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Academician of the Academy of Sciences of Uzbekistan Shavkat
Arifjanovich Alimov on the 80th anniversary of the birth of

Shavkat Arifjanovich Alimov is a well-known scientist, a major specialist in mathematical
physics and functional analysis, who made a great contribution to the spectral theory of differ-
ential operators, the theory of boundary value problems for equations of mathematical physics
and harmonic analysis.

Sh. A. Alimov was born on March 2, 1945 in Nukus, the capital of Karakalpakstan, in the
family of an employee. From 1952 to 1962 he studied at school in Tashkent. After graduating
from Tashkent school No 88 with a gold medal in 1962, he entered the Faculty of Physics of
the Lomonosov Moscow State University, where he graduated in 1968 with a degree in physics.

He graduated with honors from the Institute of Applied Mathematics of the USSR Academy
of Sciences. From 1968 to 1970 he studied in the postgraduate course at the same department
under the scientific supervision of Professor V. A. II'in and in June 1970 at the Academic
Council of the Institute of Applied Mathematics of the USSR Academy of Sciences under the
chairmanship of Academician M. V. Keldysh he defended his PhD thesis on the theory of
functions and functional analysis.

In May 1970, he began his career at the Lomonosov Moscow State University as an assistant
at the newly opened Department of Computational Mathematics and Cybernetics. In May
1970, he started his career at the newly opened Faculty of Computational Mathematics and
Cybernetics at Lomonosov Moscow State University as an assistant, then worked as an associate
professor from 1972 to 1974.



In May 1973, at the age of 28, he defended his doctoral dissertation on the equations of
mathematical physics at the Academic Council of the Faculty of Mathematical Physics of
Moscow State University under the chairmanship of Academician A. N. Tikhonov. In 1973 he
was awarded the highest youth prize of the country for his research on the spectral theory of
equations of mathematical physics. In 1974, at the age of 29, he was elected by competition
to the position of Professor at the Faculty of Computational Mathematics and Cybernetics
of Moscow State University. For ten years - from 1974 to 1984 he worked as a professor of
the Department of General Mathematics of the Faculty of Computational Mathematics and
Cybernetics of MSU. During the same period he was a member of two specialized councils for
the defense of doctoral dissertations: in the specialty 01.01.01 - ”functional analysis and theory
of functions” in the council chaired by A. N. Kolmogorov and in the specialty of 01.01.02 -
" differential equations and mathematical physics” in the council chaired by A. N. Tikhonov.
From 1970 to 1984 together with V. A. II'in directed the Moscow University research seminar
on functional methods of mathematical physics.

In September 1984 he moved to Tashkent State University as a professor, since January 1985
he worked as deputy director of the Institute of Mathematics of the Academy of Sciences of
Uzbekistan.

From 1985 to 1987 worked as Rector of Samarkand State University, from 1987 to 1990 -
Rector of Tashkent State University, from January 1990 to February 1992 - Minister of Higher
and Secondary Specialized Education of the Republic of Uzbekistan. From 1992 to 1994, he
headed the Department of Mathematical Physics of the Faculty of Applied Mathematics at
Tashkent State University.

From 1994 to 1995, he served as Deputy Minister of Foreign Affairs of the Republic of
Uzbekistan. From November 1995 to August 1998, he was Ambassador Extraordinary and
Plenipotentiary of the Republic of Uzbekistan to the People’s Republic of China. From Au-
gust 1998 to January 2003, he worked as Vice-Rector for Research at the University of World
Economy and Diplomacy (Tashkent). From September 2000 to June 2001, he worked as a
Visiting Researcher at the California Institute of Technology (CalTech), USA. After returning
Tashkent until 2012, he worked as a professor at the Department of Mathematical Physics of
the National University of Uzbekistan. At the same time, from the first days of opening the
Tashkent branch of Lomonosov Moscow State University in 2006, he worked as a professor at
the Department of Applied Mathematics of the said branch. From 2012 to 2017, he headed
the Mathematical Modeling Laboratory of the Malaysian Institute of Microelectronic Systems
(MIMOS) in Kuala Lumpur, being at the same time Chief Scientist of this Institute.

From 2017 to 2019, he worked as a professor at the Department of Differential Equations
and Mathematical Physics, National University of Uzbekistan

In the early seventies of the 20th century, Sh.A. Alimov studied the convergence and summa-
bility of spectral expansions associated with elliptic operators of arbitrary order with smooth
coefficients

In the late seventies, Sh. A. Alimov, at the suggestion of A. V. Bitsadze, studied the degen-
erate boundary value problem with sloping derivative for elliptic equations of the second order.
He found, in particular, the exact order of loss of smoothness of the solution depending on the
degree of degeneracy of the vector field defining the boundary conditions. Somewhat later, a
similar result was obtained by the Swedish mathematician Bent Wintzel.

In the early eighties, elliptic equations with singular coefficients were studied by Sh.A. Alimov.
This class of equations includes the Schrdinger equation with a potential having singularities
not only at individual points but also on manifolds that can go to infinity.

At the same time, Sh.A. Alimov studied the spectral properties of nonlocal boundary value
problems in which the boundary conditions relate the values of the desired function at some
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boundary segment to its values at certain interior points of the region. For the first time the
problem of this type was formulated and investigated by A.V. Bitsadze and A.A. Samarskii. The
peculiarity of such problems is that they are non-self-conjugate, and therefore their spectrum
may have a more complicated character than in the classical case. For a number of nonlocal
boundary value problems, Sh.A. Alimov succeeded in proving the existence of a complete set
of eigenfunctions and the basis of the corresponding system.

Since 2005, Sh.A. Alimov has obtained important results in the theory of boundary control
of the heat exchange process. In particular, conditions were found to ensure obtaining a given
temperature in a limited volume for a certain time and an estimate of the minimum time
required for this depending on the power and location of heat or cold sources was given.

At present, Sh.A. Alimov is conducting research on mathematical problems of peridynamics
related to the theory of hypersingular integrals. The methods of spectral theory developed by
him earlier turned out to be an effective tool for studying properties of hypersingular integral
equations of peridynamics, allowing to find conditions of solvability of these equations. Scientific
merits of Sh.A. Alimov were widely recognized. In 1984 he was elected a corresponding member
of the Academy of Sciences of Uzbekistan, in 1991 - academician of the International Academy
of Higher School Sciences, since 2000 Sh.A. Alimov is academician of the Academy of Sciences
of the Republic of Uzbekistan. In 1985, Sh.A. Alimov was awarded the title of laureate of
the State Prize of Uzbekistan named after Biruni for his research in the field of mathematical
physics. In 2019 he was awarded the Order "Mehnat Shukhrati” for achievements in science
and education.

In 2023, Sh.A. Alimov was awarded the sign ”Excellent Worker of Higher Education” for
conscientious work in the field of higher education, selfless labor, giving an example of quality
education to the younger generation, worthy contribution to the development of the system.

In 2024, for many years of conscientious and fruitful work in the sphere of higher education
Sh.A. Alimov was awarded the title "Hero of Labor” of the I degree.

Sh.A. Alimov has more than 150 published scientific and a large number of educational and
methodical works. Among his students are 10 doctors and more than 20 candidates of sciences
working in universities of Uzbekistan, Russia, USA, Finland, Malaysia, universities of other
countries.

Sh.A. Alimov traveled to universities in the USA, Japan, Germany, Hungary, Poland and
other states to conduct scientific research and give lectures. As a head or a member of official
delegations Sh.A. Alimov visited many cities and countries such as Washington (USA), London
(Great Britain), Paris (France), Rome (Italy), Brussels (Belgium), Vienna (Austria), Prague
(Czech Republic), Bratislava (Slovakia), Sofia (Bulgaria), Skopje (Macedonia), Tokyo (Japan),
Cairo (Egypt), Delhi (India), Jakarta (Indonesia) and others.

