∑
k=1

|fk(t)|2 + ε||∂α0,twx(x, t)||2L2(G)

where c = max
1≤k≤n

‖gk,x(·, t)‖L2(0,lk). Replacing the last result to (4.3) we can get:

1

2
∂α0,t||wxx(x, t)||2L2(G) + ||∂α0,twx(x, t)||2L2(G) ≤

c

4ε

n∑
k=1

|fk(t)|2 + ε||∂α0,twx(x, t)||2L2(G)

Choosing ε = 1 and simplifying the inequality, it will be :

∂α0,t||wxx(x, t)||2L2(G) ≤
c

2

n∑
k=1

|fk(t)|2.

By fractional integrating and using initial conditions (3.2), we get

‖wxx(x, t)‖2L2(G) ≤
c

2
Iα0,t

n∑
k=1

|fk(t)|2. (4.4)

Using condition (K2) and Cauchy-Bunyakovsky inequality, we estimate the norm of the operator Bf

‖Bf‖2L2(0,t) =
n∑
k=1

∫ t

0

(Bfk)
2dτ =

n∑
k=1

∫ t

0

(
1

g∗k(t)

∫ lk

0

ηk(x)wxxdx

)2

dτ

≤ 1

q2

n∑
k=1

∫ t

0

∫ lk

0

η2
k(x)dx

∫ lk

0

w2
xxdxdτ ≤

m2

q2

∫ t

0

||wxx||2L2(G)dτ.

where q = max
1≤k≤n

|g∗k(t)|, m =‖η‖L2(G). Then, taking into account (4.4), we get

‖Bf‖2L2(0,t) ≤
cm2

2q2
Iα0,t

n∑
k=1

t∫
0

|fk(τ)|2dτ = CIα0,t‖f‖2L2(0,t), (4.5)

where C = cm2

2q2
. Now, iterating the inequality (4.5) i times, we get

‖(Bif)(t)‖2L2(0,t) ≤ CiIα0,t‖Bi−1f‖2L2(0,t) ≤ CiI iα0,t‖f‖2L2(0,t), i = 1, 2, 3, ....

From the last inequality, taking into account that the function f̃(t) =‖f‖2L2(0,t) is a nonnegative and

non-decreasing function on t ∈ [0, T ], we have

‖(Bif)(t)‖2L2(0,t) ≤ Ci‖f‖2L2(0,t) · I iα0,t1 =
Citiα

Γ(iα+ 1)
‖f‖2L2(0,t).
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Consequently, we have

‖(I −B)−1F‖L2(0,T ) ≤
+∞∑
i=0

(√
CTα

)i
√

Γ(iα+ 1)
‖f‖L2(0,t),

where F =
∂α0,tEk(t)

g∗k(t)
.

So, it follows that the resolvent operator (I −B)
−1

: L2(0, T )→ L2(0, T ) is bounded and continuous
mapping. �
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Abstract. The paper considers the initial-boundary value problem for equation Dρ
t u(x, t) +

(−∆)σu(x, t) = 0, ρ, σ ∈ (0, 1), in an N -dimensional domain Ω with a homogeneous Dirichlet con-
dition. The fractional derivative is taken in the sense of Caputo. The main goal of the work is to
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derivative ρ and the degree of the Laplace operator σ. A new formulation and solution method for
this inverse problem are proposed.
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1. Introduction

Let Ω ⊂ RN be an arbitrary bounded domain, with sufficiently smooth boundary ∂Ω, ρ, σ ∈ (0, 1).
Consider the following problem

Dρ
t u(x, t) + (−∆)σu(x, t) = 0, x ∈ Ω, 0 < t ≤ T,

u(x, t) = 0, x ∈ ∂Ω, 0 < t ≤ T,
u(x, 0) = ϕ(x), x ∈ Ω,

(1.1)

where ϕ(x) ∈ L2(Ω), ∆ is the Laplace operator and Dρ
t is the fractional Caputo derivative of order

0 < ρ < 1, which for any continuous function h(t) is defined as (see e.g. [12], p. 71)

Dρ
t h(t) =

1

Γ(1− ρ)

d

dt

∫ t

0

h(ξ)− h(0)

(t− ξ)ρ
dξ, t > 0,

provided the right-hand side exists. Here Γ(ρ) is Euler’s gamma function. We call problem (1.1) the
forward problem.

Fractional diffusion equations are widely applied in fields such as anomalous diffusion, elasticity,
finance, and biology [8, 10, 14]. Determining the fractional order is difficult due to the lack of direct
measurement tools, necessitating the solution of inverse problems based on indirect data [13].

Z. Li et al. [13] emphasized solving inverse problems using solution values over fixed time intervals.
Subsequent works ([1, 2, 3, 4, 5]) introduced additional conditions, such as time-integrals of the
solution, to prove uniqueness and existence, relying on the monotonicity of Mittag-Leffler functions.

The inverse problem involving a RiemannLiouville fractional derivative in equation (1.1) remains
unstudied, though many results exist for the Caputo case. For example, Tatar and Ulusoy [15] (2013)
proved uniqueness for a two-parameter inverse problem on (−1, 1), but under strict initial conditions,
requiring all Fourier coefficients to be positive.

In contrast, Yamamoto [16] (2020) addressed a similar problem on a bounded domain Ω ⊂ RN ,
proving uniqueness under weaker assumptions (ϕ(x) ≥ 0) with an additional condition u(x0, t) = ψ(t).

In [7], the problem was studied on RN with a general elliptic operator (not just Laplacian). The
authors established both existence and uniqueness without restrictive assumptions on the initial func-
tion, requiring only smoothness (ϕ ∈ Lτ2(RN), τ > N/2). Their approach leveraged properties of the
continuous spectrum, particularly when λ = 1 is in the spectrum or an eigenvalue.

In this paper, we investigate the initial-boundary value problem (1.1), in which the parameters ρ and
σ are assumed to be unknown. The primary objective of this study is the simultaneous determination
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of these two parameters. This type of problem is commonly referred to as a two-parameter inverse
problem, and it arises naturally in various physical and engineering contexts where model coefficients
are not directly measurable.

We use the following additional conditions for simultaneously determining the parameters ρ and σ:

|(u(x, t0), vk(x))| = d0, |(u(x, t1), vk(x))| = d1, (1.2)

where t0 6= t1, t0, t1 ∈ (0, T ] and d0, d1 are given positive numbers. Here, the symbol vk(x) denotes
the k-th eigenfunction of the Laplace operator with the Dirichlet boundary condition, corresponding
to the eigenvalue λk > 1.

2. Preliminaries

Let Ω be a bounded N -dimentional domain with a sufficiently smooth boundary ∂Ω and {vk(x)}
denote the complete system of orthonormal in L2(Ω) eigenfunctions and {λk} the set of positive
eigenvalues of the spectral problem:{

−∆v(x) = λv(x), x ∈ Ω,

v(x)
∣∣
∂Ω

= 0.

Let us present some assertions about eigenfunctions vk(x) and eigenvalues λk proved by V.A.Ilyin
[11].

Lemma 2.1. The series
∞∑
k=1

λ
−([N2 ]+1)
k v2

k(x) converges uniformly in a closed domain Ω.

Lemma 2.2. Let the function g(x) satisfy the conditions

(1) g(x) ∈ Cp(Ω), ∂p+1g(x)

∂x
p1
1 ...∂xpnn

∈ L2(Ω), p+ 1 = p1 + p2 + . . . pn, p ≥ 1,

(2) g(x)|∂Ω = ∆g(x)|∂Ω = · · · = ∆[ p2 ]g(x)|∂Ω = 0.

Then the number series
∞∑
k=1

g2
kλ

p+1
k converges, where gk = (g, vk).

Definition 2.3. For 0 < ρ < 1, let Eρ,µ(z) denote the Mittag-Leffler function defined as:

Eρ,µ(z) =
∞∑
k=0

zk

Γ(ρk + µ)
, µ, z ∈ C.

If µ = 1, then the Mittag-Leffler function is called the one-parameter or classical Mittag-Leffler
function and is denoted by Eρ(z) = Eρ,1(z).

Recall the following estimate of the Mittag-Leffler functions (see, e.g. [9], p. 29).

Lemma 2.4. For any t ≥ 0 one has

|Eρ,µ(−t)| ≤ C

1 + t
, µ ∈ C,

where constant C does not depend on t.

Let us represent by δ(1;β) a contour oriented by non-decreasing arg ξ consisting of the following
parts: the ray arg ξ = −β with |ξ| ≥ 1, the arc −β ≤ arg ξ ≤ β, |ξ| = 1, and the ray arg ξ = β, |ξ| ≥ 1.
The counter δ(1;β) is called Hankel path.

Let β = 3π
4
ρ, ρ ∈ [ρ0, 1) and σ > 0. Then, we write function Eρ(−λσtρ) in the following form ( see

[9], p. 27):
Eρ(−λσtρ) = p(ρ, σ, t) + q(ρ, σ, t),

where

p(ρ, σ, t) =
1

Γ(1− ρ)λσtρ
,

q(ρ, σ, t) = − 1

2πiλσρtρ

∫
δ(1;β)

eξ
1/ρ

ξ

ξ + λσtρ
dξ.
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Lemma 2.5. Let σ ∈ (0, 1) and 0 < ρ0 < 1. Then there exists a number T0 = T0(λ, ρ0) such that for
all t ≥ T0 and λ ≥ λk, function Eρ(−λσtρ) is positive and monotonically decreasing for all ρ ∈ [ρ0, 1)
and the following estimates hold:

∂

∂ρ
p(ρ, σ, t) ≤ − 1

λσtρ
, t > 1, λ > 0,

∣∣∣∣ ∂∂ρq(ρ, σ, t)
∣∣∣∣ ≤ C 1/ρ+ ln t

(λσtρ)2
, t > 1, λ > 0.

This Lemma was proven in [6].

Lemma 2.6. There is a constant C > 0, such that∣∣∣∣ ∂∂σq(ρ, σ, t)
∣∣∣∣ < C| lnλ|

λ2σtρ
, t > 1, λ > 0 (λ 6= 1).

This Lemma was proven in [6].

3. Solution of the forward problem

Firstly, we present the definition of the solution of the problem (1.1).

Definition 3.1. A function u(x, t) with the properties

(1) u(x, t) ∈ C(Ω× [0, T ]),

(2) Dρ
t u(x, t), (−∆)σu(x, t) ∈ C(Ω× (0, T ]),

and satisfying conditions (1.1) is called the solution of the problem (1.1).

Now we present theorem about the solution of problem (1.1).

Theorem 3.2. Let function ϕ(x) satisfy conditions of Lemma 2.2 with exponent p =
[
n
2

]
. Then

problem (1.1) has a unique solution:

u(x, t) =
∞∑
k=1

ϕkEρ(−λσktρ)vk(x), (3.1)

where ϕk are the Fourier coefficients of function ϕ(x).

Proof. Assume that a solution of the forward problem exists. Since system {vk(x)} is complete in
L2(Ω), then this solution has the form:

u(x, t) =
∞∑
k=1

Tk(t)vk(x),

where Tk(t) = (u(x, t), vk(x)) are the Fourier coefficients of the function u(x, t) and are unknown.
Multiply the orthonormal eigenfunctions vk(x) to the equation in the problem (1.1), to get

(Dρ
t u(x, t), vk(x)) + ((−∆)σu(x, t), vk(x)) = 0.

We have (Dρ
t u(x, t), vk(x)) = Dρ

t Tk(t). Since the Laplace operator is self-adjoint, it follows that
((−∆)σu(x, t), vk(x)) = λσkTk(t). Therefore, to determine Tk(t) we obtain the following Cauchy prob-
lem

Dρ
t Tk(t) + λσkTk(t) = 0, Tk(0) = ϕk.

This problem has a unique solution (see, for example, [9], p. 174):

Tk(t) = ϕkEρ(−λσktρ). (3.2)
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From this, in particular, it follows that if a solution to the forward problem exists, then it is unique.
Indeed, for this it is sufficient to prove that the solution u(x, t) to the forward problem with the
homogeneous condition (1.1) is identically zero. But from (3.2) it follows that Tk(t) ≡ 0 for all k ≥ 1.
Taking into account the definition of Tk(t) and the completeness of the system {vk(x)}, we obtain
u(x, t) ≡ 0.

Let us show that the operators (−∆)σ and Dρ
t can be applied term-by-term to series (3.1) and the

resulting series converges uniformly in (x, t) ∈ (Ω× (0, T ]):

(−∆)σu(x, t) =
∞∑
k=1

λσkϕkEρ(−λσktρ)vk(x).

Using Lemma 2.4 and applying the Cauchy-Bunyakovsky inequality we get

|(−∆)σu(x, t)| ≤
∞∑
k=1

|λσkϕkEρ(−λσktρ)vk(x)| ≤
∞∑
k=1

λσk |ϕk||vk(x)| C

1 + λσkt
ρ
≤

≤ Ct−ρ
∞∑
k=1

|ϕk||vk(x)| = Ct−ρ
∞∑
k=1

|ϕk|(
√
λk)

([n2 ]+1)(
√
λk)
−([n2 ]+1)|vk(x)| ≤

≤ Ct−ρ
(
∞∑
k=1

|ϕk|2λ
([n2 ]+1)
k

) 1
2
(
∞∑
k=1

λ
−([n2 ]+1)
k v2

k(x)

) 1
2

Therefore if ϕ(x) satisfies conditions of Lemma 2.2, with the exponent p =
[
n
2

]
, then series

∞∑
k=1

|ϕk|2λ
([n2 ]+1)
k is converge. Additionally, according to Lemma 2.1 the series

∞∑
k=1

λ
−([n2 ]+1)
k v2

k(x) is

converge uniformly in a closed domain Ω. Hence, (−∆)σu(x, t) ∈ C(Ω× (0, T ]).
From equation (1.1) one has Dρ

t u(x, t) = −(−∆)σu(x, t), t > 0, and hence we get Dρ
t u(x, t) ∈

C(Ω× (0, T ]).
The uniqueness of the solution is proved in the standard way (see, for example, [3]). �

4. Solution of the two-parameter inverse problem

Now we turn to the study of the inverse problem of simultaneous determination of the orders of the
fractional derivative ρ and the degree of the Laplace operator σ.

Using the additional conditions (1.2) and the solution (3.1) we derive the following system of
equations: 

F1(ρ, σ) = Eρ(−λσkt
ρ
0)− d0

|ϕ1|
= 0,

F2(ρ, σ) = Eρ(−λσkt
ρ
1)− d1

|ϕ1|
= 0.

(4.1)

We introduce the following notation:

F (ρ, σ) =

[
Eρ (−λσkt

ρ
0)

Eρ (−λσkt
ρ
1)

]
,

where t1, t2 > 0, t1 6= t2, σ ∈ (0, 1), and ρ ∈ [ρ0, 1] with ρ0 > 0.
Suppose that d0

|ϕ1| and d1
|ϕ1| belong to the range of the function F (ρ, σ). Then, the following theorem

holds:

Theorem 4.1. Let λk > 1 be the k-th eigenvalue of the Laplace operator. Then, there exists a positive
number T1 = T1(λk, ρ0) > 0 such that for all t1 > T1 and t2 > T1, the two-parameter inverse problem
(1.1)(1.2) has a unique solution {u(x, t), ρ, σ}.
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Proof. First, we consider the partial derivative ∂F1

∂σ
of the function F1(ρ, σ) in the system of equations

(4.8). It holds that ∂F1

∂σ
6= 0 for all ρ ∈ [ρ0, 1) and σ ∈ (0, 1) (see [6]). Then, by the implicit function

theorem, there exists a function σ = g(d0, ρ) such that the equation

F1(ρ, g(d0, ρ)) = Eρ
(
−λg(d0,ρ)k tρ0

)
− d0

|ϕ1|
= 0,

is satisfied.
From this, we obtain the equation

f(ρ) = F2(ρ, g(d0, ρ)) = Eρ
(
−λg(d0,ρ)k tρ1

)
− d1

|ϕ1|
= 0.

We now compute the derivative ∂f
∂ρ

:

∂f

∂ρ
=

∂

∂ρ
Eρ
(
−λg(d0,ρ)k tρ1

)
=

∂

∂ρ
Eρ (−(q(d0, ρ))ρ) ,

where q(d0, ρ) = λ
g(d0,ρ)

ρ

k t1. Then, using the chain rule, we have

∂f

∂ρ
= A

∂q(d0, ρ)

∂ρ
,

where

A =
∂

∂ρ
Eρ (−λσkt

ρ
1)

∣∣∣∣
σ=g(d0,ρ)

,

and
∂q(d0, ρ)

∂ρ
=

∂

∂ρ

(
λ
g(d0,ρ)

ρ

k t1

)
= t1λ

g(d0,ρ)
ρ

k

lnλk
ρ

(
∂g(d0, ρ)

∂ρ
− g(d0, ρ)

ρ

)
.

Thus, we obtain
∂f

∂ρ
= t1λ

g(d0,ρ)
ρ

k

lnλk
ρ

A

(
∂g(d0, ρ)

∂ρ
− g(d0, ρ)

ρ

)
.

The derivative of the implicit function g(d0, ρ) is given by

∂g(d0, ρ)

∂ρ
= −

∂
∂ρ
Eρ (−λσkt

ρ
0)

∂
∂σ
Eρ (−λσkt

ρ
0)

∣∣∣∣∣
σ=g(d0,ρ)

.

Since the following inequalities hold for all ρ ∈ [ρ0, 1) and σ ∈ (0, 1) (see [6]):

∂

∂ρ
Eρ (−λσkt

ρ
1) < 0,

∂

∂σ
Eρ (−λσkt

ρ
0) < 0,

∂

∂ρ
Eρ (−λσkt

ρ
0) < 0,

it follows that ∂f
∂ρ
> 0 for all ρ ∈ [ρ0, 1) and σ ∈ (0, 1). Therefore, the function F2(ρ, g(d0, ρ)) is strictly

increasing with respect to ρ.
As a result, there exists a unique value of ρ that satisfies the equation F2(ρ, g(d0, ρ)) = 0.

�
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Abstract. Textbook statistical mechanics is grounded on the additive Boltzmann-Gibbs-von
Neumann-Shannon entropic functional SBG = k

∑W
i=1 pi ln 1

pi
. The possibility of generalizing the entire

BG theory was advanced in 1988 by generalizing SBG into nonadditive entropic functionals such as

Sq = k
1−

∑W
i=1 p

q
i

q−1
(q ∈ R) and, later on, such as Sδ = k

∑W
i=1 pi

[
ln 1

pi

]δ
(δ ∈ R+). A whole saga

followed through successful applications in physics, mathematics, chemistry, engineering, medicine,
computational sciences, economics, linguistics, theory of networks, to name but a few. Along this
evolution, more than fifty nonadditive entropic functionals have been introduced and studied in the
literature. Very few, however, have proved to be neatly useful in natural sciences. The present status
of the various entropic functionals that have been advanced for complex systems is briefly reviewed,
a function generalizing the q-logarithmic one is defined, and some open mathematical problems are
focused on.

Keywords: Entropy, Thermodynamics, Statistical Mechanics, Nonlinear Dynamical Systems,
Cosmology, Quantum entanglement, Optimization.
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1. Introduction

Boltzmann-Gibbs (BG) statistical mechanics constitutes, together with Maxwell electromagnetism
and Newtonian, Einstein and quantum mechanics, a pillar of contemporary theoretical physics. This
theory was introduced in the 19th century [10, 20] and it is based on mechanics, electromagnetism,
and theory of probabilities. It satisfactorily applies to myriads of physical systems. It is based
on the Boltzmann-Gibbs-von Neumann-Shannon (BG) entropic functional, whose simplest (discrete)
expression is the following one:

SBG = −k
W∑
i=1

pi ln pi , (1.1)

with
W∑
i=1

pi = 1 . (1.2)

W is the total number of nonvanishing-probability microscopic possibilities consistent with the avail-
able macroscopic information on the system, and k is a positive conventional unit chosen once for ever
(it is usually chosen k = kB ≡ Boltzmann constant in physics, and k = 1 in computational sciences).
For equal probabilities (currently referred to as the microcanonical ensemble) we verify the celebrated
Boltzmann formula

SBG = k lnW , (1.3)

a genius relation connecting the microscopic and the macroscopic worlds, graved on stone at Boltzmann
grave in Vienna!

However, BG statistical mechanics exhibits failures for complex systems such as long-range-
interacting Hamiltonians. A more powerful, i.e. more general, theory becomes then a must. In 1988
[45], a generalization of the BG theory was proposed grounded on the following entropic functional

STq = k
1−

∑W
i=1 p

q
i

q − 1
(q ∈ R; S1 = SBG) (1.4)
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For equal probabilities we verify
STq = k lnTq W , (1.5)

where the q-logarithmic function is defined as follows:

lnTq z =
z1−q − 1

1− q
(lnT1 z = ln z) . (1.6)

The validity of this proposal has, by now, been legitimated in uncountable theoretical, computa-
tional, experimental and observational instances (see, e.g., the Bibliography available at [43], as well
as [13, 46, 49, 50]). Among those, let us mention the following ones: cold atoms in dissipative optical
lattices [16, 27], granular matter [15], high-energy collisions of elementary particles at LHC/CERN
and elsewhere [63], quantum tunneling in ion-molecule chemical reaction [62, 7], cosmology [54].