Sh.A. Alimov meets his eightieth birthday in the prime of creative forces and we heartily
congratulate him on his jubilee and wish him strong health, new successes in scientific and
pedagogical activity, family welfare and long life.

Students and Editorial Board



Professor Ravshan Radjabovich Ashurov on his 70th birthday

Ravshan Radjabovich Ashurov is a prominent scientist-mathematician, a major specialist in
the field of differential equations and harmonic analysis, as well as the author of scientific works
recognized by scientists all over the world in the field of fractional order equations.

R. R. Ashurov was born on March 19, 1955 in Tashkent. In 1972 graduated from school No
90 of Tashkent with a gold medal and entered the Faculty of Applied Mathematics and Me-
chanics of Tashkent State University (Tashkent State University, now Mirzo Ulugbek National
University of Uzbekistan). In 1976, R. Ashurov transferred to the Faculty of Computational
Mathematics and Cybernetics of the Lomonosov Moscow State University (MSU CM&C), where
he graduated in 1978 with a diploma with honors. In the same year he entered the postgrad-
uate program of the Faculty of CM&C of MSU. Under the scientific supervision of Professor
(now Academician) Sh. A. Alimov, he began research on the spectral theory of elliptic differ-
ential operators. In October 1981, at the Academic Council of the Faculty of CM&C of MSU
under the chairmanship of Academician A. N. Tikhonov, he defended his Ph. 01.01.02 - dif-
ferential equations and mathematical physics. In October 1981, he returned to Tashkent State
University and began his career at the Department of Differential Equations of the Faculty of
Mathematics as an assistant, senior lecturer and then as an associate professor.

In 1984, R. R. Ashurov was sent to Great Britain and underwent a one-year internship at
the University of Birmingham under the supervision of the famous mathematician, Professor
V. N. Everitt. During the internship period he prepared and published a number of papers on
the theory of quasi-differential operators.

In 1989, he entered the doctoral program of Tashkent State University and was seconded to
the Faculty of CM&C of Moscow State University. Professor Sh. A. Alimov was his scientific
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adviser in the doctoral program. In December 1992, he defended his doctoral thesis on specialty
01.01.02 - differential equations at the Academic Council of the Faculty of CM&C of MSU under
the chairmanship of Academician A. N. Tikhonov.

Since December 1992, R. R. Ashurov continued his work at the Faculty of Mechanics and
Mathematics of Tashkent State University as Associate Professor, Professor and then Head of
the Department of Mathematical Physics. From 2001 to February 2003 he was Dean of this
faculty.

From September to December 2002, he was an intern at Bowling Green State University in
the United States under an IREX grant. The internship was devoted to studying the issue of
work organization in US universities.

From February 2003 to October 2004, he served as Rector of the Tashkent Regional State
Pedagogical Institute; from 2004 to 2006, he served as Rector of the Mirzo Ulughek National
University of Uzbekistan. From July 2006 to February 2009, he worked as a leading researcher
at the Institute of Mathematics of the Academy of Sciences of Uzbekistan. At the same time,
from 2007 to 2009, he worked as a professor at the Tashkent branch of the Lomonosov Moscow
State University.

In February 2009, he was invited by University Putra Malaysia (Kuala Lumpur) to work as
a Lead Researcher at the Institute of Advanced Technology of that university, where he worked
until February 2012.

From 2012 to 2018, he continued his research activities as a leading researcher at the Institute
of Mathematics at the National University of Uzbekistan (Institute of Mathematics of the
Academy of Sciences of the Republic of Uzbekistan).

In 2018, he was appointed to the position of the head of the laboratory ” Differential Equations
and their Applications” of the Institute of Mathematics of the Academy of Sciences of the
Republic of Uzbekistan, where he still holds the position of the head of this laboratory.

R.R. Ashurov visited China, Iran, Germany and Russia as Rector of the National University
of Uzbekistan. He continues to regularly visit Russia, the United Kingdom, the United States,
Japan, Bulgaria, Germany, Italy, Hong Kong, Malaysia, the United Arab Emirates, Brazil,
Finland, Turkey, China, Belgium and other countries to conduct research and give lectures.

R.R. Ashurov has published more than 150 scientific articles, textbooks and teaching aids
(including more than 100 articles published in prestigious foreign journals). One of them
is the textbook "Mathematical Analysis”, which was twice reprinted, published jointly with
Academician of the Academy of Sciences of Uzbekistan Sh.A. Alimov. Moreover, R.R. Ashurov
is the author of several monographs published in the Republic of Uzbekistan and leading foreign
countries.

R.R. Ashurov is a member of the editorial board of the following scientific journals in math-
ematics: ”Uzbek Mathematical Journal Bulletin of the Institute of Mathematics”, ” Vestnik
KRAUNTS”, ”Fractional Differential Equations Zagreb, Croatia”, ” Computational Mathemat-
ics and Modeling”.

Among R.R. Ashurov’s students are 5 doctors of sciences, 8 candidates of sciences, who work
in Uzbekistan, Malaysia, Canada and the Arab Republic of Egypt. Currently, 5 of his graduate
students are on the verge of defending their PhD dissertation. R.R. Ashurov has also done
significant work to attract young people to science at the National University of Uzbekistan,
where he constantly organizes scientific seminars and discusses scientific papers with graduate
and undergraduate students.

We sincerely congratulate Ravshan Rajabovich on his jubilee, wish him good health, great
success in scientific and pedagogical activities, family happiness and long life.

Students and Editorial Board
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On the solvability of the Cauchy problem in Gevrey classes for the
equation with Weyl fractional derivative
Alimov Sh.

Dedicated to the 70 th birthday of Professor Ravshan Radjabovich Ashurov

Abstract. A new representation of fractional-order Weyl derivatives is given. The Cauchy
problem is studied for partial differential equations containing Weyl derivatives. The conditions
under which this problem has solutions from the Gevrey classes are found.

Keywords: Weyl derivatives of fractional order, Cauchy problem, Gevrey classes

MSC (2020): 35R11, 34A12

1. INTRODUCTION

1.1. Fractional Weyl derivative. Consider the Hilbert space H® of 2r-periodic functions
orthogonal to unity:

HY — {f € Lo|-m,7] : /f(x)dsz},
with the usual inner product
(f.9) = [ fw)g(a)da.

Let the Fourier series of the function f € H® have the form

flx) =

WK

(ag cos kx + by sin kx). (1.1)

B
Il

1

For any a > 0, the symbol H® denotes the Sobolev class of functions f € H° for which the
norm

12 = K (a; +b7)
k=1
is finite.

For any o € R and any function f € H?, where 3 = max{a, 0}, we define the Weyl fractional
differentiation operator 0% by the equality

0“f(z) = iko‘ [ak cos (k:x + ?) + by sin (kx + %)} (1.2)

(see [19], and also [14], Chapter. 4, §19).
Note that for any m € N, the equality holds

o"f(x) = f(a),

understood in the sense of Ly[—, 7] metrics.
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1.2. The Cauchy problem. Let 0 < o < 2. Consider equation
uy(x,t) + 0%u(z,t) = 0, —nwm<z<m t>0, (1.3)

with initial conditions
u(z,0) = f(z), uz,0)=0. (1.4)

For 0 < a < 1, equation is related to the inverse problem for the subdiffusion equation,
which, according to the authors of numerous works (see, for example, [9, 12, 10, 3]), more
adequately describes various evolutionary processes, including the type of pandemic.

Note that for a = 2, problem — is a Cauchy problem for the Laplace equation.
Although according to the famous example of J. Hadamard (see [5], [7]), this problem is ill-
posed, nevertheless it finds wide application in solving important applied problems (see [15]).

Let T > 0. For any m € N and « € R, we define the space of C™(H®,T') functions

u: H* x (0,7) — R,

such that u(z,t) has derivatives with respect to ¢ of the order of m inside the interval (0,7,
continuous according to the norm of the space H®.

As a solution to the Cauchy problem — on the interval (0,7), we call the function
u(z,t) from the class C*(H*,T) satisfying equation and the initial conditions in the

following sense:

iy [ fu(z.t) ~ f(a) do = 0, (15)
and -
, ou(x,t)|? B
15%/ By dex = 0. (1.6)

The purpose of this paper is to find out the class whose membership of the initial function
f(x) ensures the existence of a solution to the Cauchy problem ([1.3))-(|1.4)).

1.3. Gevrey classes.

Definition 1.1. Let ¢ > 1 and p > 1. We say that the function f € C*°[—m, 7| belongs to
the class Gevrey G7[—m, 7] if there exists a constant M = M(f) such that for any o > 0 the
estimate

10% flloyj—mm) < M*[T(a+1))7 (1.7)
is valid.

On the right side of is the Euler gamma function.

If we limit ourselves to the requirement of performing estimate for all @ € N only, then
the corresponding class will coincide with the Gevrey class J7[—m, 7], which was considered
in [16], 17, 18] (see also [8], Chapter VI, §4, and [6], Chapter 8, Sec. 8.4.) It is clear that
Go[—m, 7] C JJ -7, 7).

In this paper, we obtain the following result on the solvability in the Gevrey classes G§|—, 7]
of the Cauchy problem — on the half-line ¢t > 0.

Theorem 1.2. Let oaw < 2. Then for any function f € G§[—mn,w|, a solution to the Cauchy
problem (1.3))-(1.4) ezists on the half-line t > 0 and is unique.

The next result relates to the critical case when the Gevrey class exponent o and the order
a of the fractional differentiation operator are related by the equality ca = 2. In this case, it
is possible to prove only local solvability.
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Theorem 1.3. Let oav = 2. Let the function f belong to the class Gevrey G§|—m,n]. Then the
solution of the Cauchy problem (1.3|)-(1.4)) exists on the interval 0 <t < T(«), where

2M—a/2
 S1In 4

Note that in the case of & = 2, when T'(«) = 1/M, a similar result for analytical functions
was obtained in [2]. This paper also shows that the found interval for the existence of a solution
cannot be increased.

2. ELEMENTARY PROPERTIES OF THE WEYL DERIVATIVE

We introduce a two-dimensional vector of the trigonometric system
cos kx
Ti(z) = < sin kx )

The vector of the Fourier coefficients of the function (|1.1]) is

Je = %_/ﬂf(x)Tk(fl?)dx — (Z: )

The decomposition of the function f € H into a Fourier series can be written as follows:
f@) = > fiT().
k=1
The Parseval equality takes the form
AP = > 1fl® (2.1)
k=1

In what follows, the main role is played by (2x2)-matrix of clockwise rotation by the angle
Ta/2:
cos 5+ sin T

P T To
S1n D) COS 2

I = ’ (2.2)

Let’s introduce the ”imaginary” component of this matrix:

RN

-1 0

Note that the matrix J is related to the Pauli matrix o, by the relation J = io, (see, for
example, [I1], Ch. 8, §55, formula (55.7)). The matrix (2.2)) can be written as follows:

JY = COS%] + sin?J, (2.3)

where I is the identity matrix. In particular, J!' = J, and J? = —1.
Using the matrix J¢, the fractional Weyl derivative of the order of « can be written as follows:

0°f(x) = > k(I fi)Ti(x). (2.4)
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The coincidence of the right-hand sides of formulas and is checked by direct
calculation.

Indeed, by opening the parentheses in definition and grouping the coefficients for cos kx
and sin kx, we get

0%f(x) = gka [(ak cos % + by, sin ?) cos kx + (bk COS % — ag sin %) sin k'x] )

Taking into account the definition of the matrix , from here we obtain the required
equality . Thus, equality can be considered as an equivalent definition of the Weyl
derivative of fractional order .

For an arbitrary number sequence {cy}, we define the operator

Bf<x> = ch . (Jafk)Tk(.T)
k=1
with a natural domain of definition
D(B) = {feH" : Z|Ck\2|Jafk\2 < 400}
k=1

Below we will need the following simple statement.

Proposition 2.1. Equality
IBFIP = 7> lel| il
k=1

holds for any function f € D(B).

The validity of this equality follows directly from the fact that the matrix J¢ is orthogonal.
It follows from proposition 1 and from (2.4 that for any function f € H® the equality

10°FI1> = 7Y k| fil® (2.5)
k=1

holds.

3. FOURIER COEFFICIENTS OF FUNCTIONS FROM THE GEVREY CLASSES

Let 0 < p < 1. Consider the function
O, (t) = tV/r e >0, (3.1)

Lemma 3.1. Let p > 0, 8 >0, and o > 1. If fo < 1, then for any 6 > (5/2)&7 and for an
arbitrary function f € G§|—m, 7| the estimate

S fRer < Co®y s (0uMP(F)) (3.2)
k=1

is valid, where M = M(f) is a constant included in the definition (1.7).
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Proof. Decomposing the exponent into a power series and taking into account equality (12.5)),

we obtain ,
00 00 e np.pn oo n 00 .
Do fiet = SN = L R =

n=0

_ - %8 nB/2 £(2
> po o

n=0
Then, according to ([1.7)), for f € G§[—m, 7] we get

g2t < S (g2 + ) 3.3
k=1 n=0
Next, applying Stirling’s formula (see [20], §12.33), for each term B, of the series (3.3)), we

obtain .
5 _ WML P M e [ i (@)nm]

Fn+1) 2mn nn 2e

Here and everywhere below, the notation B,, ~ A, means that equality

B, = An(1+@)

n
holds.
Therefore,
pre MO (5)"&7 (Bo—1)
B, ~ m™mfB)° | — o A
ho (mnB)” { 5
Thus,
o—1/2 Bo ™
B, =~ Ci—q5n |peM” (—) : (3.4)
where .
o _ (@)

Note that for p € R

Hence,
1-Bo)n
n=pfon _ ~ L i-=Fo (3_5)

n
(v 27m)1—ﬂ"( )
Substituting estimate (3.5)) into (3.4)), we obtain the following important asymptotic equality:

1—Bo o(l1— Bo 1™
B ~ Cl(\/%) Bo . po(1-58/2) [uMﬁ (ﬁ) ] | (36)

(nl)t=Pe 2

Note that for any p > 1 the inequality holds

n=0/2) < const, n €N,
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where the constant does not depend on n.
Applying this inequality to the right-hand side of (3.6)), we obtain the following estimate:

c AN
< e et (5) |

Bo
Set 0 =p (g) . Then from (3.3) we get

Z femt’ < C’Z HMM . (3.7)

Consider for 0 < p <1 the function

n

Fyz) = Y (;!)p, z€C.

n=0

For this function, the following estimate is valid on a real half-line (see [1]):
12 1/p
Fy(z) < =WVt e 5>, (3.8)
p?