2. Entropic Nonadditivity and nonextensivity

An entropic functional S({pi}) is said additive[31] if, for probabilistically independent subsystems
A and B (i.e., pA+B

ij = pAi p
B
j ), it satisfies

S(A+B) = S(A) + S(B) . (2.1)

Therefore, SBG is additive, whereas STq is nonadditive for any q 6= 1. Indeed, we straightforwardly
verify

STq (A+B)

k
=
STq (A)

k
+
STq (B)

k
+ (1− q)

STq (A)

k

STq (B)

k
. (2.2)

Let us also mention that STq is related with the additive Renyi entropic functional defined as follows
[32]:

SRq = k
ln
∑W

i=1 p
q
i

1− q
. (2.3)

Its maximal value (i.e., corresponding to equal probabilities) is given by

SRq = k lnW (∀q) , (2.4)

hence, a whole family of different entropic functionals share the same maximal value.
The Renyi entropic functional appears to be (though no proof is available as far as we know) the

most general additive one. Indeed, it satisfies

SRq (A+B) = SRq (A) + SRq (B) (∀q) . (2.5)

It is related to Eq. (1.4) as follows:

SRq
k

=
ln
[
1 + (1− q)STq /k

]
1− q

(2.6)

The asymptotic functional form of W (N), (N is the number of elements in the system) in the
thermodynamical limit N →∞ basically determines (not necessarily univocally) the specific entropic
form to be used in order to have a thermodynamically extensive entropy, i.e., S(N) ∝ N (N →
∞), hence limN→∞

S(N

N
< ∞, a property which is mandated by the Legendre structure of classical

thermodynamics.
As a first example, let us consider a system satisfying, for equal probabilities, W (N) ∝ µN (µ > 1)

(exponential family). It is straightforward to verify that Eq. (1.3) implies SBG(N) ∝ N , thus being
extensive for such systems. The entropy SRq also satisfies, ∀q, SRq (N) ∝ N for the exponential family.

As a second example, let us consider now a system satisfying, for equal probabilities, W (N) ∝
Nρ (ρ > 0) (power-law family), which is the case of very many so-called complex systems. It is
straightforward to verify that Eq. (1.4) implies, for q = 1− 1/ρ, STq (N) ∝ N , thus being extensive for
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such systems. We can see that, for this family, SBG(N) ∝ lnN 6= N , being therefore thermodynami-
cally inadmissible.

Let us consider now a third example, namely W (N) ∝ νN
γ

(ν > 1; γ < 1) (stretched-exponential
family). We can easily verify that no value of q exists for which we could have STq (N) ∝ N . We need
consequently a new entropic functional. Around 2007 (published in [49]), we introduced a new form
of (nonadditive) functional, namely

STδ = k
W∑
i=1

pi
[
ln

1

pi

]δ
= k

W∑
i=1

pi lnδ
1

pi
(δ ∈ R+) , (2.7)

where the δ-logarithmic function is defined as follows:

lnTδ z = (ln z)δ . (2.8)

For equal probabilities we verify
STδ = k lnTδ W = k(lnW )δ . (2.9)

For the stretched-exponential family we can verify that, for δ = 1/γ, Sδ(N) ∝ N , thus satisfying
classical thermodynamics. This same form was also proposed by Ubriaco [57] as a mathematical pos-
sibility. The form defined in Eq. (2.7) is not unique: other entropic functionals have been introduced
in the literature which also are appropriate for this same family [2, 21, 22]. The Hanel-Thurner en-
tropic functional SHTc,d unifies in fact a variety of functionals available in the literature. In addition to
these, one more functional is also available in the literature which works out correctly for the equal
probability stretched-exponential family, namely [42, 54]

STTJα,δ = k(SRα /k)δ = k
( ln

∑W
i=1 p

α
i

1− α

)δ
. (2.10)

For equal probabilities, this functional yields

STTJα,δ = k(lnW )δ , (2.11)

which, interestingly enough, coincides with Eq. (2.9)! Functionals (2.7) and (2.10) are definitively
different but they share the same maximal value. To review some interesting connections of STTJα,δ , we
refer to Fig. 6.

To give some overall view of these various entropic functionals, let us mention that Sharma and
Mittal [37] introduced, as a mathematical possibility, the following one:

SSMq,r =
k

1− r

[( W∑
i=1

pqi

) 1−q
1−r
− 1
]

=
1

1− r

[(
1 + (1− q)STq /k

) 1−q
1−r
− 1
]
, [(q, r) ∈ R2] . (2.12)

It unifies SRq and STq as indicated in Fig. 7. Another unification was introduced in [53], namely

STCq,δ = k
W∑
i=1

pi
[
lnq

1

pi

]δ
, (2.13)

which can be seen in Fig. 8.
There are other interesting unifications in the literature, such as the Borges-Roditi entropic func-

tional SBRq,q′ [11], which unifies the Kaniadakis SKκ [26] and the Abe SAq [3] ones.
We have reviewed the above functionals and connections to illustrate the present plethoric scenario.

More details can be found in [50]. The reader should nevertheless keep in mind that very few (e.g.,
STq , STδ , SKκ , SRq ) of those many functionals have already been shown to be useful for the concrete
advancement of natural sciences.

3. Trace-form and Composability

Existing entropic functionals exhibit a variety of properties (positivity, concavity or convexity,
additivity or nonadditivity, extensivity or nonextensivity for specific classes of systems, among others).
We discuss here two basic ones, namely trace-form and composability.
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Figure 6. The (nonadditive) entropic functional STTJα,δ unifies the (additive) SRα
and the (nonadditive) k[SBG/k]δ functionals.

Figure 7. The Sharma-Mittal (nonadditive) entropic functional unifies the (ad-
ditive) SRq and the (nonadditive) STq .

3.1. Trace-form. A generalized entropic functional is said of the trace-form if it can be expressed as

SG({pi}) = k
W∑
i=1

f(pi) = k
W∑
i=1

pi
f(pi)

pi
= k

W∑
i=1

pi lnG
1

pi
= k

〈
lnG

1

pi

〉
, (3.1)

where f(z) is some appropriate smooth positive function which enables the definition of the function

lnG(z) through lnG
1
z

= f(z)

z
. The function lnG(z) is expected to be a monotonically increasing one

between zero for z = 1 and its maximal value for z → ∞. For SBG we have lnG(z) = ln z; for STq we

have lnG(z) = lnTq (z); for STδ we have lnG(z) = lnTδ (z), and so on.
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Figure 8. The lnq z and lnδ z functions are respectively defined in Eqs. (1.6)
and (2.8). Notice that, for pi = 1/W , both STδ and STTJ1,δ lead to one and the

same expression, namely k(lnW )δ.
.

As we see, the trace-form guarantees that the entropic functional can be seen as the standard mean
value of some simple function, namely of lnG

1
pi

, referred to as G-surprise or G-unexpectedness [61, 4].

SBG, STq and STδ are of the trace-fom; SRq and STTJα,δ are not.

3.2. Composability. Composability is inspired by thermodynamics. A generalized entropic func-
tional S({pi}]) is said composable [47, 48, 50] if S(A+ B)/k corresponding to a system composed of
two probabilistically independent subsystems A and B (i.e., pA+B

ij = pAi p
B
j ) can be expressed in the

form

S(A+B)/k = Φ
(
S(A)/k, S(B)/k; {η}

)
, (3.2)

where Φ(x, y; {η}) is a smooth function of (x, y) which depends on a (typically small) set of universal
entropic indices {η} defined in such a way that Φ(x, y; {0}) = x+ y (additivity), and which satisfies

(i) Φ(x, 0; {η}) = x (null-composability),
(ii) Φ(x, y; {η}) = Φ(y, x; {η}) (symmetry),
(iii) Φ(x,Φ(y, z; {η}); {η}) = Φ(Φ(x, y; {η}), z; {η}) (associativity).
For example, for STq , we have that Φ(x, y; {η}) = x + y + (1 − q)xy and, for STTJα,δ , we have that

Φ(x, y; {η}) =
[
x

1
δ + y

1
δ

]δ
.

For thermodynamical systems, associativity appears to be consistent with the 0th Principle of
Thermodynamics. Ultimately, the whole concept of composability is constructed upon the requirement
that the entropic functional S(A + B) does not depend on the microscopic configurations of A and
of B. Equivalently, we are able to macroscopically calculate the entropic functional of the composed
system without any need of entering into the knowledge of the microscopic states of the subsystems.
This property appears to be a natural one for an entropic form if we desire to use it as a basis for a
statistical mechanics which would naturally connect to thermodynamics.

Let us mention at this point the important Enciso-Tempesta theorem [17], namely that STq is

the unique entropic functional which simultaneously is trace-form and composable; see Fig. 9. STδ
generically is trace-form but not composable, whereas STTJα,δ and SRq generically are composable but
not trace-form.
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Figure 9. Enciso-Tempesta theorem [17]. For more details, see [50].

4. Some remarks and clarifications

4.1. Generalizing the function lnq z. The function lnq z as defined in Eq. (1.6) places the value
q = 1 in a central position. It might be interesting to generalize it by putting an arbitrary value q∗ in
that central position. We define then the following monotonic function:

fq∗(z, q) ≡
zq
∗−q − 1

q∗ − q
[z > 0, (q∗, q) ∈ R2] , (4.1)

which indeed recovers lnq z for q∗ = 1. In fact, fq∗(z, q) = lnq+1−q∗ z in general. See Fig. 10. For
z →∞ we asymptotically have that

fq∗(z, q)→



1

q − q∗
if q > q∗ ;

ln z if q = q∗ ;

∞ if q < q∗ .

(4.2)

It also follows that
dfq∗(z, q)

d(ln z)
= z

fq∗(z, q)

dz
= zq

∗−q , (4.3)

hence, for z →∞, we have that
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Figure 10. The function fq∗(z, q) defined in Eq. (4.1 for q∗ = 0.5. Top: as
function of z; for q = q∗ − 1 we have the straight line fq∗(z, q

∗ − 1) = z − 1; in
the z → ∞, the slopes asymptotically become zero, 1, and infinity for q > q∗,
q = q∗, and q < q∗ respectively. Bottom: as function of ln z; ; for q = q∗ we have
the straight line line fq∗(z, q

∗) = ln z; the dashed lines correspond to the z →∞
asymptotic behaviors fq∗(z, q) ∼ 1/(q − q∗).
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dfq∗(z, q)

d(ln z)
→


0 if q > q∗ ;

1 if q = q∗ ;

∞ if q < q∗ .

(4.4)

The conjecture that is being used in [38] (see also [6, 19, 39, 40, 41]) is that, at the (1+1)-dimensional
quantum critical point, the Gruneisen parameter is given by[dSq

dλ

]−1

∼ Adf0.0828(N, q)

d(lnN)
→ A lim

N→∞

df0.0828(N, q)

d(lnN)
(A > 0) , (4.5)

where the prefactor A depends on nonuniversal information such as the size of the spin and the number
of short-range interactions assumed in the model. Consequently

[dSq
dλ

]−1

→


0 if q > q∗ ;

A if q = q∗ ;

∞ if q < q∗ .

(4.6)

4.2. Clarifications. To avoid the possibility of confusion for the reader, let us make at this point
some clarifications:

(i) We refer here as entropic functional to a function S({pi}}) of the probabilities set {pi} [S must
vanish for certainty and be maximal for equal probabilities], and entropy to an entropic functional
applied to a specific classical or quantum system whose size is finite, typically having N microscopic
elements. This distinction is rarely done in the literature. It is, however, important. For example, the
entropic functionals (2.7) and (2.10) are definitively different but, when applied to a d = 3 black hole
(under the hypothesis of equal probabilities), they both lead to the same entropy

Sbh = k
(SBH

k

)δ
= k

[ A
4l2P

]δ
, (4.7)

where A is the area of the event horizon, lP is the Planck length, and SBH is currently referred to
as the Bekenstein-Hawking entropy [8, 9, 23, 24] (see, for instance, [53, 50, 54] and also [25, 28]). By
conjecturally assuming that the event horizon is a (rough) fractal, Barrow proposed [5]

SB = k
(SBH

k

)1+∆/2

(∆ > 0) . (4.8)

By identifying Eqs. (4.7) and (4.8) we obtain

δ = 1 +
∆

2
. (4.9)

It is therefore possible to have an entropy (the Barrow entropy in this example) even if a Barrow
entropic functional does not exist. We verify that δ = 3/2, hence ∆ = 1, makes Sbh to be thermody-
namically extensive, as argued in [53]. On mathematical grounds, the Barrow entropy might well be
grounded on an entropic functional such as STδ or STTJα,δ or a similar one.

(ii) In 2003, Gell-Mann and myself published [18] a book entitled Nonextensive Entropy - Interdisci-
plinary Applications. The correct title ought to be Nonadditive Entropy - Interdisciplinary Applications
but a clerical inadvertence occurred. In its first chapter, the possibility was for the first time advanced
that W (N) could be given by W (N) ∝ Nρ, which meant that STq ∝ N for q = 1−1/ρ. In other words,

STq is nonadditive for all values of q 6= 1, but, for such class of systems, the corresponding entropy is

nonextensive for all values of q excepting for that very special one, for which STq is extensive.

(iii) Thanks to the generous and highly honoring collegiality of many scientists, STq is referred, in

the literature, to as Tsallis entropy. However, since STδ was published in [49], several authors also
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refer to this one as Tsallis entropy. This fact not rare generates confusion in the readers, which could
be simply avoided by being slightly more specific, say by perhaps using instead, – if I dare to suggest,
with my apologies –, expressions such as Tsallis q-entropy and Tsallis δ-entropy, or just q-entropy and
δ-entropy, for the benefit of clarity for the readers of those many papers.

5. Some open mathematical problems

A new physical theory which is being developed along more than three decades raises naturally
various interesting open mathematical problems. Some of them have recently been focused and listed
in [51]. Let us add here some more in the same list. But before extending this list, let us remind a most
important open problem which remains elusive until today. A q-generalization of the classical Central
Limit Theorem (CLT) has been already studied in [60, 59, 58], namely that q-Gaussian distributions
are, for a specific class of strong correlations between the random variables, the N → ∞ attractors
in the space of probabilities for the sum of N random variables (Gaussians corresponding to the
case of nearly independent variables). However, there is evidence that the existing theorem describes
conditions which are sufficient but not necessary. The general necessary and sufficient conditions
for q-Gaussians to be the attractors remains today as a most important challenge in the theory of
probabilities.

Let us now present a few more problems which would greatly benefit from rigorous proofs.

5.1. q-Pesin-like behavior for D dynamical variables at the edge of chaos. Let us focus
on a classical D-dimensional nonlinear dynamical system at a situation where the entire Lyapunov
spectrum vanishes (edge of chaos) (see details in [1, 52]).

The entropy which linearly increases with time t (t → ∞) for a vast class of such systems is not
SBG(t) but Sqentropy(t) instead with qentropy given by

1

1− qentropy
=

D∑
k=1

1

1− qsensitivityk

(D ≥ 1) . (5.1)

where {qsensitivityk } characterizes the asymptotic power-law growth of the sensitivity to the initial con-

ditions ξk ∼ t
1

1−qsensitivity
k along the k-th direction. This relation has interesting particular cases, namely

(i) If D = 1 we recover qentropy = qsensitivity, well verified numerically or analytically for many
examples. This is so for the logistic map xt+1 = 1 − ax2

t (t = 0, 1, 2, ...; a ∈ [0, 2]);xt ∈ [−1, 1]) at
the Feigenbaum point (edge of chaos). The corresponding entropic index is qentropy = qsensitivity =
0.244487701341282066198 . . . (more than 104 exact digits are known today, through the relation
qentropy = 1− ln 2/ lnαF , where αF is the Feigenbaum universal constant; see details in [50]).

(ii) It suffices one of the D Lyapunov exponents to be strictly positive, then qentropy = 1, i.e., the
BG entropy is the correct entropy to be used to exhibit the linear increase with time, consistently
with the Pesin identity.

(iii) If all D values of qsensitivityk coincide, then (1− qentropy) ∝ 1
D

, which leads to qentropy = 1 in the
D →∞ limit.

The general conditions for the validity of relation (5.1) have not yet been rigorously established.

5.2. CLT behavior of the z-logistic map. At the Feigenbaum point, the logistic map exhibits a
neat CLT-like behavior. Indeed, numerical studies [44, 56] suggest that a qattractor-Gaussian attractor
emerges with qattractor ' 5/3. The z-logistic map is defined as follows: xt+1 = 1 − a|xt|z (t =
0, 1, 2, ...; a ∈ [0, 2]);xt ∈ [−1, 1], z > 1), which recovers the standard logistic map for z = 2. Ongoing
calculations [35] suggest the analytical expression

qattractor = 1 +
2

z + 1
(z > 1) , (5.2)
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which yields qattractor = 2, 5/3, 1 for z = 1, 2,∞ respectively. As an analytical extension, we obtain
for z = 0, qattractor = 3, which corresponds to the highest value of q guaranteeing normalizability of
q-Gaussians.

The proof of the conjectural Eq. (5.2) would be most welcome.

5.3. Classical many-body Hamiltonian systems with arbitrarily-ranged two-body interac-
tions. The classical d-dimensional α-XY, α-Heisenberg and α-Fermi-Pasta-Ulam Hamiltonian models
involve two-body interactions decaying with the distance r proportionally to 1/rα with α ≥ 0 (see
[33] and references therein; see also [29, 55, 30]). A variety of first-principle numerical indications

(uniquely based on ~F = m~a) are available in the literature suggesting that, in longstanding quasi-
stationary regimes for isolated systems, the one-particle energies are qE-exponentially distributed with

qE =


4
3

if 0 ≤ α/d ≤ 1 ;

1 + 1
3
e1−α/d if α/d > 1 .

(5.3)

In the same physical regime, similar numerical approaches suggest that the one-particle momenta are
distributed through qp-Gaussians, with

qp − 1

qE − 1
= 2 . (5.4)

These behaviors are referred to as very-long-range interactions (0 ≤ α/d ≤ 1), long-range interactions
(1 < α/d < ∞) and short-range interaction (α/d → ∞). The proof of the above two relations would
be of paramount importance within nonextensive statistical mechanics.

5.4. Crossover between BG and q-statistical behaviors as a nonuniform convergence in
the (N,T ) → (∞,∞) limit. We focus on the same class of systems of Subsection 5.3. During
the longstanding quasi-stationary state, two regimes appear to exist, namely the q-statistical regime
(characterized by qp > qE > 1) for 1 << t << N and the BG regime (characterized by qp = qE = 1)
for 1 << N << t. These two regimes are connected [12, 34] through a crossover occurring at

N ∼ B(d) tγ(d) [(N,T )→ (∞,∞)] , (5.5)

where 0 < B(d) << 1 and γ(d) > 1 are d- and model-dependent quantities.
The mathematical establishment of the above crossover would definitively illustrate the interplay

and the respective domains of validity or failure of BG statistical mechanics (q = 1) and the nonex-
tensive one (q 6= 1).

6. Final words

Within the present plethoric scenario where close to fifty entropic functionals are available in the
literature, we have here selected and reviewed the few forms and paths which have proved to be useful
at the level of applications in natural, artificial and social sciences. Figs. 6 to 8 illustrate the structure
of this complex network, and relevant properties (trace-form, composability, concavity, nonnegativity,
monotonicity) have been focused on. We have concluded by indicating some new open mathematical
problems (in addition to those already indicated in [51]) whose mathematical handling would be
most welcome in order to fix crucial issues of the present statistical mechanical theory grounded on
nonadditive entropic functionals.

Finally, let us emphasize that the choice of the entropic indices is done in order to satisfy, for specific
classes of systems, the entropic extensivity mandated by the Legendre structure of classical thermo-
dynamics. We have sacrificed the simplicity of the Boltzmann-Gibbs additive entropic functional but
have achieved a higher goal, namely the preservation of the thermodynamical structure, similarly to
sacrificing the simplicity of the Galilean additive composition of velocities but achieving a higher goal,
namely the unification of Maxwell electromagnetism with Newtonian mechanics through the Lorentz
transform.
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Abstract. We start by defining a novel bivariate Mittag-Leffler function represented by an infinite
double series. Several key properties of this function are established, including differentiation formulas
and an upper bound estimate. Subsequently, we consider Goursat’s problem for a fractional general-
ization of a hyperbolic-type equation. An explicit solution to this problem is constructed using the
newly defined bivariate Mittag-Leffler function. The analytical characteristics derived for this function
allow us to prove the unique solvability of the proposed problem.
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1. Introduction

The study of special functions is crucial in analyzing fractional differential equations, particularly
those involving nonlocal operators and memory effects. The Mittag-Leffler function and its gener-
alizations have received significant attention due to their fundamental role in expressing solutions
to fractional evolution equations. While the classical (univariate) Mittag-Leffler function has been
widely studied and utilized in the context of Caputo and Riemann-Liouville derivatives, the multivari-
ate extensions, such as the bivariate Mittag-Leffler function E2(x, y) - have garnered growing interest
in recent years for their potential in modeling more complex systems involving multiple fractional
parameters or variables.