Set p=1— 0 and z = OuM? . Substituting these values in (3.§)), from (3.7) and (3.1]) we
obtain the required estimate ((3.2)). O
Corollary 3.2. Under the conditions of Lemmal[2.1], for any s > 0 and any 6 > 0, the estimate
15 valid -

SRS < Cols,6)1so (6 + )M (£).
k=1

Proof. Indeed, for any s > 0 and any 0 > 0, the inequality holds
ke ™ < const, k€N, (3.9)

where the constant does not depend on k.
Therefore, according to (3.2)),

stflfé’”kﬁ _ Z kse—ékﬁfge(u-‘ré)kﬁ < CZ f}?e(;ﬁ-d)kﬁ <
k=1 k=1 k=1
< C®1_go (O + 6)MP(f)).
[l

Set
2

M3 = GapE
Lemma 3.3. Let p > 0, 8 > 0, and ¢ > 1. If Bo = 1 then for any function f € H? if
condition

(3.10)

Ho< Hp
1s fulfilled, the following estimate

ZfQ P (1 - ﬁ>_0_1/2 (3.11)

=1 Hs

18 valid.
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Proof. Note that inequality (3.3) is also valid for 3¢ = 1. In this case, we can use the relation
(3.4), according to which

B ~ C.po-1/2 puM’® "
n — 1 9 .
Denoting ¢ = QZ%B, from (3.3)) we obtain
Zoo 2 _uk? ZOO o—1/2 n C
k=1 feer = n=1 ! 7= (1 —q)o+t/2 (3.12)

Since

M’B o+1/2
1 — o+1/2 — 1 — BIM
(1—q) 5 :

then from (3.10) and (3.12]) follows the required estimate (3.11]).
U

Corollary 3.4. Let p* be an arbitrary number from the interval 0 < p* < pg, where pg is
defined by equality (3.10). Then, under the conditions of Lemma 2, for any s > 0, the estimate

o0
stf,fe“kﬂ < const
k=1

is valid uniformly over the interval 0 < p < p*.
Proof. Indeed, set 6 = (ug — p*)/2. Then
p+o6 < pt4+6 = pg—o0.
In this case, using estimates and , we obtain

DR SR < O R < O frel I <
k=1 k=1 k=1

_5 —o—1/2
< C (1 _He ) = const.
2]

4. SOLVABILITY OF THE CAUCHY PROBLEM

4.1. Auxiliary identities. For any vector v € R? we put |[v| = \/v? + v3 and introduce the
norm of the (2 x 2)—matrix A by equality

[A]l = sup |Av].

|v[=1

Let the function F'(z) be analytic in a disk of radius R > 0. For any matrix A with norm
|A]| < R, we define the matrix function

> [(m)
F(A) = ZF m!(())Am

m=0

(see. [], volume. V, §4).
Note that for any two vectors u € R? and v € R?, the equality holds:

%(F(tA)u,v) — (F'(tA)Au,v), ||tAl| < R.
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Proposition 4.1. If the function F(z) is even and the function G(z) is odd, then for any u
from the disk of convergence of these functions the following equalities hold:

F(uJ)=F@Gp), G(uJ)=—iG(ip)d.

Proof. Since J? = —1I, then

00 7(2K) ©  [(2k)
Flud) = ,;OF (%)(!O)M%J% _ ;}—F (%)(!O)u%(—l)k _

Further,

00 ~(2k+1) > ((2k+1)
G(,UJ) _ G (O) 2k+lj2k+1 — ZG (O) 2k+1(_1)kj _

(2k + 1)! (2k + 1)!

k=0 k=0

= GERD(0)

S OO s = iy SO s = i
— (2k + 1)! = (2k+1)!
U
Corollary 4.2. For any a € R and b € R, the equalities hold
cos(al +bJ) = (cosacoshb)] — (sinasinhbd)J, (4.1)
sin(al +bJ) = (sinacoshb)l + (cosasinhb)dJ. (4.2)
Proof. Indeed, according to the above,
cos(al +bJ) = cosal cosbJ — sinalsinbJ =
= (cosacosib)] — (—isinasinib)J = (cosacoshb)] — (sinasinhb)J.
The validity of equality is checked in the same way.
sin(al +bJ) = sinalcosbJ + cosalsinb =
= (sinacoshb)I 4 cosa(—isinib).J = (sinacoshb)l + (cosasinhb).J.
(]

4.2. Proof of Theorem [1.2] The proof of Theorems and is based on the Fourier
method, the application of which shows that if a solution to the Cauchy problem (|1.3])-(1.4])
exists, then its decomposition into a Fourier series should have the form

u(z,t) = [cos(tk®/2 J%) fiu| Ti(x). (4.3)

NE

i

1

In this section, we show that, if the conditions of Theorem are fulfilled, function (4.3) is
indeed a solution to the Cauchy problem ((1.3)-(1.4)) on a half-line ¢ > 0.
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According to (2.3)), equality is valid
cos(tk®/2J/?) = cos [tk“/Q (cos %] + sin %Jﬂ :

In order to shorten the entries, we will use the following notation throughout to the end of
this paragraph:

6:%, a = COS%, b = sin%. (4.4)
Then, according to ,

cos(tk” J?) = cos (tk"a) cosh (tk"b) I — sin (tk”a) sinh (tk"b) J. (4.5)

Set .
up(z,t) = Z cos (tk”a) cosh (tk°b) fi Ty (), (4.6)

k=1
us(x,t) = i sin (tk”a) sinh (tk7b) (J fi) Tx (). (4.7)

k=1

Then the function (4.3]) can be written as follows:
u(z,t) = wy(z,t) — ug(z,t). (4.8)

Lemma 4.3. Let f € Gf|—m, 7|, where 0 < 2/a. Then the function (4.6)) for every t > 0
belongs to Lo|—m, | and the equality holds

%ii%/ml(x,t) — @) de = 0. (4.9)
Proof. According to ,
flx) —uy(z,t) = i [1 — cos(kta) cosh(k"tb)] fiTy(z)
k=1

Taking into account the Parseval equality ([2.1]), we get:
/ (o, 1) — F(@)? dv = 73 [1 — cos(k®ta) cosh(k*15)]? | fu 2. (4.10)
n k=1

We fix an arbitrary 7" > 0. For any ¢ from the interval 0 < ¢t < T and for all k¥ € N, the
estimate ) ;
[1 — cos(k’ta) cosh(k°tb)]” < 4cosh®(kPth) < 47
is valid.
According to Lemma 1, the number series

- B
Z e?k Tb’fk‘Q
k=1

converges for any T' > (0. Therefore, according to Weierstrass’s uniform convergence theorem
(see [13], Chapter 7, Th. 7.10), the series on the right side of converges uniformly on the
interval 0 < ¢t < T and is a continuous function. Since at t = 0 the sum of this series is zero,
the required equality holds.

O
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Lemma 4.4. Let f € G§|—n, x|, where 0 < 2/a. Then the function (4.7))) for every t > 0
belongs to Ly|—m, 7| and the equality holds

hm/|u2xt dx = 0.

Proof. is quite similar to the proof of Lemma 2.3 To do this, we should apply Proposition 1

to decomposition (4.7))):
/|uQ($,1€)|2 de = WZ [sin(kta) sinh(lfﬁtb)]2 | fel?,
k=1

then use the estimate

[sin(k?ta) sinh (K*h)]* < sinh?(k°th) < ™7,

Corollary 4.5. The function (4.3) satisfies the condition (|1.5)).
The validity of this statement follows from Lemmas and and equality (4.8)).

Lemma 4.6. Let f € G§[—m, 7|, where 0 < 2/ca. Then the function (4.3)) has a derivative with
respect to t, which for every t > 0 belongs to Lq|—m, 71| and satisfies the condition (|1.6)).

Proof. First, we show that the formally differentiated series (4.3) converges in the norm
Lo[—m, | uniformly over ¢ on any interval 0 < ¢ < T.
We have,

u(z,t) = — Z kP [sin(tk” J%)JP fi] T (). (4.11)
k=1
According to (2.3)), (4.2) and (4.4]),
sin(tk” J%) = sin [tk” (al +bJ)] =

= sin(tk®a) - cosh(tk®b)I + cos(tk”a) - sinh(tk°b).J.

Set
Z kP sin(k°ta) - cosh(k°tb)(J° fi)Ti (), (4.12)
k=1
ve(w,t) = — Z k? cos(kPta) - sinh(kPtb) (AT )T (2).
k=1

Then the derivative (4.11]) of the function (4.3]) can be written as follows:
Ut(flf, t) - Ul(xa t) + Ug(l’, t)
According to Parseval’s equality (see Proposition ,

/|vl )} de = WZ/{}% sin(kta) - cosh(k°th))?| fi|*. (4.13)

k=1
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Next, let’s use the estimate
[sin(k’ta) - cosh(k°th)]> < €.