Our interest in the bivariate Mittag-Leffler function is motivated by its application to fractional
partial differential equations (PDEs), in particular, to the generalized (fractional) hyperbolic-type
equation involving the regularized Prabhakar fractional derivative.

Prabhakar’s fractional operators are widely used in many scientific areas, including physics, engi-
neering, and mathematics. They are particularly relevant in fields such as media studies, the time
evolution of polarization processes, fractional Poisson processes, fractional diffusion and telegraph
equations, fractional Maxwell models of linear viscoelasticity, birth-death processes, and control the-
ory [1], [4], [5], [6], [7], [8], [13].

The behavior of electromagnetic waves traveling through transmission lines is characterized by wave
equations, which were originally referred to as telegraph equations. This terminology stems from their
initial application in describing wave propagation in telegraph lines.

Earlier in work [15], the existence and uniqueness theorem for the analogue of the Goursat problem
for an equation of the form

∂α0x∂
β
0yu (x, y) + λu (x, y) = f (x, y) , (1.1)

with the Riemann-Liouville derivatives was proven. Here α, β ∈ (0, 1), λ ∈ R and ∂γ0s is the Caputo
fractional derivative of order γ with respect to the variable s. In work [3], analogues of the Cauchy
problem and the Goursat problem were considered for equation (1.1) in the case of the Riemann-
Liouville operator and λ = 0. Work [16] solved the analogue of the Goursat problem with an integral
condition for equation (1.1). Note that non-local boundary problems for equation (1.1) have been
studied in publications [10], [11]. Finally, in work [17], the Goursat problem for equation (1.1) was
resolved.

In this work, we study Goursat’s problem for a generalized hyperbolic-type equation with the
regularized Prabhakar fractional derivative. A bounded rectangular domain of the plane with two
independent variables is used to consider the equation. In solving the problem, we reduce it to a
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Volterra integral equation of the second kind and employ the method of successive approximations to
find its solution. The solution is obtained in explicit form and expressed in terms of E12(·) is a new
type of the bivariate Mittag-Leffler type functions. As a result, a theorem demonstrating both the
existence and uniqueness of a solution to the problem under investigation has been established; its
representation is determined through the solutions to the resulting integral equation.

2. Bivariate Mittag-Leffler type function

In this section, we introduce a new bivariate Mittag-Leffler function and study its main properties.
Namely, we determine regions of convergence of double series, integral representation, and estimate.
E12(·) is a new type of the bivariate Mittag-Leffler type function

E12

(
α1, β1, δ1;

α2, β2, δ2;α3, δ3;α4, δ4;β3, δ5

∣∣∣∣xy
)

=

=
+∞∑
n=0

+∞∑
m=0

Γ (α1n+ β1m+ δ1)xnym

Γ (α2n+ β2m+ δ2) Γ (α3n+ δ3) Γ (α4n+ δ4) Γ (β3m+ δ5)
, (2.1)

(
x, y, αl, βi, δj ∈ R; min {αl, βi} > 0;

(
l = 1, 4, i = 1, 3, j = 1, 5

))
in which the double series converges for x, y ∈ R, if ∆1 > 0, and ∆2 > 0. Here

∆1 = α3 + α4 + α5 − α1 − α2, ∆2 = β2 + β3 − β1.

Previously, in [9], 11 similar functions were introduced and studied.
In the following, we present differentiation formulas for E12, which will be used further.

2.1. Differentiation and integration formulas. In the following, we present differentiation and
integration formulas for E12, which will be used further.

Lemma 2.1. For the function (2.1), the following differentiation and integration formulas hold:

∂

∂x

(
xα4−1E12

(
γ, 1, γ; −λxyβ
β, α, β; γ, γ; 1, α4; 1, 1 δyα

))
=

= xα4−2E12

(
γ, 1, γ;

β, α, β; γ, γ; 1, α4 − 1; 1, 1

∣∣∣∣−λxyβδyα

)
, α4 6= 1, (2.2)

∂

∂y

(
yβ1−1E12

(
γ, 1, γ;

β2, α, β1; γ, γ;α4, γ2; 1, 1

∣∣∣∣−λxyβ2

δyα

))
=

= yβ1−2E12

(
γ, 1, γ;

β2, α, β1 − 1; γ, γ;α4, γ2; 1, 1

∣∣∣∣−λxyβ2

δyα

)
, β1 6= 1, (2.3)

Iα,1−β3,−γ,δ
0y

(
yβ1−1E12

(
γ, 1, γ;

β2, α, β1; γ, γ;α4, γ2; 1, 1

∣∣∣∣−λxyβ2

δyα

))
=

= yβ1−β3E12

(
γ, 1, 0;

β2, α, β1 − β3 + 1; γ, 0;α4, γ2; 1, 1

∣∣∣∣−λxyβ2

δyα

)
. (2.4)

Proof. Let us prove (2.2):

∂

∂x

(
xα4−1E12

(
γ, 1, γ; −λxyβ
β, α, β; γ, γ; 1, α4; 1, 1 δyα

))
=

=
∂

∂x

(
+∞∑
n=0

+∞∑
m=0

Γ (γn+m+ γ) (−λ)nδmxn+α4−1yβn+αm

Γ (βn+ αm+ β) Γ (γn+ γ) Γ (n+ α4) Γ (m+ 1)

)
=

=
+∞∑
n=0

+∞∑
m=0

Γ (γn+m+ γ) (−λ)nδm(n+ α4 − 1)xn+α4−2yβn+αm

Γ (βn+ αm+ β) Γ (γn+ γ) Γ (n+ α4 − 1 + 1) Γ (m+ 1)
=



302 Turdiev Kh.N., Usmonov D.A.

= xα4−2E12

(
γ, 1, γ;

β, α, β; γ, γ; 1, α4 − 1; 1, 1

∣∣∣∣−λxyβδyα

)
, α4 6= 1.

The remaining formulas can be proved similarly.
Lemma 2.1 is proved. 2

2.2. Upper bound. We present in the following the statement on the estimation of E12(x, y):

Lemma 2.2. If α > 0, 0 < β < 1, γ > 0, δ < 0, then for any λ > 0, the following∣∣∣∣E12

(
γ, 1, γ;

β, α, β + 1; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) yβ
δyα

)∣∣∣∣ ≤ C. (2.5)

is true.

Proof. Using (2.1), we express E12 (·) in the form

E12

(
γ, 1, γ;

β, α, β + 1; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) yβ
δyα

)
=

=
+∞∑
n=0
m=0

Γ (γn+m+ γ) (−λ)
n
(x− ξ)nδmyαm+βn

Γ (αm+ βn+ β + 1) Γ (γn+ γ) Γ (n+ 1) Γ (m+ 1)
=

=
+∞∑
n=0
m=0

Γ (γn+m+ γ)B (βn+ β, αm+ 1) (−λ)
n
(x− ξ)nδmyαm+βn

Γ (αm+ 1) Γ (βn+ β) Γ (γn+ γ) Γ (n+ 1) Γ (m+ 1)
=

=
+∞∑
n=0
m=0

(−λ)
n
(x− ξ)nδmyαm+βn

Γ (αm+ 1) Γ (βn+ β) Γ (γn+ γ) Γ (n+ 1) Γ (m+ 1)
×

×
+∞∫
0

tγn+m+γ−1e−tdt

1∫
0

zβn+β−1(1− z)αm+1−1
dz =

=

+∞∫
0

1∫
0

e−ttγ−1zβ−1
+∞∑
n=0

tγnzβn(−λ)
n
(x− ξ)nyβn

Γ (βn+ β) Γ (γn+ γ) Γ (n+ 1)

+∞∑
m=0

tm(1− z)αmδmyαm

Γ (m+ 1) Γ (αm+ 1)
dtdz. (2.6)

Taking into account the notation (2.7), we write (2.6) in the form∣∣∣∣E12

(
γ, 1, γ;

β, α, β + 1; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) yβ
δyα

)∣∣∣∣ ≤
≤

+∞∫
0

1∫
0

e−ttγ−1zβ−1
∣∣∣eβ,γβ,−γ [−λ (x− ξ) tγzβyβ

]∣∣∣ ∣∣e1,1
1,−α [δt(1− z)αyα]

∣∣ dtdz.
Here

eβ1,β2

α1,−α2
(z) =

∞∑
n=0

zn

Γ (α1n+ β1) Γ (α2n+ β2)
. (2.7)

is the Wright function [18].

Due to the inequalities
∣∣∣eµ1,δ1
α1,β1

(−z)
∣∣∣ < 1

Γ(µ1)Γ(δ1)
, µ1 > 0, δ1 > β1 and z > 0 [18] it follows from

the above that ∣∣∣∣E12

(
γ, 1, γ;

β, α, β + 1; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) yβ
δyα

)∣∣∣∣ ≤ C.
Lemma 2.2 is proved. 2
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3. Application in the Goursat problem for fractional generalization of
hyperbolic-type equation

In this section, we will consider the Goursat problem for a fractional generalization of a hyperbolic-
type equation in a rectangular domain.

3.1. Goursat problem. We consider the following generalized hyperbolic-type equation

∂

∂x
PCDα,β,γ,δ

0y u (x, y) + λu (x, y) = f (x, y) , (3.1)

in a domain Ω = {(x, y) : 0 < x < a, 0 < y < b} Here f (x, y) is a given function and

PCDα,β,γ,δ
0y u (x, y) = Iα,1−β,−γ,δ0y

∂

∂y
u (x, y) (3.2)

represents regularized Prabhakar fractional derivative [2] and

Iα,β,γ,δ0y g (y) =

y∫
0

(y − z)β−1
Eγ
α,β [δ(y − z)α] g (z) dz, y > 0 (3.3)

represents Prabhakar fractional integral [19]. We note that above-given definitions are valid for α, β,
γ, δ, λ, a, b ∈ R, such that α > 0, 0 < β < 1, a > 0 and b > 0.

Here Eγ
α,β (z) is the generalized Mittag-Leffler (Prabhakar) function [19]

Eγ
α,β (z) =

∞∑
m=0

(γ)m
Γ (αm+ β)

zm

m!
.

We note that at β = 1, δ = 0, Eq. (3.1) becomes classical hyperbolic-type equation:

uxy(x, y) + λu(x, y) = f(x, y).

Problem G. We are interested in finding a regular solution of the equation (3.1) with 0 < β < 1
in a domain Ω, satisfying initial condition

u (x, 0) = ϕ (x) , 0 ≤ x ≤ a , (3.4)

and boundary condition
u (0, y) = ψ (y) , 0 ≤ y ≤ b , (3.5)

where ϕ(x), ψ(y) are given functions, such that ϕ (0) = ψ (0).
We call a function u (x, y) as a regular solution of problem (3.1), (3.4)-(3.5), if u(x, y) ∈ C(Ω),

(∂/∂x)PCDα,β,γ,δ
0y u(x, y) ∈ C(Ω).

By integrating equation (3.1) over [0, x], we obtain the equation:

PCDα,β,γ,δ
0y u (x, y) + λI1

0xu (x, y) = I1
0xf (x, y) + Φ (y) , (3.6)

where Φ (y) is an arbitrary smooth function, and I1
0x is the Riemann-Liouville fractional integral:

Iβ
∗

0x f (x) =
1

Γ (β∗)

x∫
0

(x− t)β
∗−1

f (t) dt.

Applying the operator Iα,β,γ,δ0y to equation (3.6), and considering the equality:

P Iα,β,γ,δ0y
PCDα,β,γ,δ

0y u (x, y) = u (x, y)− u (x, 0) ,
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and the conditions (3.4), we obtain a Volterra integral equation of the second kind:

u (x, y) + λIα,β,γ,δ0y I1
0xu (x, y) = g (x, y) , (3.7)

where g (x, y) = ϕ (x) + Φ1 (y) + Iα,β,γ,δ0y I1
0xf (x, y), and Φ1 (y) = Iα,β,γ,δ0y Φ (y).

To solve equation (3.7), we apply the method of successive approximations:

u0 (x, y) = g (x, y) = ϕ (x) + Φ1 (y) + Iα,β,γ,δ0y I1
0xf (x, y) , (3.8)

un (x, y) = u0 (x, y)− λIα,β,γ,δ0y I1
0xun−1 (x, y) . (3.9)

Using the formulas Iα,β1,γ1,δ
0y Iα,β2,γ2,δ

0y = Iα,β2,γ2,δ
0y Iα,β1,γ1,δ

0y = Iα,β1+β2,γ1+γ2,δ
0y and Iα0xI

β
0x = Iβ0xI

α
0x =

Iα+β
0x , we compute un (x, y):

un (x, y) = u0 (x, y)− λIα,β,γ,δ0y I1
0xu0 (x, y) + λ2Iα,2β,2γ,δ0y I2

0xu0 (x, y)−

− λ3Iα,3β,3γ,δ0y I3
0xu0 (x, y) + · · ·+ (−λ)

n
Iα,nβ,nγ,δ0y In0xu0 (x, y) . (3.10)

According to the theory of integral equations [14], if the limit lim
n→∞

un (x, y) exists uniformly in

(x, y), then the limiting function is a solution to the integral equation (3.7).
Taking the limit as n → ∞ in (3.10) and substituting the expression for u0 (x, y), we obtain the

solution to equation (3.7) in the form:

u (x, y) = u0 (x, y) +
+∞∑
n=1

(−λ)
n
Iα,nβ,nγ,δ0y In0xu0 (x, y) . (3.11)

Using the function (3.8) given above, we can write the function (3.11) in the following form:

u(x, y) = ϑ1(x, y) + ϑ2(x, y) + ϑ3(x, y), (3.12)

where

ϑ1(x, y) = ϕ (x) +
+∞∑
n=1

(−λ)
n
Iα,nβ,nγ,δ0y In0xϕ (x)

ϑ2(x, y) = Φ1 (y) +
+∞∑
n=1

(−λ)
n
Iα,nβ,nγ,δ0y In0xΦ1 (y)

ϑ3(x, y) =
+∞∑
n=0

(−λ)
n
Iα,nβ+β,nγ+γ,δ

0y In+1
0x f (x, y)

Now performing some calculations, we can write the functions ϑ1(x, y), ϑ2(x, y) and ϑ3(x, y) as
follows:

ϑ1(x, y) = ϕ (x) +
+∞∑
n=1

(−λ)
n
Iα,nβ,nγ,δ0y In0xϕ (x) = ϕ (x)−

− λyβ
x∫

0

ϕ (ξ)E12

(
γ, 1, γ; −λ (x− ξ) yβ
β, α, β + 1; γ, γ; 1, 1; 1, 1 δyα

)
dξ, (3.13)

ϑ2(x, y) = Φ1 (y) +
+∞∑
n=1

(−λ)
n
Iα,nβ,nγ,δ0y In0xΦ1 (y) = Φ1 (y)− λx

y∫
0

(y − η)
β−1×

× E12

(
γ, 1, γ; −λx (y − η)

β

β, α, β; γ, γ; 1, 2; 1, 1 δ (y − η)
α

)
Φ1 (η) dη, (3.14)
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ϑ3(x, y) =
+∞∑
n=0

(−λ)
n
Iα,nβ+β,nγ+γ,δ

0y In+1
0x f (x, y) =

x∫
0

y∫
0

(y − η)
β−1×

× f (ξ, η)E12

(
γ, 1, γ; −λ (x− ξ) (y − η)

β

β, α, β; γ, γ; 1, 1; 1, 1 δ (y − η)
α

)
dξdη. (3.15)

Using the functions (3.13), (3.14) and (3.15), we write (3.12) in the form:

u (x, y) = ϕ (x) + Φ1 (y)− λyβ
x∫

0

ϕ (ξ)E12

(
γ, 1, γ;

β, α, β + 1; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) yβ
δyα

)
dξ−

−λx
y∫

0

(y − η)
β−1

E12

(
γ, 1, γ;

β, α, β; γ, γ; 1, 2; 1, 1

∣∣∣∣−λx(y − η)
β

δ(y − η)
α

)
Φ1 (η) dη+

+

x∫
0

y∫
0

(y − η)
β−1

E12

(
γ, 1, γ;

β, α, β; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) (y − η)
β

δ(y − η)
α

)
f (ξ, η) dξdη. (3.16)

For the function (3.16), the following equalities hold:

u (0, y) = ϕ (0) + Φ1 (y) = ψ (y) , Φ1 (y) = ψ (y)− ϕ (0)

or since ϕ (0) = ψ (0) , we have
Φ1 (y) = ψ (y)− ψ (0) . (3.17)

Using (3.17), we find the functions Φ1 (y), substitute them into (3.16), perform some calculations,
and determine function u(x, y) in the form

u (x, y) = ϕ (x) + ψ (y)− ψ (0)−

−λyβ
x∫

0

ϕ (ξ)E12

(
γ, 1, γ;

β, α, β + 1; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) yβ
δyα

)
dξ−

−λx
y∫

0

(ψ (η)− ψ (0)) (y − η)
β−1

E12

(
γ, 1, γ;

β, α, β; γ, γ; 1, 2; 1, 1

∣∣∣∣−λx(y − η)
β

δ(y − η)
α

)
dη+

+

x∫
0

y∫
0

(y − η)
β−1

E12

(
γ, 1, γ;

β, α, β; γ, γ; 1, 1; 1, 1

∣∣∣∣−λ (x− ξ) (y − η)
β

δ(y − η)
α

)
f (ξ, η) dξdη. (3.18)

Theorem 3.1. If ϕ (0) = ψ (0), ϕ (x) ∈ C [0, a] ∩ C1(0, a), ψ (y) ∈ C [0, b] ∩ C1(0, b), and f (x, y) =

x−ε1y−ε2 f̃1 (x, y), where f̃1 (x, y) ∈ C
(
Ω
)

and 0 ≤ ε1 < 1, 0 ≤ ε2 < β, then the solution to problem G
exists and is unique, determined by formula (3.18).

Observe that this result is presented for the first time in the international conference [12].

Theorem 3.2. If all condition of the Theorem 3.1 and λ > 0, δ < 0 are valid, then for the solution
of equation (3.1), the following inequality holds:

‖u(x, y)‖C(Ω) ≤ C1‖ϕ(x)‖C[0,a] + C2‖ψ(y)‖C[0,b]+

+C3|ψ(0)|+ C4‖xε1yε2f(x, y)‖C(Ω),

where Cj, j = 0, 4 are some positive constants, 0 ≤ ε1 < 1, 0 ≤ ε2 < β.
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Abstract. In this paper we study conditions under which a wide class of continuous time random
walk stochastic processes have limits in the J1- and M1-topologies of the Skorokhod space of càdlàg
processes. The approach used for the proof is based on the theory of convergence of composite
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1. Introduction

A continuous time random walk (CTRW), by definition, is a random walk subordinated to a renewal
process. More precisely CTRW is a stochastic process constructed as sums of an i.i.d. sequence of
random variables (vectors) {Xn, n ≥ 0}, expressing jumps with the given initial state X0, and with
random waiting times tn between two consecutive jumps Xn−1 and Xn. The sequence {tn, n ≥ 0}, itself
is an i.i.d. sequence of non-negative random variables with the convention t0 = 0. I.i.d. assumptions
imply that the pairs {(Xn, tn), n ≥ 0}, also form an i.i.d. sequence. Since each jump Xn occurs at a
random time Tn = t0 + · · ·+ tn the CTRW is expressed as a stochastic process

Xt =
Nt∑
n=0

Xn,

where Nt = max{n ≥ 0 : Tn ≤ t}. The latter can also be expressed as the composition

Xt = (S ◦N)t = SNt = S(Nt),

of two stochastic processes St and Nt. The first of these processes,

St =
t∑

n=0

Xn,

is a discrete stochastic process defined at discrete times t = 0, 1, . . . , and the second one Nt is defined
for all t ≥ 0. Both processes can be interpreted as càdlàg processes. A stochastic process is càdlàg,
if its sample paths are right-continuous and have left-limits. Therefore, the process Xt is a càdlàg
stochastic process as well, as a composition of two càdlàg processes. If the sequences Xn and Tn are
independent, then CTRW Xt is called decoupled, otherwise coupled. Historically, CTRW concept
was first introduced by Montrol and Weiss [25] in 1965. Nowadays CTRW approach to mathematical
modeling of random processes is widely used in various applications in science and engineering (see,
e.g. [2, 8, 21]). CTRW have been extensively investigated recent years by many authors; see [6, 7, 8,
19, 20, 22, 23, 21, 41] and references therein.

We note that if the random variable tn has a finite mean, then Tn is asymptotically equivalent to ct
with some constant c > 0 [17]. In this case CTRW behaves (asymptotically) like an ordinary random
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walk. In addition, if Xn has a finite variance, then due to Donsker’s theorem the scaled limit of CTRW
in the uniform topology represents Brownian motion. In this paper we are interested in scaled limits
of CTRW in the Skorokhod topologies of càdlàg processes in the case when tn has infinite mean and
Xn has infinite variance.

The limiting stochastic processes of various CTRWs in the sense of convergence in law are well
studied; see, for example, works [7, 8, 20, 39, 40, 37], and references therein. There are different ap-
proaches in this direction among which are constructive and abstract methods. Constructive methods
are especially useful in creating simulation models for various applied processes.