From this estimate and the corollary of Lemma [2.1] it follows that the convergence of the

series (4.12]) is uniform over ¢ on any interval 0 < ¢ < T. Consequently, the integral (4.13)
tends to zero at t — 0.

Let’s move on to estimate the integral
/ (e, )P dz = 3 K2 [cos(kta) - sinh(kPtB)]2] fy 2
S k=1

To do this, we note that the following inequality holds:

1
[cos(kPta) - sinh(KPth)]? < - 2 th

Y

=~

the application of which completes the proof of the lemma.
O

Lemma 4.7. Let f € G§[—m, 7], where 0 < 2/a. Then the function (4.3)) is the solution of
the Cauchy problem (1.3))-(1.4)).

Proof. 1) Formally differentiating the series (4.3)) twice by ¢, we obtain

u(x,t) = — i k> [cos(tk” J7)J? f,] Th(z). (4.14)

k=1

Let’s apply the operator 0% to the series (4.3)), considering that o = 23. As a result, we get

O*Pu(z,t) = i k20 J% [cos(tk” J7) fi.] Ti(). (4.15)

k=1

According to the Corollary of Lemma both series (4.14]) and converge in the
metric Lo[—m, 7] uniformly over ¢ on any interval of the positive half-line. In this case, it follows
from the equality of these two series that function satisfies equation .

2) According to the Corollary of Lemma [2.4] function satisfies condition (L.5).

3) According to Lemma [2.5] function (4.3)) satisfies condition (L.G).

Thus, it is proved that function (4.3]) is a solution to the Cauchy problem —.

U

Lemma 2.6 completes the proof of Theorem [1.2]

It follows from the Corollary of Lemma[2.3|that, if the conditions of Theorem [I.2]are fulfilled,
the solution (4.3)) of the Cauchy problem is an infinitely differentiable function with respect to
2 and ¢ in the domain

[-m, 7] xRy = {(z,t) eR® : —r <z <7, t>0}
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4.3. Proof of the Theorem Assume that oo = 2. We show that in this case, function
is a solution to the Cauchy problem (L.3)-(1.4) in the interval 0 < ¢ < T'(a), where T'(c)
is determined by equality . To do this, it suffices to prove that series and all the
series obtained from it by formal differentiation converge in Ly[—m, 7] uniformly over ¢ in any
interval 0 <t < T, where T' < T'(«).

The proof follows the same pattern as the proof of Lemmas[2.3}2.5 Let us show, for example,
how the convergence of the series can be estimated.

Using equality , we represent this series as

u(z,t) = wi(x,t) — wy(x,t),

where

wy(x,t) = i k* cos (tkPa) cosh (tk”b) (J* f,)Ti(x),
k=1

wy(z,t) = i k* sin (tka) sinh (¢£°b) (J?° 1 fi) Ty ().

k=1

Next, we apply Proposition [2.1] according to which the following equalities are fulfilled

w1 (- 8)|]> = Wi k* [cos (tk”a) cosh (tkﬁb)]2 | fel?, (4.16)
k=1

|wa (-, 1) ||* = ’/Tio:k4ﬂ [sin (tk”a) sinh (tkﬂb)}2 | fel. (4.17)
k=1

To prove the uniform convergence of the series (4.16]), we use the estimate
[cos (tkﬁa) cosh (tkzﬁb)}2 < 2k’

It follows from this estimate that for 0 < ¢ < T, the series (4.16) is majorized by a number

series
oo

SRR £ 2, (4.18)

k=1

As a consequence of Lemma the series (4.18)) converges at 20T < [3,2—5, Le. at T < T(«).
In this case, due to the Weierstrass theorem, the series (4.16|) converges uniformly along ¢ from
the interval 0 < ¢ <T.

Similarly, the uniform convergence of the series (4.17)) is proved, and the following estimate
should be used:

[sin (tkﬁa) sinh (tkﬁb)] 2 < }L 2tk

From the uniform convergence on the interval 0 < ¢ < T of the series (4.3) and all the series
obtained from this series by direct differentiation, it follows that the function (4.3)) satisfies

equation (|1.3), as well as the initial conditions (|1.4)).
Thus, Theorem [I.3]is proved.
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Abstract.Solutions of many geometry problems in the whole are related to solutions of
differential equations. A.D. Alexandrov’s problem of recovering a surface from a given extrinsic
curvature function leads to the solution of the Dirichlet problem for the Monge-Ampere equation
in a convex domain. The paper presents a method for generalizing the problem of recovering a
convex surface from extrinsic curvature in non-Euclidean spaces. For this purpose, a cylindrical
mapping is defined, which is a generalization of the spherical mapping, and a method is given for
determining the extrinsic curvature of a convex surface in non-Euclidean spaces. Formulas for
the extrinsic curvature of convex surfaces in some specific non-Euclidean spaces are calculated.
It has been proven that in non-Euclidean spaces it is possible to generalize the problem of A.D.
Alexandrov, which makes it possible to prove the existence of a solution to the Monge-Ampere
equation in non-convex and non-simply connected domains with different boundary conditions.
The problem of A.D. Alexandrov will lead to the solution of the Monge-Ampere equation, which
is a special case of solutions to the equation proved by I.Ya. Bakelman.
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1. INTRODUCTION

The study of intrinsic geometry was begun at the beginning of the 19th century by the great
mathematician of this century, Gauss. He defined the concept of the extrinsic curvature of a
convex surface as the area of its spherical mapping. One of Gauss’s remarkable theorems is
the equality of the intrinsic and extrinsic curvature of regular surfaces. In the 20th century,
A.D. Alexandrov generalized the concept of spherical mapping for convex polyhedron and
introduced the concept of extrinsic curvature of convex polyhedron as the area of its spherical
mapping [I]. A.D. Alexandrov was the first to pose and solve the problem of the existence of
a convex polyhedron with given values of extrinsic curvature at the vertices. Let us formulate
this problem:

Let a convex polygon I' bounding domain D be given on the plane. Points Ay, A, ..., A, are
marked inside the domain D. A closed polyline L is given in space, which uniquely projects onto
the polygon I'. Consider the class W of convex polyhedra with a boundary L that uniquely
projects into the domain D and vertices A; that project onto points A; and have no other
vertices.

The problem, that is, A.D. Alexandrov’s problem on the existence of a convex polyhedron
with given values of extrinsic curvature, is as follows:

If numbers wy,ws, ...,w, are given, does there exist a convex polyhedron F' € W with extrinsic
curvature at the vertices of this polyhedron equal to the given numbers.

This problem was solved by A.D. Alexandrov himself and a positive answer was given [2].
A.V. Pogorelov also solved this problem in Euclidean space with another method, which was
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called Pogorelov’s extreme method [I3]. In Lobachevsky space this problem was solved by
A.L. Verner [I6]. The work of A. Artykbaev was devoted to solving this problem in other
three-dimensional non-Euclidean spaces [3]. There are 27 three-dimensional spaces, according
to the Cayley-Klein theory, but this problem is mainly solved in eight of these spaces. Also in
[4] a general method is given for constructing an analogue of a spherical mapping in all spaces
with projective metrics, that is, a method for determining the extrinsic curvature of convex
surfaces.In addition, the possibility of formulating and solving the generalized problem of A.D.
Alexandrov for non-convex and non-simply connected domains is indicated.

2. PRELIMINARIES

For regular surfaces, A.D. Alexandrov’s problem is formulated as follows [8] [9]:
Let a convex domain D with boundary 0D be given on the plane. A closed curve L is given
in space and uniquely projects onto the boundary 9D of the domain D. Consider the Borel
set M C D and u(M) is a positively completely additive function defined on the Borel sets
M C D.

Problem:Under what conditions to the function (M), there is a convex surface, the ex-
trinsic curvature of the domain M’ projected onto M is equal to the value of pu(M), that is,

wr(M') = u(M).

2.1. How is A.D. Alexandrov’s problem associated with the Monge-Ampere equa-
tion. Let F' be a regular convex surface with boundary L, which is uniquely projected into
the domain D. The concept of extrinsic curvature of a convex surface transferred to a plane is
introduced.If the surface is given by the equation:

z=z(x,y), (x,y) € D (2.1)
then each tangent plane given by the equation:
z — 20 = 2:(20, Yo) (T — o) + 24(Z0, Y0) (Y — Yo) (2.2)
is associated with a point on the unit sphere S5 with coordinates:

2y 2y 1

{ ) T }
\/1+Z§+z§ \/1+z§+z§ ,/1+z§+z§

This point on the sphere Ss is called the spherical image of the point (xg,yo) € D relative to
the surface F.If we consider the set M C D, then the spherical image of the points (z,y) € M
forms a certain set M* C S5. The area of the set M* C S, is called the extrinsic curvature of
the set M relative to the surface F' and is denoted by wgr(M) = S(M*) [0].

If the surface F' is given by equation , then the area of its spherical image is calculated

by the following formula:
Frafyy — z
sdzd 24
/ / (14 22+ z2 Y (24)

But the extrinsic curvature of the surface F' transferred to the plane is defined as a function of

the set [, [@]:
= // p(z,y)drdy (2.5)

Equating expressions ([2.4) and ({2.5) we obtain:

2 2 2
Rrxlyy — Fpy = (1 +2; + Zy)

(2.3)

2p(x,y) (2.6)
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(2.6) is called the Monge-Ampere equation. If ¢(z,y) > 0, then (2.6) is elliptic [14].Equality
(2.4), (2.5) and (2.6 show that finding a convex surface F' with a given extrinsic curvature is
equivalent to solve the Dirichlet problem for the elliptic Monge-Ampere equation [5], [12].

2.2. Extrinsic curvature of convex surfaces of non-Euclidean space. In [3], A. Artyk-
baev generalized the concept of a spherical mapping of convex surfaces for all non-Euclidean
spaces with projective metrics and called it a cylindrical mapping. The area of the cylindrical
mapping is analogous to Euclidean space and is called the extrinsic curvature of the convex
surface of this non-Euclidean space. In a special case, the matching principle constructed in
the work [3] for Galilean space can be given in the following diagram (Fig.1): A scheme of map-

=
k3
=,

uh

One-to-one projection of the dual surface for

™ N
-+

surfaces without singular support planes
S31 - gl
H H
! I
| |
! I
! I
! I
| I
l [
The dual ; The cylindrical
mapping Ry mapping
FIGURE 1.

pings leading to the concept of a cylindrical mapping of a convex surface ® in a Galilean space
RL. The dotted lines denote inclusion maps of the spheres Si? (co-Galilean space) and S;(the
co-Euclidean plane) respectively into R23 (semi-Euclidean space) and R2 (isotropic space). The
arrows denote maps of ® . But it should be noted that this scheme for a specific non-Euclidean
space has an individual character. Therefore, in each case it is necessary to construct a cor-
responding mapping. In this regard, for specific non-Euclidean spaces, extrinsic curvature has
been defined by various authors. But the principle of calculation differs little from each other.
The extrinsic curvature of convex surfaces transferred to a plane in Galilean space is given in
[3]. The form of the formula for extrinsic curvature in Galilean space significantly depends
on the geometry of the plane onto which the convex surface is projected. If a surface ® of
a Galilean space Ri{z,y,z} is projected onto the plane Oxy, the extrinsic curvature of the
surface @ : z = z(z, y) transferred to the plane is calculated by the formula:

// e g, (2.7)
(1+22)>
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If a surface ¥ : x = z(y, z) is projected onto a singular plane Oyz, the extrinsic curvature is

calculated by the formula:
// Toyter yz ————dydz (2.8)
112'2 + 1.2

In the work [I1], for an isotropic space, when the surface is given by the equation ({2.1)), the
extrinsic curvature of the surface is calculated by the formula:

// Contuy xyda:dy (2.9)
(22 +22)>

It is easy to notice that formulas . do not differ fundamentally.

It was also proven in [I1] that the problem of the existence of a surface by extrinsic curvature
in an isotropic space is equivalent to the problem of recovering a surface by the total curvature.
We present a method for calculating extrinsic curvature in the example of a semi-hyperbolic
space °S2. which is implemented on the sphere of a semi-pseudo-Euclidean space R3. If
Ox 913 is the coordinate system of the space 'R3, then the sphere of this space is [10]:

052 — ({0, m9.23) € VRS s —a? 402 a2 = 1) (2.10)
If we use an analogue of A.V. Pogorelov’s mapping,
X + 60(60, X)
X =—-—"-7— (2.11)
| (€0, X))

then the space 157 is interpreted inside the sphere of the isotropic space R3 [7]. The sphere of
isotropic space R3{z,vy, 2} has the equation 2% + y? = 1, that is, it is affinely a cylinder whose
guide is parallel to the Oz axis. Then the points of space are:

OS3H{(z,y,2) € Ry 1 2” +y* < 1} (2.12)

Moreover, on the plane z = 0, inside the circle z2+y? = 1, the Lobachevsky plane is interpreted,
which is the plane of space °S3. If the surface ' C '°S7 is given by the equation z =
z(z,y), 1?4+ y* <1, then the extrinsic curvature of the surface transferred to the Oxy plane is

calculated by the formula:

Zya? z;

// W y (1—22—2 ) dxdy (2.13)
(22 + z2

3. MAIN PART

The study of works associated with the extrinsic curvature of a surface, where the extrinsic
curvature of a surface transferred to a plane was calculated, showed the following pattern.
From this, for non-Euclidean space, the formula for the extrinsic curvature of a convex surface
transferred to a plane includes the Monge-Ampere operator and some function depending on
through the derivatives z, and z, [3, 9, [I1]. Based on this reasoning, we formulate the following
theorem:

Theorem 3.1. The solution to A.D. Alexandrov’s problem using the surface theory of non-
Fuclidean spaces is a particular solution to the Dirichlet problem of the Monge-Ampere equation

for
Zaatyy = 2y = Rlza, 2 )0(@, y) (3.1)
elliptic type, where, o(x,y) > 0.
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Proof. We consider formulas for calculating extrinsic curvature in three-dimensional non-
Euclidean spaces. In this case, we present the formula expression R(p,q) = R(2,,z,) in the
spaces under consideration. In particular for Galilean and isotropic space:

3
2

R(zp,2,) = (L+22)7, R(z,2,) = (22 +22)3
For Minkowski space:
R(zg, 2)) = (1 — 22 — ZZ)%

For Lobachevsky space:

J— Y
R(Zxa Zy) (1—132—y2)2
For semihyperbolic space 1°52:
_ (38
R(Z:L“a Zy) (17%7%)%

It should be noted that in elliptic and semi-elliptic spaces the extrinsic curvature does not
have the property of monotonicity; for this reason, A.D. Alexandrov’s problem has no solution
[15]. O

3.1. Applying of the surface theory of non-Euclidean spaces to the solution of A.D.
Alexandrov’s problem. Solving the problem of recovering convex surfaces from a given ex-
trinsic curvature in non-Euclidean spaces, from the point of view of solving the Monge-Ampere
equation of elliptic type, did not lead to new results. Since from the point of view of equations
it is a special case of the known results [8, [9]. Let us recall that A.D. Alexandrov’s problem is
considered only on a convex domain of the plane or in the whole plane. When considering a
problem in the whole plane, a limit cone is specified, to which the surfaces under consideration
tend. I.Ya. Bakelman, using the solution to the problem of recovering a convex surface from
a given extrinsic curvature, proved the existence and uniqueness of the Dirichlet problem only
for convex domain on the plane.