Convergence of sequences of càdlàg stochastic processes in J- and M -topologies was studied by Sko-
rokhod [35]. The definitions of J1- and M1-topologies see in Section 2. The main conditions ensuring
such convergences were the identification of limiting process in a weaker topology (say convergence in
law) and stochastic compactness of the sequence of stochastic processes under consideration. Com-
positions of càdlàg stochastic processes by nondecreasing càdlàg stochastic processes, interpreted as
stopping-time stochastic processes, were studied by Silvestrov [31, 33]. The survey of works in this
direction including various applications one can find in [32]. Convergence of CTRWs formed with
Lévy stable jump processes and one dimensional Lévy stable subordinated waiting times in the M1-
Skorokhod topology was studied by Meerschaert and Scheffler in papers [22, 23] using the coninuity
mapping theorem in Skorokhod spaces. Note that M1-topology is weaker than the J1-topology. The
continuity mapping theorem does not work for the stronger J1-convergence in the case when a sub-
ordinator of limiting process is not strictly increasing. In this paper we will use a different approach
which does not use the continuity mapping theorem. Namely, our method is based on the theorem of
convergence of compositions of càdlàg stochastic processes in the J1 and M1-topologies established in
[31, 33]. We will also consider CTRWs with waiting times represented by mixtures of stable subor-
dinaters. In particular, in the case of M1-convergence the corresponding results generalize theorems
obtained in [22, 23].

The scaled limit processes of CTRWs play an important role in modeling of various complex random
processes. For example, they serve as a driving process in the stochastic differential equation models
of the form

dYt = b(Yt)dt+ σ(Yt)dWt, lim
t→0+

Yt = Y0,

where b(·) and σ(·) are given functions and Wt is a driving process, which is a scaled limit of CTRW.
The deterministic description of such processes, depending on some classes of CTRW limits, can be
given by fractional order pseudo-differential equations. The latter is refereed as Kolmogorov-Fokker-
Planck (FPK) equations [10, 9, 39, 38].

The paper is organized as follows. In Section 2 the space of càdlàg stochastic processes and Sko-
rokhod’s J1 and M1 topologies in it are introduced. The characterization of these spaces given in
this section is based on the spirit of projective limits of decreasing topological spaces. The neces-
sary known facts are also presented there. In Section 3 relevant facts on Lévy stochastic processes
and subordinators are presented. In Section 4 we prove theorems on convergence of continuous time
random walk stochastic processes in Skorokhod topologies. We note that CTRW-limits considered in
this paper generalizes results obtained in [22, 23]. In Section 5 we discuss stochastic integrals driven
by cádlág processes. Here new SDEs driven by CTRW-limit processes are introduced as well. As
a time-changed subordinated process here we consider the inverse of a positive stable Lévy process
or mixtures of such processes. Finally, in Section 6 we establish Fokker-Planck-Kolmogorov (FPK)
equations associated with SDEs driven by CTRW-limit processes.

2. Skorokhod space and Skorokhod topologies

The Skorokhod spaces were introduced in [35]. In this section we briefly describe these spaces for
completeness. A function x : [0,∞)→ Rd is said to be càdlàg if x is right-continuous at any t ≥ 0, that
is lims→t+ x(s) = x(t), and has left limits at any t > 0, that is lims→t− x(s) = x(t−) exists. A function
x : [0,∞)→ Rd is said to be càglàd if x is left-continuous at any t > 0, that is lims→t− x(s) = x(t), and
has right limits at any t ≥ 0, that is lims→t+ x(s) = x(t+) exists. In this paper we consider only càdlàg
functions and accept x(0−) = 0. The space of all càdlàg functions defined on [0,∞) and denoted by
D([0,∞),Rd) is called Skorokhod space. D([0,∞),Rd) is complete with respect to the locally uniform
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topology generated by the metric

d(x, y) =
∞∑
n=1

min(1, ‖x− y‖n)

2n
,

where
‖x‖n = sup

0≤t≤n
|x(t)| = sup

0≤t≤n
(|x1(t)|2 + · · ·+ |xd(t)|2)1/2.

However, D([0,∞),Rd) is not separable with respect to this topology. Recall that a metric space is
separable if it contains a countable dense subset with respect to the corresponding metric. To see that
D([0,∞),Rd) is not separable, for simplicity assume d = 1. Assume, in contrary, that D([0,∞),Rd) is
separable with respect to the uniform metric d(x, y). It is known that any subset of a separable set
is also separable. Consider, the set D0 := {xa(t) = I[a,2](t), 1 ≤ a < 2}, where IA(t) is the indicator
function of A. Obviously, D0 is a subset of D([0,∞),R) and must be separable. However, it is not,
since d(xa, xb) = 1 for all a, b ∈ [1, 2), a 6= b.

The uniform topology d(x, y) works well in the subspace C([0,∞),Rd) of continuous functions of
D([0,∞),Rd). However, due to above fact on non-separability, it fails to be good in approximations
of functions in D([0,∞),Rd). Therefore, one needs better topologies to meet approximation issues.
Below we provide some facts related to the Skorokhod space with nonuniform topologies.

There are two frequently used Skorokhod topologies (introduced by A.V. Skorokhod [35] in 1956)
called J1-topology and M1-topology, which are useful in approximation of càdlàg functions. To define
J1-topology we introduce the set Λ of continuous strictly increasing functions λ defined on [0,∞) and
satisfying the conditions λ(0) = 0 and limt→∞ λ(t) =∞. The J1-topology is defined by the metric

δ(x, y) =
∞∑
n=1

min(1, ωn(x, y))

2n
, (2.1)

where
ωn(x, y) = inf

λ∈Λ
(‖λ− t‖n + ‖x− y ◦ λ‖n) .

We denote the Skorokhod space endowed with the J1-topology by D([0,∞),Rd, J1).
The letter can be defined as a projective limit of a sequence of Skorokhod spaces defined on finite

intervals. This approach works for other topologies as well. Let {tn} be an increasing sequence of
positive (non-random) numbers:

0 < t1 < t2 < . . . , and tn →∞, n→∞. (2.2)

Let Dn = D([0, tn),Rd, τn) be the space of càdlàg functions defined on [0, tn) and endowed with a
topology τn, such that τn+1 is weaker than τn (denoted by τn+1 ≺ τn) for all n ≥ 1. As the sequence
of sets, Dn satisfies the condition

D1 ⊃ D2 ⊃ · · · ⊃ Dn ⊃ Dn+1 ⊃ . . . , (2.3)

and due to the condition on the sequence of topologies

τ1 � τ2 � · · · � τn � τn+1 � . . . , (2.4)

we have that the space Dn+1 is continuously embedded to the space Dn for each n ≥ 1. Hence, we can
define the projective limit of Dn :

D∞(τ) = pr lim
n→∞

Dn := ∩∞n=1Dn,

endowed with the coarsest topology τ = limn→∞ τn. If the topology τn is induced by the J1-metric

ω
′

n(x, y) = inf
λ∈Λn

(‖λ− t‖tn + ‖x− y ◦ λ‖tn) ,
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where Λn is the set of continuous functions mapping [0, tn] onto [0, tn] such that λ(0) = 0, λ(tn) = tn,
and ‖a‖tn = sup0≤t≤tn |a(t)|, then the sequence τn satisfies (2.4). The coarsest topology in this case is
the topology induced by the metric

δ
′
(x, y) =

∞∑
n=1

min(1, ω
′

n(x, y))

2n
,

and is equivalent to the J1-topology induced by the metric δ(x, y) defined in (2.1). Hence, in this case
we have

D∞(J1) = D([0,∞),Rd, J1).

To define the M1-topology, we first introduce the notion of completed graph of a function x ∈
D([0, tn),Rd), which takes into account straight lines connecting (t, x(t−)) with (t, x(t)) in the cross
sections t×Rd of the space [0, tn)×Rd with the discontinuity points t ∈ [0, tn). Namely, the completed
graph Γx of x ∈ D([0, tn),Rd) is defined as

Γx = {(t, z) ∈ R+ × Rd : z = αx(t−) + βx(t), α+ β = 1}.

One can define an order relation in Γx. We say that (t1, z1) < (t2, z2) if either t1 < t2, or if t1 = t2,
then |x(t−) − z1| < |x(t−) − z2|. By the parametric representation of the function x we understand
the nondecreasing function (r, u) mapping [0, tn) onto Γx, where r is the time component and u is the
spatial component of the completed graph Γx. Denote by Πx the set of parametric representations of
x. The M1-topology in D([0, tn),Rd) is induced by the metric

ρn(x, y) = inf
(r,u)∈Πx
(s,v)∈Πy

(‖r − s‖tn + ‖u− v‖tn) ,

with an increasing sequence {tn}, tn →∞, being continuity points of x, y. For the fact that ρn(x, y)
indeed is a metric, see [42]. Moreover, one can easily verify that topologies induced by ρn(x, y) satisfy
the condition (2.4). Hence, we can define

D([0,∞),Rd,M1) := pr lim
n→∞

D([0, tn),Rd,M1). (2.5)

with the coarsest topology of the projective limit, which is equivalent to the topology induced by the
metric

m(x, y) =
∞∑
n=1

min(1, ρn(x, y))

2n
.

Further, we introduce the sequence of continuous functions κn, n = 1, 2, · · · :

κn(t) =


1, if t < tn,
tn+1−t
tn+1−tn , if tn ≤ t < tn+1,

0, if t ≥ tn+1,

and define the following metric in D([0, tn+1),Rd)

πn(x, y) = inf
λ∈Λn+1

(|||λ|||n + ‖κnx− (κny) ◦ λ‖) ,

where

|||λ|||n = sup
0≤s<t≤tn+1

∣∣∣∣ln λ(t)− λ(s)

t− s

∣∣∣∣ .
For the fact that πn(x, y) is a metric, see [14]. One can easily verify that topologies induced by ρn(x, y)
satisfy the condition (2.4). Hence, we can define

D([0,∞),Rd, π) := pr lim
n→∞

D([0, tn),Rd, πn). (2.6)
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with the coarsest topology of the projective limit, which is equivalent to the topology induced by the
metric

π(x, y) =
∞∑
n=1

min(1, πn(x, y))

2n
.

This metric was introduced by Prokhorov [27] in 1956. We note that even though the Skorokhod
space is separable with respect to J1- and M1-topologies, it is not complete under these topologies.
However, the space D([0,∞),Rd, π) is complete under the topology π.

We say that a sequence xk ∈ D([0,∞),Rd, J1), k = 1, 2, . . . , converges to x ∈ D([0,∞),Rd, J1) in
the J1-topology if δ(xk, x) → 0 as k → ∞. Similarly, we say that a sequence xk ∈ D([0,∞),Rd,M1)
(D([0,∞),Rd, π)), k = 1, 2, . . . , converges to x ∈ D([0,∞),Rd,M1) (x ∈ D([0,∞),Rd, π)) in the M1-

topology (π-topology) if m(xk, x)→ 0 (π(xk, x)→ 0) as k →∞. We also use the notations
J1−→ and

M1−−→
for convergences in the J1-topology and in theM1-topology, respectively. The projective limit structure
used above for the definition of the Skorokhod space of càdlàg functions defined on the semi-infinite
interval [0,∞) allows a characterization of the convergence via the corresponding convergence on finite
intervals. For instance, a sequence xk ∈ D([0,∞),Rd, J1) converges to x0 ∈ D([0,∞),Rd, J1) in the
J1-topology, if restrictions of xk to D([0, tn),Rd, J1) converge to the restriction of x0 to D([0, tn),Rd, J1)
in the J1-topology for any sequence tn satisfying the condition (2.2). The same characterization is
true for convergences in the M1- and π-topologies.

Let Disc(x) be the set of discontinuity points of x ∈ D([0,∞),Rd). Namely, Disc(x) = {t ∈ R+ :
x(t−) 6= x(t)}.
Proposition 2.1. (1) The set Disc(x) for x ∈ D([0,∞),Rd) is at most countable;

(2) For any x, y ∈ D([0,∞),Rd) the relation m(x, y) ≤ δ(x, y) holds;

(3) Let τ be either J1- or M1-topology and xk
τ−→ x in D([0,∞),Rd1 , τ) and yk

τ−→ y in

D([0,∞),Rd2 , τ). If Disc(x) ∩Disc(y) = ∅, then (xk, yk)
τ−→ (x, y) in D([0,∞),Rd1+d2 , τ);

(4) Let xk
M1−−→ x in D([0,∞),Rd,M1) and yk

M1−−→ y in D([0,∞),Rd,M1). If Disc(x)∩Disc(y) = ∅,
then xk − yk

M1−−→ x− y in D([0,∞),Rd,M1).

(5) If xk
J1−→ x in D([0,∞),Rd, J1), then xk

M1−−→ x in D([0,∞),Rd,M1);

(6) For any nondecreasing λ ∈ D([0,∞),R+) and any x ∈ D([0,∞),Rd) the function x ◦ λ ∈
D([0,∞),Rd).

For proofs and further details we refer the reader to books [4, 14, 42, 33].
A stochastic process Z is said to be càdlàg (resp. càglàd) if Z has (resp. càglàd) sample paths. It

follows from Proposition 2.1 that the assumption that Z is càdlàg or càglàd requires its sample paths
to have at most countably many finite jumps. Associated to a càdlàg process Z is its jump process
(∆Zt)t≥0 where ∆Zt := Zt − Zt− with Zt− denoting the left limit at t and Z0− = 0 by convention.

The convergence of càdlàg stochastic processes in the Skorokhod topologies is characterized by
recognizing the limiting process by the weak convergence (or in law) and compactness of the sequence
of stochastic processes. These characterizations were given by Skorokhod [35]. Below we follow criteria
for J1- and M1-convergences of càdlàg stochastic processes given in [33].

Let a family of càdlàg stochastic processes Xε(t), t ≥ 0, ε > 0, and a càdlàg stochastic process
X0(t), t ≥ 0, satisfy the following two conditions:

(C) weak convergence: Xε(t) weakly converges to the process X0(t) as ε → 0 for all t ∈ S, where
S is a subset of [0,∞) that is everywhere dense in this interval and contains the point 0;

(KJ) J1-compactness:

lim
c→0

lim sup
ε→0

P{ωJ(Xε(·), c, T ) > δ} = 0, for all δ, T > 0, (2.7)

where
ωJ(x(·), c, T ) = sup

t−c≤t1<t<t2≤t+c
inf(|x(t1)− x(t)|, |x(t2)− x(t)|). (2.8)
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(KM) M1-compactness:

lim
c→0

lim sup
ε→0

P{ωM(Xε(·), c, T ) > δ} = 0, for all δ, T > 0,

where
ωM(x(·), c, T ) = sup

t−c≤t1<t2<t3≤t+c
|x(t2)− [x(t1), x(t3)]|,

with [x(t1), x(t3)] = {ax(t1) + (1− a)x(t3) : 0 ≤ a ≤ 1}.

Proposition 2.2. (1) Conditions (C) and (KJ) are necessary and sufficient for the J1-

convergence Xε
J1−→ X0 as ε→ 0.

(2) Conditions (C) and (KM) are necessary and sufficient for the M1-convergence Xε
M1−−→ X0 as

ε→ 0.

3. Lévy’s stable processes and their mixtures

A càdlàg process Lt, t ≥ 0, in Rd is called a Lévy process if L has independent and stationary
increments and the mapping t → Lt is continuous in probability; i.e. lims→t P(|Lt − Ls| > ε) = 0 for
all ε > 0 and t ≥ 0. Note that the continuity in probability does not imply that the sample paths
are continuous; in fact, sample paths of many important Lévy processes have jumps. The simplest
examples of Lévy processes include Brownian motion and Poisson processes. The sum of independent
identically distributed Lévy processes is again a Lévy process, as well as their scalar multiples. Lévy
processes are characterized by three parameters: a vector b0 ∈ Rd, a nonnegative definite d× d matrix
Σ, and a measure ν defined on Rd \ {0} such that∫

(1 ∧ |w|2)ν(dw) <∞,

called the Lévy measure, where a ∧ b = min{a, b}. Examples of Lévy measures include any Lebesgue
measure with compact support and measures integrable at infinity.

The Lévy–Itô decomposition states that a given Lévy process Lt is represented as

Lt = b̃0t+ σ0Bt +

∫
|w|<1

wÑ(t, dw) +

∫
|w|≥1

wN(t, dw), (3.1)

where b̃0 ∈ Rn, σ0 is an n×m-matrix, B is an m-dimensional Brownian motion, and N and Ñ are a
Poisson random measure and a compensated Poisson martingale-valued measure on [0,∞)×(Rn\{0}),
respectively (for details see [1, 3, 29]). Namely, N(t, A) represents the number of jumps of size A up
to time t, and

(∫
|w|≥1

wN(t, dw)
)
t≥0

is a compound Poisson process describing large jumps, whereas(∫
|w|<1

wÑ(t, dw)
)
t≥0

is the compensated sum of small jumps. The matrices σ0 and Σ in equations

(3.1) and (3.2), respectively, are related as Σ = σ0 × σT0 , where σT0 is the transpose of σ0. Vectors b0

and b̃0 responsible for the drift are not necessarily the same.
The Lévy–Khintchine formula characterizes the Lévy process L as an infinitely divisible process.

Namely, the characteristic function for Lt is given by

ϕLt(ξ) = E[ei(ξ,Lt)] = etΨ(ξ),

where

Ψ(ξ) = i(b0, ξ)−
1

2
(Σξ, ξ) +

∫
Rd\{0}

(ei(w,ξ) − 1− i(w, ξ)I(−1,1)(w))ν(dw). (3.2)

The function Ψ is called a Lévy symbol of L. The Lévy symbol Ψ is continuous, hermitian, conditionally
positive definite and Ψ(0) = 0.

Lévy processes are infinite divisible [1, 29]. For a Lévy process Lt for a fixed t ≥ 0 one has

Lt = Y1(t) + · · ·+ Yn(t),
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in distribution, where Yk(t) = L(k/n)t − L((k−1)/n)t, k = 1, . . . , n. Due to independence of increments
of Lt, the variables Yk(t) are independent, and due to stationarity of Lt, each of Yk(t) is distributed
as Lt/n. Hence, Yk(t) are i.i.d. Thus we have

{S̃n(t)}t≥0
FD⇒ {Lt}t≥0 as n→∞,

where
S̃n(t) = Y1(t) + · · ·+ Yn(t).

An important subclass of Lévy processes are stable Lévy processes. In 1-D case, by definition, a
Lévy process Lt is stable [1, 24, 26] if

Lct=c
1/αLt, (3.3)

in distribution for all t > 0 with some 0 < α ≤ 2. The number α is called a stability index of Lt.
The property (3.3) is called a self-similarity of the process Lt. Due to the self-similarity property of
stable Lévy processes it suffices to study Lt for t = 1 : X = L1. This random variable is a Lévy
stable distribution. For complete description of Lévy stable distributions four parameters are used: a
stability index α ∈ (0, 2], a skewness parameter β ∈ [−1, 1], a scale parameter σ > 0, and a location
parameter µ ∈ R. Among these parameters, α is the most important one, determining a peculiar
class of stability. To emphasize this, the term α-stable distribution is used for distributions with the
stability index α. We denote the class of α-stable distributions by Sα(β, σ, µ). In literature there are
different parameterizations used for the description of stable distributions; see e.g. [24, 26, 28]. For us
it is convenient to adopt the parameterization used in [28]. Namely, the Lévy symbol (3.2) of α-stable
distribution X has the form

Ψ(ξ) =

{
iξµ− σα|ξ|α(1− iβsign(ξ) tan απ

2
), if α 6= 1,

iξµ− σ|ξ|(1 + iβsign(ξ) 2
π

ln |ξ|), if α = 1,
(3.4)

where

sign(ξ) =

{
1, if ξ ≥ 0,

−1, if ξ < 0.

It follows from (3.4) that if α = 2, then ϕX(ξ) = exp(iξµ− σ2ξ2), which is the characteristic function
of the normal distribution with mean µ and variance 2σ2. As it is well known, the density function of
the latter is an exponential function

f(x) =
1

2σ
√
π
e−

(x−µ)2

4σ2 , x ∈ R. (3.5)

If α < 2, then the density fX(x) of α-stable distribution X has power law decay at infinity, and [28]

fX(x) = O(|x|−1−α), |x| → ∞. (3.6)

In the case 1 < α < 2 the variance does not exist, but the mean exists and equals µ. If β = 0
then the Lévy distribution X is called symmetric . The support of X in the symmetric case is the
whole real axis R. In the case 0 < α ≤ 1 both the variance and mean do not exist. In this case
if β = 1, then the support is the interval [µ,∞); if β = −1, then the support is (−∞,−µ]. The
case 0 < α < 1, β = 1, µ = 0, provides important stable subordinators widely used in the study of
anomalous diffusion processes. Note that the probability density function of α-stable distribution has
a closed form only in three particular cases:

(i) α = 2, β = 0 (normal distribution), given by (3.5);

(ii) α = 1, β = 0 (Cauchy distribution), given by

f(x) =
1

π

σ

(x− µ)2 + σ2
;

and
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(iii) α = 1/2, β = 1 (Lévy distribution), given by

f(x) =

√
σ

2π

e−
σ

2(x−µ)

(x− µ)3/2
, , x > µ.