But thanks to the singularities of the geometry of non-Euclidean spaces, it is possible to
generalize A.D. Alexandrov’s problem to non-Euclidean spaces. Firstly, it is possible to gen-
eralize A.D. Alexandrov’s problem for non-convex and non-simply connected domains. This
possibility was proven in [3], when A.D. Alexandrov’s problem was solved in Galilean space.
In addition, changing the geometry of the domain of definition of the problem will lead to a
change in the boundary condition required for the Dirichlet problem.For example, in Galilean
space this problem was posed and solved in the following formulation:

Let a closed convex curve Ly and a convex curve L; lying strictly inside Ly be given on the
plane. We denote by K the domain enclosed between L; and L,. Next, inside the domain K,
a function of Borel sets u(M) M C K is given and L a spatial closed curve uniquely projected
on the curve Ly is given in the half-space z > 0, by the equation f(t), ¢t € Ls.

Theorem 3.2. If u(M)— is a non-negative completely additive function of the set M C K s
bounded for all M C K for which M C K, then there exists a solution to the boundary value
problem with boundary conditions:

Z|t€L1 - 07 Z|t€L2 - f(t)

in the ring-shaped domain K.
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The proof of the theorem is based on methods developed by A.D. Alexandrov. First, the

problem is formulated so that it makes sense in the class of polyhedra. After this, in a general-
ized sense, it is solved in the class of convex polyhedra.The solution to the problem for convex
surfaces is obtained by passing to the limit from polyhedra [, 2]. The entire procedure for
proving the theorem is based on the method of I.Ya. Bakelman developed for Euclidean space
[9]. In addition to the fact that the convexity condition is removed from the domain of the
Monge-Ampere solution under consideration. There are also no requirements for the function
R(z4, z,) to be a summable function. In many cases, solving this problem in non-Euclidean
spaces does not necessarily fulfill this condition.
Finally, it can be stated that the applying of the theory of surfaces of non-Euclidean spaces to
the solution of the problem of the existence of a convex surface with a given extrinsic curvature
will lead to new solutions of the Monge-Ampere equation with different boundary conditions
not only for a convex but also for a non-convex, non-simply connected domains.
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1. INTRODUCTION

Consider the fractional subdiffusion equation in the domain (0, 1) x (0,77,

Ogyu(,t) — gy (2, t) = f(2,1), (1.1)

with the non-local condition
u(z,0) = g(z,u(z,T)), z€]|0,1], (1.2)

and the boundary conditions
u(0,t) =u(l,t) =0, tel0,T], (1.3)

where 0, is the Caputo fractional derivative of order 0 < o < 1 in the time variable, f(z,t),
g(x,w) are given functions.
Definition 1.1. A function u(t) € C([0,1] x [0,7]) with the properties Ofu(z,t), uz.(x,t) €
C((0,1)x(0,T]) and satisfying conditions ([1.1))—(1.3)) is called a regular solution of the non-local
problem ([1.1)—(1.3]).

We first state the main results related to the problem (1.1])—(1.3)), with detailed proofs pro-
vided in the subsequent sections.

Theorem 1.2. Let f(x,t) € C([0,1]x[0,T]), g(z,w) be continuous functions of their arguments
(x,w) € [0,1] x R, satisfying the following Lipschitz condition

1
r,w)| < Llw|, 0<L<-—m—m. 1.4
()] < Liul T (1.4)
Then the solution of (1.1))—(1.3) satisfies the following a priori estimate
L*E, o (T*)

T
———F,(t" Eoo(tY)] — <),
T Lo o7y Bat) F Eaalt)]| a1 0)]

where |Ju(-,t)]|* = 01 u?(z,t)dx and E, (), Eo-(+) are the Mittag-Leffler functions.

lu( O] <
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Theorem 1.3. Let the following conditions hold:
1. f(z,t) € C([0,1] x [0,T7]);
9 [ <0-8) .
r(s)r—2
3. condition (1.4) holds for the function g(x,w).
Then the problem 1) has a unique solution.

Many scientists have studied various non-local conditional problems for subdiffusion equa-
tions.

If g = ¢ (x), then such initial-boundary value problems have been studied in papers such as
[2] and [9].

It should be noted that various problems have been considered even when the function g is
linear, as can be seen in [3], [4], and [10].

The subdiffusion equation with the condition

u(€) =6u(0)+¢, 0<E<T, 6&=const

(instead of condition ((1.2])) is studied in detail in [3]. In that work, the values of the parameter
that ensure the existence and uniqueness of the solution are determined. In other cases, the
authors establish certain orthogonality conditions for f(t) and ¢ that guarantee the existence
of a solution; however, uniqueness is not ensured in those cases.

In [4] and [10], the authors employed linear non-local conditions depending on three param-
eters to solve equation (|1.1J).

The work [4] involves a pointwise non-local condition of the form:

au(0) + Bu(T) = yu(§) + ¢,

while the paper [10] includes an integral non-local condition:

au(0) 4+ Su(T) + ~ /OT u(n) dn = ¢.

Both problems are formulated in terms of the Caputo fractional derivative of order 0 < o < 1,
and the elliptic part is represented by a self-adjoint positive operator in a separable Hilbert
space. The authors establish existence and uniqueness theorems for the solutions of both
problems. Furthermore, they identify sufficient conditions that guarantee the uniqueness of the
solution. The influence of the parameters «, 5, and + on the existence and uniqueness of the
solutions is thoroughly analyzed.

In all of the aforementioned works, the Fourier method was employed. In contrast, the
present study differs by incorporating a nonlinear non-local condition, and an unconventional
approach is used to solve the problem.

2. PRELIMINARIES

In this section, we introduce the definitions of the fractional integral and derivative, present
an auxiliary problem essential for proving the main theorems, and state necessary lemmas.

Let h(t) be a function defined on the interval [a,b], and let ¢ > 0. The Riemann-Liouville
fractional integral of order o is defined by (see [0]):

D=h(t) = % /0 't — 1)) dr, (2.1)

provided that the right-hand side exists point-wise. As usual, I'(¢) is Euler’s gamma function.
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The Caputo fractional derivative of order 0 < p < 1 for the function h(t) is defined as (see,
e.g., [6], p. 92):

PSR S (5
Fh(t) = F(l—p)o/(t—f)Pdg’ t>0,

provided that the right-hand side exists point-wise.
For 0 < p <1 and an arbitrary complex number p, by E, ,(2) we denote the Mittag-Leffler
function with two parameters (see, e.g., [6], p. 56):

Ep,u(z> = Z I(

“— I'(pn + p)

Zn

If the parameter y = 1, then we have the classical Mittag-Leffler function: E,(z) = E,;(2).
Note also Ej1(z) = Ei(z) = €*.
The Beta function B(a,b) is defined for real numbers a > 0, b > 0 by the improper integral

B(a,b) = /lt“l(l — )"t dt. (2.2)
The Beta function is related to the Gamrona function by the identity

B(a,b) = %. (2.3)

Consider the following auxiliriary problem to find the function u(z,t)
B, 1) — (2, 1) = F(,1), (2.4)

subject to the initial and boundary conditions

u(z,0) =¢p(x), 0<x<1, (2.5)
uw(0,t) =0, wu(l,t)=0, 0<t<T. (2.6)

where 0§, is the Caputo fractional derivative of order 0 < a < 1 in the time variable, f(x,t), ¢(x)
are given functions.