The central limit theorem for α-stable random variables is formulated as follows; see [26].

Theorem 3.1. ([26], Theorem 4.1) A nondegenerate random variable Z is α-stable for some 0 < α ≤ 2
if and only if there is an independent, identically distributed sequence of random variables X1, X2, . . . ,
and constants an > 0, bn ∈ R, such that

an(X1 + · · ·+Xn)− bn
d⇒ Z, n→∞, (3.7)

where
d⇒ means the convergence in distribution.

Remark 3.2. Theorem 3.1 is about description of α-stable distributions. Namely, if Z is an α-stable
distribution, then one can construct a sequence of independent random variables Xn, and sequences
an > 0, bn, such that the limit (3.7) holds. On the other hand if there is a sequence of random variables
Xn and numbers an > 0, bn, such that the limit (3.7) holds, then Z is an α-stable random variable.

The multi-variate Lévy processes are defined similarly. For completeness, we give a brief description
of Lévy processes in the multidimensional case following [22]. Assume that the members of an i.i.d.
Xn belong to the strict generalized domain of attraction of a full operator stable law ν. This means
that ν is not supported on any proper hyperplane of Rd and there exists a d× d-matrix A such that
νt = tAν for all t > 0. Here νt means the t-fold convolution power of ν and

tAν(dx) = ν(t−Adx)

is the image measure of ν. The expression t−A is the matrix power, i.e.

t−A = e−A ln t =
∞∑
k=0

(−1)k

k!
Ak lnk t.

It is known [24] that there exists an invertible matrix B(n) such that B(λn)B(n)−1 → λ−A, as n→∞,
for all λ > 0, such that

B(n)Sn
d⇒ L, (3.8)

where Sn = X1 + · · ·+Xn and L has the distribution ν. Moreover, as is shown in [22], if one defines
the stochastic process

St =

btc∑
k=1

Xk, (3.9)

then
{B(c)Sct}t≥0

FD
=⇒ {Lt}t≥0, as c→∞, (3.10)

where Lt is a stochastic process continuous in measure, with stationary and independent increments,

L0 = 0 a.s., and for any fixed t Lt has the distribution νt = tAν. Here
FD
=⇒ stands for the convergence

in the finite dimensional sense, meaning that for any partition 0 < t1 < · · · < tk, k = 1, 2, . . . , the
random vector (B(c)Sct1 , . . . , B(c)Sctk), converges to (Lt1 , . . . , Ltk) in distribution. Due to Theorem 5

in [11] the stochastic process Lt is strict operator self-similar, that is Lct
FD
= cALt for c > 0. The latter

can be expressed as follows: the characteristic function ϕL1
(ξ) = E(exp(iξL1)) of L1 satisfies

[ϕL1
(ξ)]t = ϕL1

(tAξ), t > 0, ξ ∈ Rd. (3.11)

This class of operator stable and operator self-similar processes defined with the self-similarity operator
exponent A we denote by OSS(A). The stochastic process Lt ∈ OSS(A) is called operator Lévy motion.
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In the particular case of A = 1
α
I, where I s the identity matrix, the process Lt is called symmetric

α-stable, and its characteristic function has the form

ϕLt(ξ) = e−t|ξ|
α

, ξ ∈ Rd,

where |ξ|2 = ξ2
1 + · · · + ξ2

d. Thus, for α = 1 and α = 2 one obtains the multi-dimensional versions of
symmetric Cauchy and Wiener processes.

Let Aj, j ∈ J, be invertible operators in Rd and L
(j)
t ∈ OSS(Aj), j ∈ J, be independent (but not

identically distributed) stochastic processes (Lévy motions) with self-similarity exponents Aj. Let S
be the class of stochastic processes defined as a linear combination of stochastic processes L

(j)
t ∈ OSS :

Zt =
∑
j∈J

CjL
(j)
t , t > 0, Z0 = 0. (3.12)

The class of stochastic processes S can be characterized as mixtures of operator stable processes with
some mixing measure. It is not hard to verify that the characteristic function of the process Zt ∈ S
defined in (3.12), due to independence of L

(j)
t , j ∈ J, satisfies the condition

ϕZt(ξ) =
∏
j∈J

ϕ
L

(j)
t

(Cjξ), ξ ∈ Rd. (3.13)

Lemma 3.3. The stochastic process Zt =
∑

j∈J CjL
(j)
t is a Lévy process with the symbol

ΨZ(ξ) =
∑
j∈J

Ψj(Cjξ)

=
∑
j∈J

[
iCj(b0,j, ξ)−

C2
j

2
(Σjξ, ξ) +

∫
Rd\{0}

(ei(w,Cjξ) − 1− i(w,Cjξ)I(−1,1)(w))νj(dw)
]
,

where Ψj(ξ) is the symbol of L
(j)
t with parameters (b0,j,Σj, νj).

Proof. This immediately follows from (3.13).

Corollary 3.4. The Lévy process Zt is uniquely defined by parameters(∑
j∈J

Cjb0,j,
∑
j∈J

C2
jΣj,

∑
j∈J

Cjνj
)
.

In particular, if Aj = 1
αj
I, j ∈ J, then

ϕZt(ξ) = e−t
∑
j∈J C

αj
j |ξ|

αj

, ξ ∈ Rd.

In terms of symbols the latter is written as

ΨZ(ξ) =
∑
j∈J

C
αj
j |ξ|αj .

In [9] the class SS of mixed symmetric stochastic processes was introduced. By definition, this class
contains d-dimensional stable processes Zt, Z0 = 0, whose characteristic functions are given by

ϕZt(ξ) = e−tΨ(ξ), ξ ∈ Rd, (3.14)

where

Ψ(ξ) =

2∫
0

|ξ|αdρ(α),

and ρ is a finite Borel measure with the support supp ρ ⊆ [0, 2]. It is obvious that SS ⊂ S. The
class SS obviously contains symmetric α-stable Lévy processes and all mixtures of their finitely many
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independent representatives. For a process Zt ∈ SS corresponding to a measure ρ, we use the notation
Zt = Lρt to indicate this correspondence.

Similarly one can introduce a mixture of Lévy stable subordinators. Let

µ(β) =
∑
k∈K

akδ(β − βk), (3.15)

where K is a finite subset of the set of natural numbers, ak are positive constants, δ(β − βk) is the
Dirac delta function concentrated at βk ∈ (0, 1), k ∈ K, and Dt,β a stable subordinator with a stability
index β ∈ (0, 1). Assume the processes Dt,β, 0 < β < 1, are independent for any finite collection of
β1, . . . , βk, k ≥ 2. Then, one can define a stochastic process D(µ; t) as a process with the Laplace
transform

φD(µ;t)(s) = e[e−sD(µ;t)] = e−tΦ(s), s > 0.

where

Φ(s) =
∑
k∈K

aβkk s
βk = −t−1 ln e[e−s

∑K
k=1 akDt,k ], s > 0, (∀t > 0), .

where Dt,k are Lévy stable subordinators with stability index βk, k ∈ K.
The set of all mixed subordinators D(µ; t) we denote by SO. The inverse process to D(µ; t) ∈ SO is

denoted by Eµ
t . Namely,

Eµ
t = inf {τ ≥ 0 : D(µ; τ) > t}.

Lemma 3.5. (1) A stochastic process Zt ∈ S is a Lévy process;

(2) A stochastic process Zt ∈ S is strict operator stable and operator self-similar with stability
index A if and only if Aj = A for all j ∈ J ;

(3) A stochastic process Ft ∈ SO is a Lévy subordinator;

(4) A stochastic process Ft ∈ SO is stable and self-similar if and only if µ = Cδ(β − β0) for some
β0 ∈ (0, 1) and constant C > 0, where δ(β−β0) is the Dirac delta-function concentrated at β0;

(5) The inverse to any Ft ∈ SO is positive, continuous and nondecreasing;

Proof.

(1) By definition, each of stochastic processes Ljt , j ∈ J, has independent increments, i.e. for any

partition 0 ≤ t1 < s1 ≤ t2 < s2 ≤ · · · ≤ tk < sk < ∞, one has L
(j)
s1−t1 , L

(j)
s2−t2 , . . . , L

(j)
sk−tk , are

independent. Therefore, it follows from (3.13) that for any m 6= n

ϕ
Zsm−tm+Zsn−tn

(ξ) = e[eiξ(Zsm−tm+Zsn−tn )]

= e

eiξ
(∑

j∈J CjL
(j)
sm−tm+

∑
j∈J CjL

(j)
sn−tn

)
= e

eiξ∑j∈J Cj

(
L

(j)
sm−tm+L

(j)
sn−tn

)
=

(∏
j∈J

ϕ
L

(j)
sm−tm

(Cjξ)

)
∗
(∏
j∈J

ϕ
L

(j)
sn−tn

(Cjξ)

)
= ϕ

Zsm−tm
(ξ) ∗ ϕ

Zsn−tn
(ξ),

showing that Z
(j)
s1−t1 , Z

(j)
s2−t2 , . . . , Z

(j)
sk−tk are independent. Here “∗” is the convolution operation.
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Similarly, by definition, each of stochastic processes Ljt , j ∈ J, has stationary increments, i.e.

for any h > 0 one has L
(j)
t+h − L

(j)
t

FD
= L

(j)
h , j ∈ J. This implies

Zt+h − Zt =
∑
j∈J

CjL
(j)
t+h −

∑
j∈J

CjL
(j)
t

=
∑
j∈J

Cj
(
L

(j)
t+h − L

(j)
t

)
FD
=
∑
j∈J

CjL
(j)
h = Zh, h > 0. (3.16)

showing that Zt has stationary increments. Since each of L
(j)
t → 0 as t → 0 in probability,

one has Zt → 0 as t→ 0 in probability. This and (3.16) imply the desired result.

(2) Sufficiency: Let L
(j)
t ∈ OSS with self-similarity index Aj = A for all j ∈ J, i.e. by definition,

L
(j)
ct

FD
= cAL

(j)
t , j ∈ J. This implies

Zct =
∑
j∈J

CjL
(j)
ct

FD
=
∑
j∈J

Cjc
AL

(j)
t = cAZt, (3.17)

meaning that Zt is self-similar with self-similarity index A. Due to Theorem 5 in [11] relation-
ship (3.17) implies that the stochastic process Zt is strict operator self-similar.

Necessity: Suppose L
(j)
t ∈ OSS(Aj) and there exists an invertible matrix A, such that Zct

FD
=

cAZt for c > 0. Then, we have

Zct
FD
=
∑
j∈J

Cjc
AjL

(j)
t = cA

∑
j∈J

CjL
(j)
t .

It follows that ∑
j∈J

Cj(c
Aj − cA)L

(j)
t = 0t, t ≥ 0,

implying cAj = cA, j ∈ J. Hence, Aj = A for all j ∈ J.

(3) Since, by definition, each Dt,β is a strictly increasing and positive cádlág process for any
β ∈ (0, 1), the mixture process Ft = D(µ; t) also inherits these properties. The fact that Ft
has independent and stationary increments can be proved as in Part 1.

(4) Let dµ(β) = Cδ(β − β0)dβ with som C > 0 and β0 ∈ (0, 1). Then, Ft = Dt,β0
, which is a

Lévy stable subordinator with the stability index β0. On the other hand if Ft is stable with a
stability index β0, then dµ(β) = Cδ(β − β0) with some constant C > 0.

(5) It follows from Part 3 that the process Eµ
t (inverse to Ft = D(µ; t)) exists, positive, continuous

(with possible flat pieces), and non-decreasing.

4. CTRW limits in Skorokhod topologies

Since a CTRW is a stochastic process being a composition of two càdlàg stochastic processes,
the following two general theorems on convergence of sequences of composite stochastic processes in
the Skorokhod space supply sufficient conditions for the convergence of CTRW in the J1- and M1-
topologies of the Skorokhod space. We recall that the set Disc(X) for a càdlàg process X(t) means
the set of its discontinuity points: X(t−)−X(t) 6= 0.

Before formulating our theorem on J1-convergence of CTRW process we would like to display the
following to known results on the J1 and M1-convergence of composite stochastic cádlág processes
obtained by Silvestrov [33] and Whitt [42]. These theorems will be used in the proof of our theorem.
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Theorem 4.1. ([33, Thm. 3.4.2.]) Let Xε(t) and X0(t) be càdlàg d-dimensional stochastic processes,
and Uε(t) and U0(t) be non-negative and non-decreasing one-dimensional càdlàg stochastic processes.
Assume that the following conditions hold:

(1) (Xε(t), Uε(s)) converges weakly to (X0(t), U0(s)) as ε→ 0 for all (t, s) ∈ T × S, where T and
S are some subsets of [0,∞) that are dense in this interval and contain point 0,

(2) lim
c→0

lim sup
ε→0

P [ωJ(Xε(·), c, T ) > δ] = 0 for all δ > 0 and T > 0,

(3) U0(t) is a.s. continuous process,

(4) P
[
U0(t

′
) = U0(t

′′
) ∈ Disc(X0)

]
= 0 for 0 ≤ t′ < t

′′
<∞,

(5) P [U0(0) ∈ Disc(X0)] = 0.

Then
(
Xε ◦ Uε

)
(t)

J1−→
(
X0 ◦ U0

)
(t) as ε→ 0.

Now we proceed to the convergence of CTRW processes in the J1-topology. Since the method used
in [23] is not applicable in this case, we will use Theorem 4.1 to establish the convergence of CTRW
triangular arrays in the Skorokhod’s J1-topology.

Consider the following sequence of random variables T µn and Sn defined as follows. Let Ji,β be a
sequence of independent and identically distributed random variables in the domain of attraction of
β-stable Lévy subordinators and Tn,β = J1,β + · · ·+ Jn,β. Then, there exists b(n, β) such that

b(n, β)Tnt,β
FD⇒ Dt,β, (4.1)

as n → ∞, where Dt,β is the β-stable subordinator (see [22]). The stochastic process Tn(µ; t) is the
µ-mixture of b(n, β)Tnt,β with a mixing measure µ defined in (3.15). Namely, the process Tn(µ; t) is
defined as

Tn(µ; t) =
∑
k∈K

akb(n, βk)Tnt,βk . (4.2)

Further, let X(j)
n , j ∈ J, be sequences of i.i.d. random variables belonging to the strict generalized

domains of attraction of a full operator stable laws νj, j ∈ J, with corresponding indices Aj, j ∈ J.
Then, in accordance with (3.8), there exists Bj(n) such that Bj(n)S(j)

n

d⇒ Lj, where S(j)
n = X

(j)
1 +

· · ·+X(j)
n , and Lj has the distribution νj. Define the sequence

Sn :=
∑
j∈J

CjBj(n)S(j)
n , n ≥ 1, (4.3)

where Cj, j ∈ J, are real constants, and corresponding sequence of stochastic process

Sn(t) =
∑
j∈J

CjBj(n)S
(j)
nt , n ≥ 1, t > 0, Sn(0) = 0. (4.4)

Lemma 4.2. The following convergences are valid:

(1) Tn(µ; t)
FD⇒ D(µ; t) ∈ SO, as n→∞;

(2) Sn(t)
FD⇒ S(t) ∈ S, as n→∞.

Proof.

(1) Using the convergence (4.1) we have

Tn(µ; t) =
∑
k∈K

akb(n, βk)Tnt,βk
FD⇒

∑
k∈K

akDt,βk = D(µ; t).

as n→∞. The fact that D(µ; t) ∈ SO follows from the definition of SO.
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(2) Since due to (3.10) we have the convergence Bj(c)S
(j)
ct

FD⇒ L
(j)
t , where L

(j)
t ∈ OSS with self-

similarity index Aj, one has

Sn(t) =
∑
j∈J

CjBj(n)S
(j)
nt

FD⇒
∑
j∈J

CjL
(j)
t = St, S(0) = 0,

as n→∞. Obviously S ∈ S; see Definition (3.12).

Theorem 4.3. Let Xj
i , i = 1, 2, . . . , for each j ∈ J be an i.i.d. random vectors belonging to the strict

generalized domains of attraction of a full operator stable laws with stability indices Aj, j ∈ J, and
Ji,β be a positive i.i.d. random variables in the domain of attraction of β-stable Lévy subordinators,
satisfy the following conditions:

(1) Xj
i and Ji,β are independent i.i.d.s;

(2) the sequence {(Sn(t), Tn(µ; t) : t ≥ 0} weakly converges to {(St, Dµ
t ) : t ≥ 0} as n→∞;

(3) P
[
Disc

(
S(t)

)
∩Disc

(
D(µ; t)

)]
= 0.

Then the CTRW process

{W (n)
t ≡

(
Sn ◦ (Tn

(
µ; ·)

)−1
)

(t) : t ≥ 0} (4.5)

converges as n→∞ to the time-changed stochastic process {V (t) = S(Eµ
t ) : t ≥ 0}, in the J1-topology

on D
(
[0,∞),Rd

)
, where Eµ

t = inf{u ≥ 0 : D(µ;u) > t}.

Proof. We set Xε(t) = S1/ε(t) and Uε(t) = N
(1/ε)
t = (T1/ε

(
µ; t)

)−1
in which ε = 1/n. Then, the

composition {(Xε ◦ Uε)(t) : t ≥ 0} represents the CTRW process {W (n)
t : t ≥ 0} with n = 1/ε.

Therefore, it suffices to check out each conditions of Theorem 4.1. Condition (1) of this theorem

is fulfilled, since by construction of processes Sn(t) and N
(n)
t , we have that Xε converges weakly to

S(t) and Uε converges weakly to Eµ
t as ε → 0. Now we show that {Xε(t) = S1/ε(t) : t ≥ 0} satisfies

condition (2) of Theorem 4.1. Following [22], it suffices to show that

lim
h→0

lim sup
n→∞

sup
|t−s|≤h

P(|Sn(t)− Sn(s)| > δ) = 0 (4.6)

for any δ and T > 0, where 0 ≤ s < t ≤ T. For each Y (j)
n (t) = Bj(n)S

(j)
tn , j ∈ J, where S(j)

n =

Xj
1 + · · ·+Xj

n, this fact can be shown exactly as in the proof of Theorem 4.1 in [22]. Obviously, this
condition is also valid for CjY

(j)
n with any constant Cj. Thus, for all j ∈ J we have

lim
h→0

lim sup
n→∞

sup
|t−s|≤h

P(|CjY (j)
n (t)− CjY (j)

n (s)| > δ) = 0 (4.7)

for any δ and T > 0, where 0 ≤ s < t ≤ T. It follows from the independence of Y (j)
n , j ∈ J, that the

events Ωj = {|CjY (j)
n (t)− CjY (j)

n (s)| > δ}, j ∈ J, are also independent. Hence,

P(|Sn(t)− Sn(s)| > δ) = P

(
|
∑
j∈J

CjY
(j)
n (t)−

∑
j∈J

CjY
(j)
n (s)| > δ

)

= P

(
|
∑
j∈J

(CjY
(j)
n (t)− CjY (j)

n (s))| > δ

)

≤ P

(∑
j∈J

|CjY (j)
n (t)− CjY (j)

n (s)| > δ

)
(4.8)

≤ P( ∪
j∈J

Ωj) (4.9)

=
∑
j∈J

P
(
|CjY (j)

n (t)− CjY (j)
n (s)| > δ

)
(4.10)
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In relations (4.8), (4.9) and (4.10) we used the inequality∑
j∈J

|CjY (j)
n (t)− CjY (j)

n (s)| ≤
∑
j∈J

|CjY (j)
n (t)− CjY (j)

n (s)|,

the fact that if at least one of the events Ωj is fulfilled, then the event Ω = {|Sn(t) − Sn(s)| > δ} is
also fulfilled, and the independence of events Ωj, respectively. Now, taking into account finiteness of
the set J, and using (4.7)-(4.10), we obtain (4.6).

Further, the process {Eµ
t : t ≥ 0} as the inverse of strictly increasing subordinator is a nondecreasing

continuous process (see Lemma 3.5). Hence, condition (3) of Theorem 4.1 is fulfilled by construction.

The process {Eµ
t : t ≥ 0} may have flat pieces. It is not hard to verify that the assumption P

[
Disc(S)∩

Disc(D(µ; ·))
]

= 0 implies Condition (4) of Theorem 4.1. Finally, since Eµ
0 = 0, condition (5) is

reduced to P[0 ∈ Disc(X0)] = 0. Due to construction of our CTRW we have X0(0) = (S ◦ Eµ)(0) =
S(0) = 0. Further, since the process S as a càdlàg process is right continuous, we haveX0(0+)−X0(0) =
0. This implies condition (5) of Theorem 4.1. Hence, in accordance with this theorem the composite
process {(Xε ◦ Uε)(t) : t ≥ 0} converges to the composite process {(X0 ◦ U0)(t) : t ≥ 0} as ε → 0 in

the J1 topology, that is, CTRW process {W (n)
t : t ≥ 0} converges to {S(Eµ

t ) : t ≥ 0} as n→∞ in the
J1 topology on D

(
[0,∞),Rd

)
.

Since the convergence in J1 topology implies the convergence in M1 topology (see Proposition (2.1)).
Theorem 4.3 implies the following statement.

Corollary 4.4. Under the conditions of Theorem 4.3 the CTRW process {W (n)
t ≡ (S(n) ◦ (T (n))−1)nt :

t ≥ 0} converges as n → ∞ to the time-changed stochastic process {V (t) = LEt : t ≥ 0} in the M1

topology on D
(
[0,∞),Rd

)
.

The M1-convergence of the CTRW process {W (n)
t : t ≥ 0} in (4.5) can also be proved based on the

following theorem on the M1-convergence of composite cádlág processes.

Theorem 4.5. ([42, Thm. 13.2.4.]) Let Xn(t) and X0(t) be càdlàg d-dimensional stochastic processes,
and Un(t) and U0(t) be non-negative and non-decreasing one-dimensional càdlàg stochastic processes
satisfying the following conditions:

(1) The sequence (Xn(t), Un(t)) weakly converges to (X0(t), U0(t)) as n→∞;

(2) U0(t) is continuous and strictly increasing at t whenever U0(t) ∈ Disc(X0);

(3) X0(t) is monotone on [U0(t−), U0(t)] and U0(t−), U0(t) /∈ Disc(X0), whenever t ∈ Disc(U0).

Then Xn ◦ Un
M1−−→ X0 ◦ U0 as n→∞.

Indeed, if one takes {X0(t) : t ≥ 0} ≡ {St : t ≥ 0} and {U0(t) : t ≥ 0} ≡ {Eµ
t : t ≥ 0} in Theorem 4.5,

then condition (3) is unnecessary, since the process {Eµ
t : t ≥ 0} is continuous for all t ≥ 0. The inverse

process {D(µ; t) : t ≥ 0} to {Eµ
t : t ≥ 0} is strictly increasing as a mixture of Lévy subordinators.

Therefore condition (2) of Theorem 4.5 in our case takes the form Disc(S ∩ Disc(D(µ; ·)) = ∅.
Condition (1) is shown in the proof of Theorem 4.1. Thus the following theorem holds:

Theorem 4.6. Let Xj
i , i = 1, 2, . . . , for each j ∈ J be an i.i.d. random vectors belonging to the strict

generalized domains of attraction of a full operator stable laws with stability indices Aj, j ∈ J, and
Ji,β be a positive i.i.d. random variables in the domain of attraction of β-stable Lévy subordinators,
satisfy the following conditions:

(1) Yi and Ji are independent i.i.d.s;

(2) the sequence {(Sn(t), Tn(µ; t) : t ≥ 0} weakly converges to {(St, Dµ
t ) : t ≥ 0} as n→∞;

(3) Disc
(
S(t)

)
∩Disc

(
D(µ; t)

)
= ∅.
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Then the CTRW process {W (n)
t ≡

(
Sn ◦ (Tn

(
µ; ·)

)−1
)

(t) : t ≥ 0} converges as n → ∞ to the time-

changed stochastic process {V (t) = S(Eµ
t ) : t ≥ 0}, in the M1-topology on D

(
[0,∞),Rd

)
, where

Eµ
t = inf{u ≥ 0 : D(µ;u) > t}.
Properties of the process Wt were studied in [22] in the particular case of St = Lt ∈ OSS(A) with

some A and Eµ
t = Eβ

T with some β ∈ (0, 1). Below we list some properties of Wt = S(Eµ
t ), where

S ∈ S and µ is a bounded measure on [0, 1].

Theorem 4.7. The limiting process {Wt = S(Eµ
t ) : t ≥ 0} obtained in Theorems 4.1 and 4.6 possesses

the following properties:

(1) {Wt : t ≥ 0} is operator self-similar if all L
(j)
t , j ∈ J, have the same self-similarity index

Aj = A, j ∈ J, and µ(dβ) = δ(β − β0)dβ for some β0 ∈ (0, 1). If this condition is fulfilled,
then {Wct : t ≥ 0} = {cβ0AWt : t ≥ 0}.

(2) {Wt : t ≥ 0} has no independent increments and has no stationary increments;

(3) {Wt : t ≥ 0} is not operator stable for any t > 0.

Proof. The proof immediately follows from Corollaries 4.1, 4.3, and Theorem 4.3 of [22].

5. SDEs driven by CTRW-limit processes

In this section we briefly review stochastic differential equations (SDEs) driven by time-changed
driving processes. An important class of driving processes is the CTRW limit processes and the
corresponding SDEs are used in modeling of various engineering and scientific problems. Let the
driving process (integrator) Wt = S(Eµ

t ) be the CTRW limit obtained in Theorems 4.1 and 4.6.
Consider a class of SDEs of the form

dXt = σ(t, Eµ
t , Xt)dWt, X0 = x0, (5.1)

where x0 is a random variable with a density function fx0
(x), x ∈ Rd, and σ(t, s, x) : [0,∞)×Rd → Rd×m

is a measurable function for which there is a positive constant K such that

|σ(t, s, x)− σ(t, s, y)| ≤ K|x− y|,
|σ(t, s, x)| ≤ K(1 + |x|),
|σ(t, s, x)− σ(u, v, x)| ≤ K(1 + |x|)(|t− u|+ |s− v|),

for all x, y ∈ Rd and s, t, u, v ≥ 0.
Even though SDE (5.1) is not yet studied in such a generalization, but in various particular cases

it is studied. There are different approaches for the study of SDEs. One of these approaches assumes
approximation of stochastic integrals of the form∫ t

0

Hs−dZs, (5.2)

where Ht and Zt are cádlág stochastic processes in the Skorokhod space D([0,∞),Rd). This is reason-
able, because the meaning of SDE (5.1) is given by the following expression

Xt = x0 +

∫ t

0

σ(s−, Eµ
s , Xs−)dWs,

where the integral is of the form (5.2). The stochastic integral (5.2) driven by Brownian motion Zt ≡ Bt
was first introduced by Itô [13, 12]. The idea used by Itô for definition of the stochastic integral, in
fact, works for any semimartingale integrator Zt. For cádlág stochastic processes Zt stochastic integrals
were considered by Kurtz and Protter in [18]. The authors applied this approach for approximation
of SDEs of the form

Xt = Ut +

∫ t

0

σ(s−, Xs)dZs,
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Weak and J1-convergences of stochastic integrals driven by scaled CTRWs to a stochastic integral
driven by time-changed Brownian motion is studied in [5]. Another particular case of approximation of
stochastic integrals driven by a time-changed symmetric α-stable Lévy processes is studied by Scalas
and Viles in [30]. In the general case, however, the approximation of stochastic integrals driven by
CTRW-limits still remains open.

The SDE driven by the time-changed Brownian motion

dXt = b(Et, Xt)dEt + σ(Et, Xt)dBEt with X0 = x0, (5.3)

where x0 ∈ Rd is a non-random constant, and b(t, x) : [0,∞)×Rd → Rd and σ(t, x) : [0,∞)×Rd → Rd×m
are measurable functions satisfying growth and Lipschitz conditions, was solved in papers [15] (see
also [16]) using the numerical Euler-Maruyama method.

Due to (3.1), SDEs driven by a Lévy process Lt, has the form

Yτ = y +

∫ τ

0

b(Ys−)ds+

∫ τ

0

σ(Ys−)dBs (5.4)

+

∫ τ

0

∫
|w|<1

H(Ys−, w)Ñ(ds, dw) +

∫ τ

0

∫
|w|≥1

K(Ys−, w)N(ds, dw),

where the continuous mappings b : Rn → Rn, σ : Rn → Rn×m, H : Rn×Rn → Rn, andK : Rn×Rn → Rn
are bounded and satisfy growth and Lipschitz conditions. Namely, there exist positive constants C1

and C2 such that

|b(y1)− b(y2)|2 + ‖σ(y1)− σ(y2)‖2 +

∫
|w|<1

|H(y1, w)−H(y2, w)|2ν(dw) (5.5)

≤ C1|y1 − y2|2 for all y1, y2 ∈ Rn;∫
|w|<1

|H(y, w)|2ν(dw) ≤ C2(1 + |y|2) for all y ∈ Rn. (5.6)

As it is known [1, 34], under these conditions SDE (5.4) has a unique solution.
It follows from Lévy-Itô representation (3.1) of Lévy processes and SDE (5.4) that if SDE is driven

by the process S =
∑

j∈J CjL
(j)
t , then one obtains SDE

Vt = v +
∑
j∈J

Cj

[ ∫ t

0

bj(Vs−)ds+

∫ t

0

σj(Vs−)dB(j)
s (5.7)

+

∫ t

0

∫
|w|<1

Hj(Vs−, w)Ñj(s, dw) +

∫ t

0

∫
|w|≥1

Kj(Vs−, w)Nj(s, dw)

]
.

Finally, SDE driven by CTRW-limit process Wt = (S ◦ Eµ)t =
(

(
∑

j∈J CjL
(j)) ◦ Eµ

)
t
, takes the

form

Xt = x+
∑
j∈J

Cj

[ ∫ t

0

bj(Xs−)dEµ
s +

∫ t

0

σj(Xs−)dB
(j)

Eµs
(5.8)

+

∫ t

0

∫
|w|<1

Hj(Xs−, w)Ñj(dE
µ
s , dw) +

∫ t

0

∫
|w|≥1

Kj(Xs−, w)Nj(dE
µ
s , dw)

]
.



CTRW-limits in the the Skorokhod topology and FPK equations... 323

6. Fokker-Planck-Kolmogorov equations associated with SDEs driven by
CTRW-limit processes

Fokker-Planck-Kolmogorov (FPK) equations are deterministic form of description of stochastic
processes modeled through SDEs. In this section we derive the FPK equation associated with SDE
(5.8) driven by CTRW-limit process Wt.

It is known that if SDE is driven by a Lévy process with parameters (b(y),Σ(y), ν(y)), y ∈ Rd, then
u(t, y) = e[f(Yt)|Y0 = y], where Yt is a solution of this SDE and f(y) is the density function of Y0,
satisfies the following Cauchy problem for a pseudo-differential equation (see [1])

∂v

∂t
= A(y,Dx)v(t, y), t > 0, y ∈ Rn, (6.1)

v(0, y) = ϕ(y), y ∈ Rn. (6.2)

Here A(y,Dy) is the pseudo-differential operator

A(y,Dy)ϕ(x) = i(b(y), Dy)ϕ(y)− 1

2
(Σ(x)Dy, Dy)ϕ(y) (6.3)

+

∫
Rn\{0}

[
ϕ(y +G(y, w))− ϕ(y)− iI(−1,1)(w)(G(y, w), Dy)ϕ(y)

]
ν(dw)

with symbol

Ψ(y, ξ) = i(b(y), ξ)− 1

2
(Σ(y)ξ, ξ) (6.4)

+

∫
Rn\{0}

(ei(G(y,w),ξ) − 1− i(G(y, w), ξ)I(−1,1)(w)) ν(dw),

where Σ(y) = σ(y)× σ(y)T and G(y, w) = H(y, w) if |w| < 1 and G(y, w) = K(y, w) if |w| ≥ 1.
We will also use the following fact (see [39]) in the proof of the main theorem of this section.

Theorem 6.1. Let Ut =
∑N

k=1 ckUk,t, where Uk,t, k = 1, . . . , N, are independent stable subordinators
with respective indices βk ∈ (0, 1) and constants ck > 0. Let Et be the inverse process to Ut. Suppose
{Tt, t ≥ 0} is a strongly continuous semigroup in a Banach space X and has infinitesimal generator A
with Dom(A) ⊂ X . Then for each fixed t ≥ 0 and ϕ ∈ Dom(A), the integral

∫∞
0
fEt(τ)Tτϕdτ, where

fEt(τ) is the density function of Et, exists and the vector-function v(t) =
∫∞

0
fEt(τ)Tτϕdτ satisfies

the abstract Cauchy problem

N∑
k=1

CkD
βk
∗ v(t) = Av(t), t > 0, (6.5)

v(0) = ϕ, (6.6)

where Dβ
∗ is the fractional derivative in the sense of Caputoa and Ck = cβkk , k = 1, . . . , N.

Now we are ready to formulate the theorem on FPK equation associated with SDE (5.8).

Theorem 6.2. Let D(µ; t) ∈ SO with a mixing measure µ =
∑N

k=1 akδ(β − βk), βk ∈ (0, 1), where ak
are positive constants, and let Eµ

t is the inverse of D(µ; t). Suppose that a stochastic process S(t) =∑
j∈J L

(j)
t ∈ S, where L

(j)
t ∈ OSS(Aj), j ∈ J, is independent of the stochastic process Eµ

t .
Then if Xt is a solution of SDE (5.8), driven by the time-changed process Wt = (S ◦ Eµ)(t), then

the function u(t, x) = E[ϕ(Xt)|X0 = x], where ϕ(x) = fX0
(x) ∈ C2

0 (Rn), satisfies the following Cauchy
problem

N∑
k=1

αkD
βk
∗ u(t, x) =

∑
j∈J

Aj(x,Dx)u(t, x), t > 0, x ∈ Rn, (6.7)

u(0, x) = ϕ(x), x ∈ Rn. (6.8)

asee e.g. [36, 39] for the fractional derivative in the sence of Caputo
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where αk = aβkk , k = 1, . . . , N, and the pseudo-differential operator Aj(x,Dx), j ∈ J, has the symbol

Ψj(x, ξ) = iCj(bj(x), ξ)−
C2
j

2
(Σ(y)ξ, ξ) (6.9)

+

∫
Rn\{0}

(eiCj(G(y,w),ξ) − 1− iCj(G(y, w), ξ)I(−1,1)(w)) ν(dw), j ∈ J.

Proof. In accordance with Corollary 3.4 the driving stochastic process St in SDE (5.7) is a Lévy
process with parameters (b(x),Σ(x), ν(x)), where

b(x) =
∑
j∈J

Cjbj(x), Σ(x) =
∑
j∈J

C2
jΣj(x), ν(x) =

∑
j∈J

Cjνj(x).

Therefore, if Yt is a solution to SDE (5.7), then e[ϕ(Yt)|Y0 = x] satisfies Cauchy problem (6.1), (6.2),
in which the operator A(x,D) has the symbol

Ψ(x, ξ) =
∑
j∈J

Cji(bj(x), ξ)−
∑
j∈J

C2
j

2
(Σj(x)ξ, ξ) (6.10)

+
∑
j∈J

∫
Rn\{0}

(eiCj(Gj(y,w),ξ) − 1− iCj(Gj(y, w), ξ)I(−1,1)(w)) νj(dw),

Now, consider the expression Tτϕ(x) = E[ϕ(Yτ )|Y0 = x], where Yτ is a solution of SDE (5.7). Then,
it is known [1, 29, 39], that Tτ is a strongly continuous contraction semigroup in the Banach space
C0(Rn). Moreover, since the function v(τ, x) = Tτϕ(x) with ϕ ∈ C2

0 (Rn) satisfies equation (6.1), the
semigroup Tτ has infinitesimal generator given by the pseudo-differential operator A(x,Dx) with the
symbol Ψ(x, ξ) defined in (6.10). Obviously, C2

0 (Rn) ⊂ Dom(A(x,Dx)).
Finally, consider the stochastic process Xt = YEµt . This process is a unique solution to SDE (5.8)

(see [9, 39]). Further, let

u(t, x) = E[ϕ(Xt)|X0 = x] = E[ϕ(YEµt )|Y0 = x], t > 0, x ∈ Rd. (6.11)

Recall that Eµ
0 = 0. In (6.11), conditioning on the events {Eµ

t = τ} and using independence of the
processes Yτ and Eµ

t , we have

u(t, x) =

∫ ∞
0

E[ϕ(Yτ )|Eµ
t = τ, Y0 = x]fEµt (τ)dτ =

∫ ∞
0

fEµt (τ)Tτϕ(x)dτ. (6.12)

Now, in accordance with Theorem 6.1, u(t, x) satisfies the Cauchy problem (6.7),(6.8).

Remark 6.3. Theorem 6.2 holds true for arbitrary measure µ bounded on [0, 1], as well. Namely, in
this case the FPK equation (6.7) takes the form

Dµu(t, x) =
∑
j∈J

Aj(x,Dx)u(t, x), t > 0, x ∈ Rn,

where Dµ is the distributed fractional order differential operator [39], defined by

Dµf(t) =

∫ 1

0

Dβ
∗f(t)µ(dβ), t > 0,

where f(t) is a differentiable function on [0,∞).

Example. Let L
(j)
t , j ∈ J, be symmetric αj-stable (with β = µ = 0 in equation (3.4)) Lévy

processes. Then the symbol of the process Lt =
∑

j∈J cjL
(j)
t has the form Ψ(ξ) =

∑
j∈J c

αj
j |ξ|αj . The

corresponding to the process (L ◦ Eµ)t FPK equation then takes the form

Dµu(t, x) =
∑
j∈J

c
αj
j D

αj
|x|u(t, x), t > 0, x ∈ R,

where Dα
|x| is the Riesz-Feller derivative of order 0 < α < 2 defined by

Dα
|x|f(x) =

αΓ(α
2
)Γ( 1+α

2
) sin απ

2

π222−α

∫
R

f(x− y)− 2f(x) + f(x+ y)

|y|1+α
dy, x ∈ R.
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Abstract. In this paper an initial boundary value problem is studied for a fourth-order non-
homogeneous equation of mixed type with a degenerate parabolic part. Using the spectral analysis
method, a criterion for the uniqueness of the solution to the problem was established and the solution
is constructed as the sum of a Fourier series. The work also studied the spectral properties of the
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eigenvalues and corresponding eigenfunctions, proved their completeness and basis property, and
investigated the adjoint problem.

Keywords: degenerate equation; mixed type equation; Samarskii-Ionkin type problem; spectral
method; adjoint problem; completeness; Riss basis; existence; uniqueness.

MSC (2020): 34B10, 34L10, 35K35, 35K65, 35M13.

1. Introduction and problem statement

Among the works devoted to the study of boundary value problems for differential equations,
initial-boundary-value problems for a degeneration mixed type differential equations play a special
role. Taking into account the vastness of the bases of such works, we cite only those that are close
to our work on the subject. In the work [7], for a mixed parabolic-hyperbolic equation with power
degeneration of the form

F (x, t) = Lu ≡
{
tnuxx − ut − b2tnu, t > 0

(−t)muxx − utt − b2(−t)mu, t < 0
, (*)

in rectangular domain Ω = {(x, t) |0 < x < 1,−α < t < β } in case F (x, t) = 0 the first mixed problem
has been studied (n,m,α, β ∈ R+). Using spectral method, the criteria for the uniqueness of the
solutions of the given problems are established, which are constructed in the form of a Fourier series.
The stability of the solution for the nonlocal condition is also established. In [8], for the equation (*)
in the same domain Ω in case n = 0 and F (x, t) = f(x), the inverse problem for finding the unknown
right-hand side was considered. The solution is constructed as the sum of the series of eigenfunctions
corresponding to a one-dimensional spectral problem, and the uniqueness of the solution of the problem
is established by the method of spectral analysis. A similar nonlocal inverse problem for finding
unknown right-hand sides for equation (*) was studied in [10]. Note also the work [11], where for
the equation (*) in the case of F (x, t) = 0 in the domain Ω, nonlocal boundary value problems were
studied. In [9] the initial-boundary value problem for three classes of non-homogeneous degenerate
mixed parabolic-hyperbolic type equations is considered. In each case, the criterion of uniqueness of
the solution is established, and the solution is constructed in the form of series according to the system
of eigenfunctions, corresponding to a one-dimensional spectral problem. In [12] inverse problems were
posed and investigated for determining the factors of the right-hand sides for the equation (*) in
case m = 0, when F (x, t) = f1(x)g1(t) for t > 0 and F (x, t) = f2(x)g2(t) for t < 0. Based on
the theory of integral equations, corresponding theorems of uniqueness and existence of solutions to
inverse problems have been proven, and explicit formulas for the solution have been obtained. We
also note the works [5],[6],[15], where boundary value problems in various formulas for degenerate
elliptic-hyperbolic equations are investigated.
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As for high-order partial differential equations, we note the works [13], [14], where initial-boundary
value problems were formulated for a degenerate high-paired partial differential equations with a Bessel
operator in a rectangle and the existence, uniqueness, and stability of the solution of the investigated
problems were proven.

Let us move on to the formulation of the boundary value problem we are studying. Let

Ω = {(x, t) |0 < x < 1,−α < t < β },Ω1 = Ω ∩ {t > 0},Ω2 = Ω ∩ {t < 0},

Lu =

{
ut + tnuxxxx + btnu, t > 0,

utt + uxxxx + bu, t < 0.
, f(x, t) =

{
f1(x, t), t > 0

f2(x, t), t < 0
,

where n, α, β, b - are given real positive numbers.
Problem 1. To find a function u (x, t) from the class

u(x, t) ∈ C3,1
x,t (Ω̄) ∩ C2

t (Ω2) ∩ C4
x(Ω1 ∪ Ω2), (1.1)

which satises the equation
Lu = f(x, t) (1.2)

with boundary value conditions

u(1, t) = 0, ux(0, t) + ux(1, t) = 0, uxx(0, t) = 0, uxxx(0, t) + uxxx(1, t) = 0,−α ≤ t ≤ β, (1.3)

u(x,−α) = 0, 0 ≤ x ≤ 1. (1.4)

2. Spectral properties of Problem 1

To solve Problem 1, we apply the spectral method, according to which we seek the non-trivial
solutions of Equation (1.2) in the form u(x, t) = X(x) · T (t). By substituting this function into
Equation (1.2) and by using conditions (1.3), for the unknown function X(x), we obtain the spectral
problem

XIV (x)− µX(x) = 0, 0 < x < 1, (2.1)

X(1) = 0, X ′′(0) = 0, X ′(0) +X ′(1) = 0, X ′′′(0) +X ′′′(1) = 0. (2.2)

Let us find the eigenvalues and eigenfunctions of the problem (2.1), (2.2). For µ ≤ 0 the problem
(2.1), (2.2) has a trivial solution, and for µ > 0 this problem has eigenvalues

µn = (π(2n− 1))
4
, n = 1, 2, ..., (2.3)

and the corresponding eigenfunctions have the form

X1n(x) = 2 sin(2n− 1)πx, X2n(x) =
e(2n−1)πx + eπ(2n−1)(1−x)

e(2n−1)π + 1
+ cos(2n− 1)πx. (2.4)

Problem (2.1), (2.2) is non-self-adjoint and it is not difficult to see that the following problem will be
adjoint to it

Y IV (x)− µY (x) = 0, 0 < x < 1, (2.5)

Y (0) + Y (1) = 0, Y ′(1) = 0, Y ′′(0) + Y ′′(1) = 0, Y ′′′(0) = 0. (2.6)

It is not difficult to show that the problem (2.5), (2.6) has eigenvalues (2.3), and the corresponding
eigenfunctions have the form

Y1n(x) =
e(2n−1)πx − eπ(2n−1)(1−x)

e(2n−1)π + 1
+ sin(2n− 1)πx, Y2n(x) = 2 cos(2n− 1)πx. (2.7)

Let us proceed to the study of the basicity of systems (2.4) and (2.7) in L2(0, 1). Using the definition
of biorthonormality of two systems of functions, it is easy to show that the following lemma is true.

Lemma 2.1. The system of functions (2.4) and (2.7) are biorthonormal systems in L2(0, 1).
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Theorem 2.2. The system of functions (2.4) and (2.7) are complete in the space L2(0, 1).

Proof. We consider the completeness of system (2.4). Assume, on the contrary, that the system of
functions (2.4) is not complete in L2(0, 1). Then there exists a nontrivial function ϕ(x) in L2(0, 1),
that is orthogonal to all functions of system (2.4). Let us expand the function ϕ(x) into a Fourier
series

ϕ(x) =
∞∑
n=1

(an cos(2n− 1)πx+ bn sin(2n− 1)πx),

according to the complete orthogonal system {cos(2n− 1)πx, sin(2n− 1)πx}∞n=1, which converges in
L2(0, 1). Since ϕ(x) is orthogonal to the system {sin(2n− 1)πx}∞n=1, then the last expansion can be
written as

ϕ(x) =
∞∑
n=1

an cos(2n− 1)πx. (2.8)

Further, multiplying last series by the function X2k(x), and integrating along [0, 1], by using the
orthogonality of this last function and ϕ(x), we obtain the following equality:

0 =

∫ 1

0

ϕ(x) ·
(
e(2k−1)πx + eπ(2k−1)(1−x)

e(2k−1)π + 1
+ cos(2k − 1)πx

)
dx =

=
∞∑
n=1

an

∫ 1

0

(
e(2k−1)πx + eπ(2k−1)(1−x)

e(2k−1)π + 1
+ cos(2k − 1)πx

)
cos(2n− 1)πxdx =

1

2
ak, k = 1, 2, 3, ....

From here, it follows that ak = 0, k = 1, 2, .... Therefore, from (2.8) we conclude that ϕ(x) = 0 in
[0, 1], which opposing conditions ϕ(x) 6= 0. Thus, the system (2.4) is complete in the space L2(0, 1).
The completeness of the system (2.7) is proved similarly. �

Lemma 2.3. The system of functions (2.4) and (2.7) minimal in L2(0, 1).

The proof of Lemma 2.3 follows from Lemma 2.1 and Theorem 2.2. [1].

Theorem 2.4. The system of functions (2.4) and (2.7) are two bases of Riesz in L2(0, 1).

Proof. In order to prove this statement, it is sufficient to prove the completeness of systems (2.4) and
(2.7), and the convergence of the following series for ϕ(x) ∈ L2(0, 1) according to Theorem 2.1 from
[[2], p.375].

∞∑
n=1

(ϕ(x), 2 sin(2n− 1)πx)
2

0 +
∞∑
n=1

(
ϕ(x),

e(2n−1)πx + eπ(2n−1)(1−x)

e(2n−1)π + 1
+ cos(2n− 1)πx

)2

0

, (2.9)

∞∑
n=1

(ϕ(x), 2 cos(2n− 1)πx)
2

0 +
∞∑
n=1

(
e(2n−1)πx − eπ(2n−1)(1−x)

e(2n−1)π + 1
+ sin(2n− 1)πx, ϕ(x)

)2

0

, (2.10)

where (ϕ,ψ)0 = (ϕ,ψ)L2(a,b) =
b∫
a

ϕ(x)ψ(x)dx-inner product in L2(a, b).

Since the completeness of systems (2.4) and (2.7) has been proven in Theorem 2.2 we only must
verify the convergence of the previous series. To this end, we consider (2.9) and introduce the following
notations

I1 = 4
∞∑
n=1

(ϕ(x), sin(2n− 1)πx)
2

0, I2 =
∞∑
n=1

(
ϕ(x),

e(2n−1)πx + eπ(2n−1)(1−x)

e(2n−1)π + 1
+ cos(2n− 1)πx

)2

0

.

I1 represent in the form

I1 = 4
∞∑
n=1

(ϕ(x), sin(2n− 1)πx)
2

0 = 2
∞∑
n=1

(
ϕ(x),

√
2 sin(2n− 1)πx

)2

0
= 2

∞∑
n=1

c2
n,
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where cn = (ϕ(x),
√

2 sin(2n− 1)πx)0 are the Fourier coefficients of the function ϕ(x) on the or-

thonormal system {
√

2 sin(2n − 1)πx}. From here, applying Bessels inequality, we obtain that

I1 = 2
∞∑
n=1

c2
n ≤ 2 ‖ϕ(x)‖2L2(0,1), i.e. I1 is finite. Consider I2. Let

A =

(
ϕ(x),

e(2n−1)πx + eπ(2n−1)(1−x)

e(2n−1)π + 1
+ cos(2n− 1)πx

)2

0

.

From here, applying inequality (a+ b)
2 ≤ 2(a2 + b2) we obtain that

A ≤ 2

(
ϕ(x),

e(2n−1)πx + eπ(2n−1)(1−x)

e(2n−1)π + 1

)2

0

+ 2 (ϕ(x), cos(2n− 1)πx)
2

0 =

= 2

((
ϕ(x),

e(2n−1)πx

e(2n−1)π + 1

)
0

+

(
ϕ(x),

e2πn(1−x)

e(2n−1)π + 1

)
0

)2

+ 2 (ϕ(x), cos(2n− 1)πx)
2

0 .

Applying the previous inequality again, we get that

A ≤ 4

(
ϕ(x),

e(2n−1)πx

e(2n−1)π + 1

)2

0

+ 4

(
ϕ(x),

eπ(2n−1)(1−x)

e(2n−1)π + 1

)2

0

+ 2 (ϕ(x), cos(2n− 1)πx)
2

0 .

Thus

I2 ≤ 4
∞∑
n=1

(
ϕ(x),

e(2n−1)πx

e(2n−1)π + 1

)2

0

+4
∞∑
n=1

(
ϕ(x),

eπ(2n−1)(1−x)

e(2n−1)π + 1

)2

0

+2
∞∑
n=1

(ϕ(x), cos(2n− 1)πx)
2

0 = J1+J2+J3.

Consider J3 = 2
∞∑
n=1

(ϕ(x), cos(2n− 1)πx)
2

0 =
∞∑
n=1

a2
n, where an = (ϕ(x),

√
2 cos(2n− 1)πx)0 are the

Fourier coefficients of the function ϕ(x) on the orthonormal system {
√

2 cos(2n−1)πx}. Then applying

Bessel inequality, we get J3 =
∞∑
n=1

a2
n ≤ ‖ϕ(x)‖2L2(0,1) .

Consider J2. Since
(
ϕ(x), e

π(2n−1)(1−x)

eπ(2n−1)+1

)
0

= eπ(2n−1)

eπ(2n−1)+1
(ϕ(x)eπx, e−2πnx)0, hence

J2 = 4
∞∑
n=1

(
ϕ(x),

eπ(2n−1)(1−x)

e(2n−1)π + 1

)2

0

≤ 4
∞∑
n=1

(
ϕ(x)eπx, e−2πnx

)2
0

= 4
∞∑
n=1

c2
n,

where cn = (ϕ(x)eπx, e−2nπx)0. Then from Lemma 3 from [4], it follows that J2 is finite. Similarly, we
can prove that J1 is finite too. Thus, the series I1 and are converge, and therefore series (2.9) also
converges. The convergence of series (2.10) is proved similarly. �

3. The uniqueness of the solution of Problem 1

Let u(x, t) is the solution of Problem 1. Consider the functions

uik(t) =

1∫
0

u(x, t)Yik(x)dx, i = 1, 2, k = 1, 2, ... (3.1)

and based on this, we introduce functions viε(t) =
1−ε∫
ε

u(x, t)Yik(x)dx, i = 1, 2, k = 1, 2, ..., where ε-

sufficiently small number. Differentiating this equality by t at t ∈ (0, β) once and at t ∈ (−α, 0) twice
and considering Equation (1.2), we obtain

v′iε(t) =

1−ε∫
ε

ut(x, t)Yik(x)dx = −tn
1−ε∫
ε

uxxxx(x, t)Yik(x)dx− btn
1−ε∫
ε

u(x, t)Yik(x)dx, i = 1, 2.

v′′iε(t) =

1−ε∫
ε

utt(x, t)Yik(x)dx = −
1−ε∫
ε

uxxxx(x, t)Yik(x)dx− b
1−ε∫
ε

u(x, t)Yik(x)dx, i = 1, 2.

(3.2)
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Further, in the integrals from the right-hand sides in (3.2) integrating by parts four times and moving
to the limit at ε → 0 considering the boundary conditions (1.3), we obtain ordinary differential
equations to find the unknown functions uin(t), i = 1, 2

u′ik(t) + λkt
nuik(t) = f i1k(t), i = 1, 2, t > 0, u′′ik(t) + λkuik(t) = f i2k(t), i = 1, 2, t < 0,

which general solutions have the form

uik(t) =


aike

−λktn+1/(n+1) +

t∫
0

f i1k(s)e
−λk(tn+1/(n+1) −sn+1/(n+1) )ds, t > 0

aik cos
√
λkt+ dik sin

√
λkt−

1√
λk

0∫
t

f i2k(s) sin
[√

λk(t− s)
]
ds, t < 0

, i = 1, 2, (3.3)

where aik, cik, dik, i = 1, 2 are arbitrary real numbers, λk = b+((2k − 1)π)
4
, f i1k =

1∫
0

f1(x, t)Y i
k (x)dx, i =

1, 2, f i2k =
1∫
0

f2(x, t)Y i
k (x)dx, i = 1, 2.

By assumption u ∈ C1(Ω̄), then the function (3.3) satisfies the relations

uik(0 + 0) = uik(0− 0), u′ik(0 + 0) = u′ik(0− 0), i = 1, 2, k = 1, 2, ....

Satisfying (3.3) these conditions, we find the relationship between the coefficients aik, cik, dik, i = 1, 2
in the form cik = aik, dik = 1√

λk
f i1k(0 + 0). Taking into account the last equalities, the functions (3.3)

take the form

uik(t) =


aike

−λktn+1/(n+1) +

t∫
0

f i1k(s)e
−λk(tn+1/(n+1) −sn+1/(n+1) )ds, t > 0

aik cos
√
λkt+

f i1k(0 + 0)√
λk

sin
√
λkt−

1√
λk

0∫
t

f i2k(s) sin
[√

λk(t− s)
]
ds, t < 0

, i = 1, 2.

(3.4)
To find the constants aik, we use the boundary condition (1.3) and formula (3.3)

uik(−α) =

1∫
0

u(x,−α)Yik(x)dx = 0. (3.5)

Then from the relations (3.4) and (3.5) we find aik = ωik(α)/∆k(α) under the condition that for all
k = 1, 2, ...

∆k (α) = cos
√
λkα 6= 0, (3.6)

where ωik(α) = fi1k(0+0)√
λk

sin
√
λkα− 1√

λk

0∫
−α

f i2k(s) sin
[√
λk(α+ s)

]
ds.

Further, by substituting aik into (3.4), we obtain

uik(t) =



ωik(α)

∆k(α)
e−λkt

n+1/(n+1) +

t∫
0

f i1k(s)e
−λk(tn+1/(n+1) −sn+1/(n+1) )ds, t > 0

ωik(α)

∆k(α)
cos
√
λkt+

f i1k(0 + 0)√
λk

sin
√
λkt−

1√
λk

0∫
t

f i2k(s) sin
[√

λk(t− s)
]
ds, t < 0

, i = 1, 2.

(3.7)
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Now, based on formula (3.7), we will prove the uniqueness of the solution to Problem 1. Let f(x, t) ≡ 0
on [0, 1] and for all k ∈ N , condition (3.6) is satisfied. Then f i1k(t) = f i2k(t) ≡ 0 for all k = 1, 2, ... and

from formulas (3.3) and (3.7) follows
1∫
0

u(x, t)Yik(x)dx = 0, i = 1, 2. From this, due to the completeness

of the system (2.7) in the space L2[0, 1], it follows that u(x, t) = 0 is almost everywhere on [0, 1] for
any t ∈ [−α, β]. Since u ∈ C(Ω̄), it follows that u(x, t) ≡ 0 in Ω̄. If for some α, β, n, b and k = s the
condition (3.6) fails, i.e. ∆k(α) = 0, then the homogeneous Problem 1 (where fi(x, t) ≡ 0, i = 1, 2)
has the nontrivial solution

uis(x, t) =

{
cse
−λstn+1/(n+1) Xis(x), t > 0

cs cos
√
λstXis(x), t < 0

, i = 1, 2, (3.8)

where cs 6= 0 is an arbitrary constant.
We write the expression ∆k(α) in the form

∆k(α) = cos (2k − 1)
2
πλ̃kα̃, (3.9)

where α̃ = πα, and λ̃k =
√

1 + b
((2k−1)π)4

= 1 + θk. Equation ∆k(α) = 0 has a countable set of zeros

with respect to α̃, which are determined by the formula

α̃ =
1

2(2k − 1)
2
λ̃k

+
m

(2k − 1)
2
λ̃k
, k,m ∈ N. (3.10)

Thus, we have established the following uniqueness criterion.

Theorem 3.1. If there exists a solution of Problem 1, then it is unique only if the condition (3.6) is
fulfilled for all k = 1, 2, ....

4. The existence of the solution of Problem 1

Since the expression ∆k(α) for the value (3.10) of the parameter α̃ may vanish, it is necessary to
state an estimate for ∆k(α) that show that it is separated from zero and obtain the corresponding
asymptotics.

Lemma 4.1. If b = 0 and α̃ is an arbitrary natural number or b ≥ 0 and α̃ = p/t is an arbitrary
rational number, where p/t /∈ N, (p, t) = 1, and t 6= 2r+ 2 or t 6= 2r for certain r = 1, t− 1, then there
exist positive constants C0 and k0, k0 ∈ N , such that for all k > k0 the following estimate holds:

|∆k(α)| ≥ C0 > 0. (4.1)

Lemma 4.2. If b ≥0 and α̃ = p/t is an arbitrary rational number, where p/t /∈ N , (p, t) = 1 and
(r + 1)/t = 1/2 or r/t = 1/2 for certain 1 ≤ r ≤ t − 1, then there exist positive C0 and k0, k0 ∈ N ,
such that for all k > k0 the following estimate is valid:

|∆k(α)| ≥ C0

(2k − 1)
2 > 0. (4.2)

Lemma 4.1 and Lemma 4.2 are proven similarly to Lemma 3.2 and Lemma 3.3 in [5].
If for the numbers α̃ from Lemma 4.1 the conditions (4.1) for k = 1, 2, ..., k0 are satisfied, then we

will seek the solution of Problem 1 in the form the series

u(x, t) =
+∞∑
k=1

(u1k(t)X1k(x) + u2k(t)X2k(x)), (4.3)

where uik(t) are defined by formulas (3.7).
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Lemma 4.3. If the conditions of Lemma 4.1 are fulfilled, then the following estimates hold for all
k = 1, 2, ...:

|uik(t)| ≤M1

[
(2k − 1)

−2∥∥f i1k∥∥C + (2k − 1)
−2∥∥f i2k∥∥C] , t ∈ [0, β], (4.4)

|u′ik(t)| ≤M2

[
(2k − 1)

2∥∥f i1k∥∥C + (2k − 1)
2∥∥f i2k∥∥C] , t ∈ [0, β], (4.5)

|uik(t)| ≤M3

[
(2k − 1)

−2∥∥f i1k∥∥C + (2k − 1)
−2∥∥f i2k∥∥C] , t ∈ [−α, 0], (4.6)

|u′ik(t)| ≤M4

[∥∥f i1k∥∥C +
∥∥f i2k∥∥C] , t ∈ [−α, 0], (4.7)

|u′′ik(t)| ≤M5

[
(2k − 1)

2∥∥f i1k∥∥C + (2k − 1)
2∥∥f i2k∥∥C] , t ∈ [−α, 0], (4.8)

where ∥∥f i1k∥∥C = max
0≤t≤β

∣∣f i1k(t)∣∣ , ∥∥f i2k∥∥C = max
−α≤t≤0

∣∣f i2k(t)∣∣
and Mi are positive constants, depending on α, β and b.

These estimates can be proved by using the inequality (4.1), which is valid for all k > k0.

Lemma 4.4. If the conditions of Lemma 4.2 are fulfilled, then the following estimates hold for all
k > k0:

|uik(t)| ≤M6

[∥∥f i1k∥∥C +
∥∥f i2k∥∥C] , t ∈ [0, β], (4.9)

|u′ik(t)| ≤M7

[
(2k − 1)

4∥∥f i1k∥∥C + (2k − 1)
4∥∥f i2k∥∥C] , t ∈ [0, β], (4.10)

|uik(t)| ≤M8

[∥∥f i1k∥∥C +
∥∥f i2k∥∥C] , t ∈ [−α, 0], (4.11)

|u′ik(t)| ≤M9

[
(2k − 1)

2∥∥f i1k∥∥C + (2k − 1)
2∥∥f i2k∥∥C] , t ∈ [−α, 0], (4.12)

|u′′ik(t)| ≤M10

[
(2k − 1)

4∥∥f i1k∥∥C + (2k − 1)
4∥∥f i2k∥∥C] , t ∈ [−α, 0]. (4.13)

By Lemma 4.3, the series (4.3) and its first-order derivative with respect to t and its third-order
derivative with respect to x in the closed domain Ω̄, the second-order derivative with respect to t in
Ω̄2, as well as the fourth-order derivatives with respect to x in Ω̄1 and Ω̄2, respectively, are majorized
by the series

M11

∞∑
k=1

2∑
i=1

(2k − 1)
2 (∥∥f i1k∥∥C +

∥∥f i2k∥∥C). (4.14)

Lemma 4.5. Let fi(x, t) ∈3,0
x,t (Ω̄i) i = 1, 2 and satisfy the following conditions

fi(1, t) =
∂2fi
∂x2

∣∣∣∣
x=0

= 0,
∂fi
∂x

∣∣∣∣
x=0

=
∂fi
∂x

∣∣∣∣
x=1

,
∂3fi
∂x3

∣∣∣∣
x=0

=
∂3fi
∂x3

∣∣∣∣
x=1

, t ∈
{

[0, β], i = 1

[−α, 0], i = 2
.

Then the following estimates hold

∞∑
k=1

∣∣∣f i(3)
1k (t)

∣∣∣2 ≤ ∥∥∥∥∂3f1(x, t)

∂x3

∥∥∥∥2

L2(0,1)

,
∞∑
k=1

∣∣∣f i(3)
2k (t)

∣∣∣2 ≤ ∥∥∥∥∂3f2(x, t)

∂x3

∥∥∥∥2

L2(0,1)

, t ∈
{

[0, β], i = 1

[−α, 0], i = 2
. (4.15)

Here

f1
ik(t) =

f
1(3)
ik (t)

((2k − 1)π)
3 , f

1(3)
ik (t) =

1∫
0

f ′′′ixxx(x, t) sin(2k − 1)πxdx,

f2
ik(t) =

f
2(3)
ik (t)

((2k − 1)π)
3 , f

2(3)
ik (t) = −

1∫
0

f ′′′ixxx(x, t)

(
e(2k−1)πx + e(2k−1)π(1−x)

e(2k−1)πx + 1
+ cos(2k − 1)πx

)
dx.
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Then by Lemma 4.3 the series (4.14) are majorized by the series

M12

∞∑
k=k0+1

2∑
i=1

1

(2k − 1)

[∥∥∥f i(3)
1k

∥∥∥
C

+
∥∥∥f i(3)

2k

∥∥∥
C

]
. (4.16)

The convergence of the series (4.16), due to the Weierstrass M-test [3], we obtain the uniform con-
vergence of the series (4.3), as well as series from the first-order derivatives t and the third-order
derivatives x of the terms of this series in Ω, and the possibility of its term differentiation by t twice
and by t four times in t ≤ 0 and by x four times in t ≥ 0. Thus the following assertion is proved.

Theorem 4.6. If the functions fi(x, t), i = 1, 2, satisfy the conditions of Lemma 4.5 and the conditions
of Lemma 4.1 are fulfilled, then there exists a unique solution to the Problem 1 and it is determined
by the series (4.3).

Assume that the equality ∆s(α) = 0 holds for certain numbers α̃ from Lemma 4.1 for some k =
s = k1, k2, ..., km, where 1 ≤ k1 < k2 < ... < km ≤ k0, ki, i = 1,m, and m are given natural numbers.
Then the Problem 1 is solvable if and only if

f i1k(0 + 0)√
λk

sin
√
λkα−

1√
λk

0∫
−α

f i2k(s) sin
[√

λk(α+ s)
]
ds = 0, s = k1, k2, ...km. (4.17)

In this case, a solution to the Problem 1 is determined by the series

u(x, t) =

k1−1∑
k=1

+...+
km−1∑

k=km−1+1

+
∞∑

k=km+1

 2∑
i=1

uik(t)Xik +
∑
s

2∑
i=1

Asuis(x, t); (4.18)

in the last sum s takes k1, k2, ...km; uis(t) is defined by the formula (3.8), where k must be replaced
by s, and cs is an arbitrary nonzero constant. As usual, we assume that if in some finite sum in the
right-hand side of (4.18) the upper limit is greater than lower, then this sum is equal to zero.

Thus, the following assertion is proved.

Theorem 4.7. Let the condition of Lemma 4.1 be fulfilled and let functions fi(x, t), i = 1, 2 satisfy
the conditions of Lemma 4.5.

1) If ∆k(α) 6= 0 for all k = 1, k0, then Problem 1 has a unique solution and this solution is defined
by the series (4.3) whose coefficients are given by the formulas (3.7);

2) if ∆k(α) = 0 at some k = k1, ..., km ≤ k0, then Problem 1 is solvable only when conditions (4.17)
are satisfied and in this case the solution is determined by the series (4.18).

Assume that the conditions of Lemma 4.2 are fulfilled. Due to the Lemma 4.5 the series (4.3) and
its first-order derivative with respect to t and its third-order derivative with respect to x in the closed
domain Ω̄, the second-order derivative with respect to t in Ω̄2, as well as the fourth-order derivatives
with respect to x in Ω̄1 and Ω̄2, respectively, are majorized by the series

M13

∞∑
k=1

2∑
i=1

(2k − 1)
4∥∥f i1k∥∥C + (2k − 1)

4∥∥f i2k∥∥C . (4.19)

Lemma 4.8. Let functions fi(x, t), i = 1, 2 satisfy following conditions

∂kfi
∂xk

∣∣∣∣
x=0

=
∂kfi
∂xk

∣∣∣∣
x=1

, fi(1, t) = 0,
∂2fi
∂x2

∣∣∣∣
x=0

=
∂4fi
∂x4

∣∣∣∣
x=1

= 0, t ∈
{

[0, β], i = 1

[−α, 0], i = 2
, k = 1, 3.

Then the following estimates hold

∞∑
k=1

∣∣∣f i(5)
1k (t)

∣∣∣2 ≤ ∥∥∥∥∂5f1(x, t)

∂x5

∥∥∥∥2

L2(0,1)

,
∞∑
k=1

∣∣∣f i(5)
2k (t)

∣∣∣2 ≤ ∥∥∥∥∂5f2(x, t)

∂x5

∥∥∥∥2

L2(0,1)

, t ∈
{

[0, β], i = 1

[−α, 0], i = 2
. (4.20)
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Here

f1
ik =

1

((2k − 1)π)
5 f

1(5)
ik (t), f

1(5)
ik (t) = −

1∫
0

f1xxxxx(x, t) sin(2k − 1)πxdx,

f2
ik =

f
2(5)
ik (t)

((2k − 1)π)
5 , f

2(5)
ik (t) = −

1∫
0

fixxxxx

(
e(2k−1)πx + e(2k−1)π(1−x)

e(2k−1)πx + 1
− cos(2k − 1)πx

)
dx,

Then by Lemma 4.8 the series (4.18) are majorized by the series

M14

∞∑
k=k0+1

2∑
i=1

1

(2k − 1)

(∥∥∥f i(5)
1k

∥∥∥
C

+
∥∥∥f i(5)

2k

∥∥∥
C

)
. (4.21)

The convergence of the series (4.21), due to the Weierstrass M-test [3], we obtain the uniform con-
vergence of the series (4.3), as well as series from the first-order derivatives t and the third-order
derivatives x of the terms of this series in Ω, and the possibility of its term differentiation by t twice
and by x four times in t ≤ 0 and by x four times in t ≥ 0.

Thus, we have proved the following assertions.

Theorem 4.9. Let the condition of Lemma 4.2 be fulfilled and let functions fi(x, t), i = 1, 2 satisfy
the conditions of Lemma 4.8.

1) If ∆k(α) 6= 0 for all k = 1, k0, then Problem 1 has a unique solution and this solution is defined
by the series (4.3) whose coefficients are given by the formulas (3.7);

2) If ∆k(α) = 0 at some k = k1, ..., km ≤ k0, then Problem 1 is solvable only when conditions (4.17)
are satisfied and in this case the solution is determined by the series (4.18).
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1. Introduction

We analyze the linearized peridynamic model of membrane heating, which leads to an integro-
differential equation of the following form:

∂θ

∂t
+

∫
T 2

L (x, y) [θ (x, t)− θ (y, t)] dy = f (x, t) , x∈T 2, t > 0, (1.1)

with given initial conditions
θ (x, 0) = ϕ (x) , x∈T 2. (1.2)

Here x = (x1, x2) ∈ T 2 = [−π, π] × [−π, π]. All functions are 2π-periodic with respect to each xk for
k = 1, 2. We analyze a peridynamic continuum model that incorporates integration over the differences
in the displacement field ([6], [7], [10], [11]). We suppose, the kernel L is 2× 2 matrix-valued function
defined on the domain T 2 × T 2 initial function ϕ : T 2 → R2 and f : T 2 × [0, T ] → R2 represents the
external heat source ([11]).

We analyze the kernel
L (x, y) = L (x− y) , x∈T 2, y∈T 2,

where the periodic function L (x) has the form

L (x) =
(x⊗x)

|x|4+τ
χ (|x|) , τ > 0, x∈T 2. (1.3)

The function χ∈C∞0 (R) satisfies the following conditions for some δ > 0 and a fixed 0 < α < 1:

χ(r) =

{
1 for r ≤ (1− α)δ,

0 for r ≥ δ,

and 0≤χ (r)≤1 for all r∈R.
The parameter δ known as horizon, is typically chosen to be sufficiently small. The value of the

parameter α is determined by the thickness of the boundary layer, within which the influence of
surrounding particles is reduced to zero.

Problems involving similar types of kernels have been studied by various authors [2] -[6].
By utilizing the evenness of the kernel L (x) , equation (1.1) transformed into the following form:

θt (x, t)− 1

2

∫
T 2

L (y) [θ (x+ y, t)− 2θ (x, t) + θ (x− y, t)] dy = f (x, t) . (1.4)

Now, we analyze this singular integro-differential equation. It is important to note that the kernel
K (x) exhibits a singularity of the form |x|−2−τ . In considered case, where τ > 0, this kernel is not
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integrable over T 2 and the corresponding integral operator is not bounded in L2(T 2) [1]. In what
follows, we assume that

0 < τ < 2. (1.5)

For integer α > 0, we define the Sobolev space Lα2 (T 2) as the space of vector functions f∈L2(T 2)
for which the following norm is finite [9]

‖f‖2Lα2 = 4π2
∑
k∈Z2

|fk|2(1 + |k|2)α. (1.6)

Here

fk =
1

(2π)2

∫
T 2

f (x) e−ikxdx

are the Fourier coefficients of function f .
Set

Aθ (x) =
1

2

∫
T 2

L (y) [θ (x+ y, t)− 2θ (x, t) + θ (x− y, t)] dy. (1.7)

We consider the following Cauchy problem

θt (x, t)−Aθ (x, t) = f (x, t) , x∈T 2, t > 0, (1.8)

θ (x, 0) = ϕ (x) , x∈T 2. (1.9)

Definition 1.1. We define the solution of the Cauchy problem (1.8) - (1.9) as a function θ (x, t) that
satisfies the following conditions:
θ (x, t) belongs to the space Lτ2(T 2) for every t≥0;
it is continuous with respect to t in the norm of this space on the closed half-line t≥0;
it is continuously differentiable on the open halfline t > 0 in the norm of L2(T 2);
it satisfies conditions (1.8) and (1.9).

Note that by imposing condition (1.5) for Lτ2(T 2) we allow for the existence of solutions that may
be discontinuous in spatial variables.

We prove the following statement:

Theorem 1.2. Let β ≥ 0. Assume that the initial function ϕ (x) belongs to Sobolev space Lβ+τ
2 (T 2)

and that f (x, t) depends continuously on t ≥ 0 in the norm of Lβ2 (T 2). Then, the solution of the

Cauchy problem (1.8) – (1.9) exists and belongs to Lβ2 (T 2).

In Section 2, we transform the hyper-singular operator (1.7) into a regular integro-differential op-
erator. While the proof follows a reasoning similar to that in [5], we outline the key steps and provide
additional details for the parts that differ from the referenced work. Section 3 examines the Fourier
transform of the kernel under consideration and establishes the proof of estimate (1.8). In Section
4, we derive the solution to the Cauchy problem for the Fourier-transformed version of the original
Cauchy problem. Finally, Section 5 presents the proof of Theorem 1.

2. Conversion of the hyper–singular operator

We define the differential operator ∇⊗∇ as follows:

∇⊗∇ =


∂2

∂x2
1

∂2

∂x1∂x2

∂2

∂x2∂x1

∂2

∂x2
2

 . (2.1)

For any function θ∈C∞ (T 2) , the Fourier coefficients of the function u = (∇⊗∇) θ satisfy the
following equation:
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uk = (ik⊗ik) θk. (2.2)

Let

I∆ =

(
∆ 0
0 ∆

)
, (2.3)

where ∆ is the Laplace operator and I is the identity matrix.
We define the following differential operator:

B (∇) =
1

τ (τ + 2)

[
(∇⊗∇) +

1

τ
I∆

]
. (2.4)

Proposition 2.1. For any τ > 0 the following holds:

B (∇)
1

|x− y|τ
=

(x− y)⊗ (x− y)

|x− y|τ+4
. (2.5)

The validity of this statement is established by direct calculation.

Corollary 2.2. Without loss of generality, we can assume that the kernel (1.3) takes the following
form:

L(x) = Bτ (∇)
χ(|x|)
|x|τ

+ V (x), τ > 0, x ∈ T2, (2.6)

where V (x) is a matrix-function with entries v(ij) ∈ C∞0 (T2).

Note that we obtain the matrix

B (ik) =
−1

τ (τ + 2)

[
(k⊗k) +

k·k
τ
I

]
, k∈Z2. (2.7)

According (2.2), we get
vk = [B (∇)u]k = B (ik)uk. (2.8)

Using proposition 2.1, we transform the hyper-singular operator A into a regular form.

Proposition 2.3. Let g∈C∞0 (T 2) , u∈C∞(T 2) and 0 < ε < 1. Then following∫
T 2

(
∂2

∂yk∂yj

g (y)

|y|2−ε

)
[u (x+ y)− 2u (x) + u (x− y)] dy =

∫
T 2

g (y)

|y|2−ε

[
∂2u (x+ y)

∂yk∂yj
+
∂2u (x− y)

∂yk∂yj

]
dy

(2.9)
is valid.

Proposition 2.4. For any u∈C∞(T 2) the following equation

Au (x) =

∫
T 2

χ (|y|)
|y|τ

B (∇y)u (x− y) dy +
1

2

∫
T 2

[V (y) + V (−y)]u (x+ y) dy −
(∫

T 2

V (y) dy

)
u (x)

(2.10)
is valid.

3. Fourier expansion of a singular kernel

The main part of the hyper-singular operator B , defined by (1.7), is an integro-differential operator
on appearing on the right-hand side of equation (2.10).

Consider for 0 < τ < 2 kernel

H (x) =
χ (|x|)
|x|τ

, x∈T 2. (3.1)

Set
Υ (k) = (2π)2 [HkB (k)− Vk − V−k + V0] , k∈Z2. (3.2)
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Here Hk are the Fourier coefficients of H

Hk = (2π)−2

∫
T 2

H (x) e−ikxdx.

Denote by Vk the matrix which elements v
(ij )
k are Fourier coefficients of the elements v(ij ) of the

matrix V (x).
From (2.10) follows, that for any u∈C∞(T 2) the Fourier coefficients of the Au have the form

(Au)k = −Υ (k)uk, k∈Z2. (3.3)

Let estimate the Fourier coefficients of the (3.1).

Proposition 3.1. For any natural N , the Fourier coefficients Hk of H satisfy the estimate

Hk =
Cτ
|k|2−τ

+O
(
|k|−N

)
, k 6=0, (3.4)

where Cτ depends only on τ .

For any 2× 2 matrix M =
(
m(ij)

)
, we define

|M | =
(

2∑
i,j=1

|m(ij )|2
)1/2

.

Proposition 3.2. For any natural N , the following holds:

Υ (k) = (2π)2CτB (k) |k|τ−2 + V0 +O(|k|−N), k∈Z2, (3.5)

here Υ (k) is defined by (3.2).

The proof follows from proposition 3.1 and the fact that the matrix function V belongs to C∞0 (T 2).

Corollary 3.3. The following estimate holds:

|Υ (k)| ≤C(1 + |k|2)τ/2, k∈Z2. (3.6)

Proposition 3.4. Let 0 < τ < 2. Then for any u∈C∞(T 2) the following estimate is valid

‖Au‖L2(T 2)≤C‖u‖Lτ2 (T 2). (3.7)

Proof. According to proposition 2.4, the hyper- singular operator (1.7) can be expressed in a regular
form for any function u∈C∞(T 2). From (3.3) and (3.6), we obtain:

|(Au)k|2≤C|uk|2(1 + |k|2)τ .

Therefore, by Parseval’s theorem, we can express it as:

‖Au‖2L2(T 2) = (2π)2
∑
k∈Z2

|(Au)k|2 ≤ C
∑
k∈Z2

|vk|2(1 + |k|2)τ ≤ C‖u‖2Lτ2 (T 2).

�

Corollary 3.5. The hyper-singular operator A : C∞ (T 2) → L2 (T 2) can be extended as continuous
operator A : Lτ2 (T 2)→ L2 (T 2) .
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4. The Solvability Of Differential Equation In Hilbert Space

Now, we analyze the differential equation (1.8) with the initial condition (1.9).
By transitioning to Fourier coefficients, we obtain the following Cauchy problem for the differential

equation:

dθk (t)

dt
+ Υ (k) θk (t) = fk (t) , k∈Z2, t > 0, (4.1)

with initial condition

θk (0) = ϕk. (4.2)

Matrix Υ (k) defined by (3.2).
To determine the solution of the problem (4.1)-(4.2), we introduce a matrix function that depends

on the parameter t:

E (t,Υ) =
∞∑
m=0

(−1)m
tm

m!
Υm. (4.3)

The following estimates are obvious.

Proposition 4.1. Let Υ = Υ(k) > 0. Then for any t ≥ 0 the following estimate holds:

‖E (t,Υ) ‖≤1. (4.4)

Proposition 4.2. For any T > 0 there exists a constant CT > 0 such that the following estimate
holds:

‖E (t,Υ(k)) ‖≤CT , k∈Z2, (4.5)

for 0≤t≤T.

Now, the solution of the problem (4.1)-(4.2) can be expressed as follows:

θk (t) = E (t,Υ (k))ϕk +

∫ t

0

E (t− s,Υ (k)) fk (s) ds. (4.6)

Proposition 4.3. Let ϕ (x) belongs to L2(T 2), and let f (x, t) depends continuously on t ≥ 0 in the
norm of L2(T 2). Then functions (4.6) form a sequence of Fourier coefficients of some function θ(x, t),
which depends continuously on t ≥ 0 in the norm of L2(T 2).

Proof. Using proposition 4.2, we get estimate for functions (4.6)

|θk (t)| ≤ CT |ϕk|+ CT

∫ t

0

|fk (s)| ds, 0 ≤ t ≤ T. (4.7)

By Parseval’s equation, the right-hand side belongs to l2. Therefore, we can conclude that the sequence
θk (t) is an element of l2.

In this case, by the Riesz-Fischer theorem, there exists a function θ(x, t) whose Fourier coefficients
coincide with the sequence θk (t).

Moreover, since the right-hand side of (4.6) depends continuously on t≥0 the functions θk (t) are
also continuous on the half-line t≥0. By Parseval’s equation, it follows that the function θ(x, t) is
continuous on the half-line t≥0 in the norm of L2(T 2). �

5. Proof Of Theorem

We prove that, under condition of the Theorem 1.2 , the function

θ (x, t) =
∑
k∈Z2

θk (t) eikx, (5.1)

where the coefficients θk (t) are given by (4.6), serves as a solution to the Cauchy problem (1.8) - (1.9).
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Proposition 5.1. Let β≥0, ϕ (x)∈Lβ+τ
2 (T 2) , and let f (x, t) depend continuously on t≥0 in the norm

of Lβ2 (T 2). Then function (5.1) is continuous function of t≥0 in the norm of Lβ2 (T 2) and belongs to

Lβ2 (T 2) with respect to the variable x.

Proof. It follows from propositions 4.1 and 4.2 that:

|θk (t) |≤|ϕk|+ C

∫ t

0

|fk (s)| ds.

Further,

|θk (t)| (1 + k2
1 + k2

2)β/2 ≤ |ϕk| (1 + k2
1 + k2

2)β/2 + (1 + k2
1 + k2

2)β/2
∫ t

0

|fk (s)| ds.

According to the given condition, the right-hand side is an element of L2(T 2). Consequently, the

left-hand side also belongs to the same space. This implies that θ∈Lβ2 (T 2).
The continuity with respect to t is established using the same method as demonstrated in the proof

of proposition 4.3. �

Proposition 5.2. Let proposition 5.1 is fulfilled. Then θ(x, t), defined by (5.1), is continuously

differentiable with respect to t on the half-line t≥0 in the norm of Lβ2 (T 2).

Proof. Set

wk (t) =
dθk (t)

dt
.

Then
wk (t) = −Υ (k) θk (t) + fk (t) , k∈Z2, t > 0. (5.2)

Further,

wk (t) (1 + k2
1 + k2

2)β/2 = −Υ (k) θk (t) (1 + k2
1 + k2

2)β/2 + fk (t) (1 + k2
1 + k2

2)β/2.

From (4.7) follows

|wk (t)| (1 + k2
1 + k2

2)
β
2≤C |θk (t)| ·(1 + k2

1 + k2
2)

β+τ
2 + |fk (t)| ·(1 + |k|2)β/2.

By proposition 5.1 and the Parseval equality, the right-hand side is an element of l2. The same holds
for the left-hand side. This implies that the function

w (x, t) =
∑
k∈Z2

θ′k (t) eikx

belongs to Lβ2 (T 2).
It is clear that w (x, t) = θt (x, t). From (5.2) and proposition 5.1 w (x, t) continuously depends on

t≥0. �

5.1. Proof of the Theorem 1.2.

Proof. 1.Existence. We show that the function θ (x, t) , defined by (5.1), is a solution to the Cauchy
problem (1.8)-(1.9). By proposition 4.3, it follows that θ(x, t) satisfies equation (1.8).

Similarly, the initial conditions (1.9) can be derived from relations (4.2). The remaining properties
of the solution follow from propositions 5.1 and 5.2.

2. Uniqueness. Suppose there are two solutions, θ1(x, t) and θ2 (x, t) , to the problem (1.8)- (1.9).
Then the difference v(x, t) = θ1(x, t)− θ2(x, t) is the solution of homogeneous problem

∂v (x, t)

∂t
−Av (x, t) = 0, x∈T 2, t > 0, (5.3)

with initial condition
v (x, 0) = 0, x∈T 2. (5.4)
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From equation (5.3) and the conditions of Theorem 1.2, it follows that the Fourier coefficients of
v(x, t) satisfy the homogeneous equation

dvk (t)

dt
+ Υ (k) vk (t) = 0, k∈Z2, t > 0 (5.5)

with initial conditions

vk (0) = 0. (5.6)

Integrating (5.5) with respect to t and taking into account (5.6) we get

vk (t) = −
∫ t

0

Υ (k) vk (s) ds.

In the obtain Volterra-type integral equation the right-hand side operator is quasinilpotent, which
implies that the equation admits only the trivial solution vk (t)≡0 . Consequently, v(x, t)≡0, and thus
θ1(x, t) = θ2(x, t) .

�
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