The solution of the problem (2.4)—(2.6)) is defined in the same manner as in Definition [1.1]
A solution to problem (2.4)—(2.6)) can be represented by the formula

1 t 1
w(z, t) = /0 P(6) DS Gz, 1, €,0) d€ + /0 /0 G(x,t.€,7)f(€,7) dédr, (2.7)

where G(z,t,&,7) is the Green function corresponding to the problem. This function is con-
structed in Remark 6.1 of [7] and has the form

+oo
Gla,t,&,1)= > [PCm+a—&t—7)—P2m+a+&t—71)], 0<{<1l, 0<7<t<T,
where .
t2~ 1, _a
Pla,t) = ——ey? <—|:v|t )

and -

1,0 2"

= >0 >
67,,3<z) nz::o F(’yn—{—,u)r((s _ Bn)’ ry 9 ’V Ba

is the Wright-type function (see [11], p. 23).
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Lemma 2.1. [see,[11], p. 46]
e If6>0,3€(0,1), then e}:g(—x) > 0 for any positive x.
o [f6 > [, then when x > 0 the function ei:g(—x) 15 strictly decreasing.
Lemma 2.2. [see [I1], p. 47] If § > 1, B € (0,1) then for any positive x, the inequalities

1 s
(&
I'(9)

0< e}g( x) < (1=h)

Lemma 2.3 (see [I1], p. 49). Let 6 < 1, 8 € (0,1), then for any positive x and t, a € (0,x),
¢ €[B,1], w e (3, min{1, %}) is the inequality true

x 1 o1 11— 61 a
el 55)| < 52 (Co(60) T TE) e = ) T el 55),
where . o
—coswt \ 12 (cosPwm\ 17
6w) = (- 9) (22 b
Using Lemma 2.2 we obtain the following estimate:
5—1 1,8 xXr 1 6—1 1 —5 -1 —Ctl% % 1— o —ka?
t 61,/3(_75_5)' Sﬁ_ﬂ(cﬂ( ,w)) 7T g a—a)7e PERAA) = Oz — a) ™ :
(2.8)
where
C = (Csle.) TTEZ0), s0mk > 0.
/Bﬂ- /8 ) Y Y

To estimate the Green function G(z,t,&, 7), we decompose it into three parts:

G<x>ta€77—) = G—1($,t7£, T) + GO(xata€7T) + Gl(xa taga 7—)7

where B

Goi(z,t,&m)= Y [P@m+z—&t—1)—P2m+a+&t—71),
G(xt_f_T):P(x—f,t—T)—P(:c—l—S,t—T),

Gi(z,t,&,7) Z Cm+4z—Et—T17)—P2m+az+E,t—71).

=1

By substituting m = —n in G_(x,t,&, 7), we rewrite

G_q(z,t,&,7) i (2n+zxz—-&t—7)—P(—2n+x+&t—1)].

n=1

Applying the estimate (2.8)) to Gy(z,t,&,7), we have

|G_1(x,t,&,7)] < Z|P(—2n+m —&t—T1)|+|P(—2n+x+ &t —71)]

n=1
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< Z O —2n+a — & 0eMe=e=2nl" L O —on 4 o + g0 Mot <

n=1

Similarly, for Gy (z,t,&,7), the same bound holds:
|G1('];7t7€77—>’ < C.
Next, we consider an estimate for the function Go(x,t, &, 7).

|G0(l‘,t,f,7’)| < |P<I_§7t_7—)| + ‘P(x+€7t_7)|

According to Lemma [2.1] we obtain the following estimate:

— %_1 @ a
Ple—gt=nl+ [P+ &t -] < CE | (<o - el - n78))|
)51 e . .
% evi (~le+ele—)7%) ‘ <C(t—7)5 "

Hence, the Green function satisfies
G(z,t,&,7)| <Clt—7]27Y, 0<7<t<T. (2.9)
Lemma 2.4 (see [1]). Let y(t) > 0 be an absolutely continuous function satisfying the inequality
Ky(t) < ay(t) + e(t), 0<a<l,

for almost all t € [0,T], where c; > 0 and co(t) is a nonnegative integrable function on [0, T).
Then
y(t) < y(0)Ealcrt®) + I(@) Eaalcrt®) Do, ca(t).

3. PROOF OF THE THEOREM

We multiply both sides of equation (1.1)) by u(z,t) and integrate with respect to x over the
interval [0, 1]:

/01 u(z, t)ogu(x, t) de = /01 w(x, t) gy (2, t) do + /01 w(z, ) flz,t) do =

u(m,t)uw(x,t)hl)—/o ui(x,t)dx—i—/o u(z,t) f(x,t) de,

or equivalently,
1 1 1
/ u(z, t)05u(x, t) doe = —/ u?(z,t) do +/ u(z,t) f(z,t) de. (3.1)
0 0 0
According to Lemma 1 in Alikhanov’s work [I], for 0 < a < 1 the following inequality holds:
1 1 1
/ u(z, t)0gu(x, t) doe > 58&/ u?(z,t) dx. (3.2)
0 0
From (3.1)) and (3.2)), we obtain
1 1 1 1 1
53&/ w?(x,t) dr < —/ u?(z,t) do +/ u(z,t) f(z,t)de < / u(z, t)f(z,t) de.
0 0 0 0
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Using the Cauchy inequality, we have

/01 u(z,t)f(x,t)dx < % (/01 u?(z,t) dx+/01f2(x,t) dx) :

Thus, the following inequality holds:
Ooillul O < [lu( I+ 1£C, 011

By Lemma [2.4] we get

a1 < [Jul, 0)[[* Ea(t®) + T() Eaa(t*) Dol £ )] (3.3)
Evaluating at t = T and using the non-local condition , it follows that

[lu( DI < g Cul, T)IPE(T) + T(@) Eaa(T%) Dor |1 (- T

According to , we have

[lu(, T)P(1 = L2 Eo(T7)) < T(e) Bao(T%) Dogt || £ (-, T

It

then the following estimate holds:

2 ['() ay y—o 2
I TP < Tz B TP T (3.4)

Rewriting (3.3]) by taking (|1.2)) into account yields
lul DI < L Jul, TP Ea(t®) + T(e) Eaa(t*) Do £ (1)1
Using (3.4)), we obtain

LT () By o(T*)

D2 <
Hu(a )H — 1—L2Ea(Ta)

Do 1f (DI Ea(t™) + T(e) Eaa(t*) D I F (DI (3.5)

From (2.1)), we get the following estimate:

DI f (0" < max ||f (- ¢)]*. (3.6)

al'(a) tefo,1]

Apply (3.6) to (3.5) to get

L) EaalT) p o) 4 g, )] L e (176,012

D2 <
(- t)]]7 < 1— L2E,(T®) « te[0,T]
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4. PROOF OF THEOREM [L.3]
First, we prove the existence of the solution to problem ([1.1))—(1.3). From ({2.7) we have

1 t 1
ula, 1) = /O H()DE G, 1,€,0)dE + /0 /0 G, t,€,7) (€, 7)dedr.
Setting u(x,T) = v(z), we obtain:
1
o(z) = / DEr G, T, €, 0)g(€, v(€))de + F(x), (4.1)

where S
F(x):/o /OG(x,T,g,T)f(g,T)dng.

We prove the existence of the solution to integral equation (4.1)) in the space C[0, 1] by the
method of successive approximations. For this, we consider the sequence of functions

1
vn(x):/o Do G, T, 6,009, vn 1 (€)dE, n=1,2,...,

with the initial approximation vy = F'(x).
Next, using the estimate (2.9)), we get

T 1 T 1
[wo(z)| < / / G(x, T.€,7) f(€, 7)|dédr < C / / (T — 7) 5| f(€, 7)dedr,

2C o
< =75 .
= a [0,{?X6L[3(,T]|f(x’ )

For the next steps,

n(w) = [ Do Gl T e 0l = s [ [ = m) Gl 0)gtool)nit

hence,
1 T 1
== T—n G 0 d¢ | dn|.
o)l =gy [ @0 ([ G 0tun(eic) do
Using the Lipschitz condition for g and the previous estimate, we have
<———T> t T —n) %y tdn.
00 € g o T g F 0] [ ey

By the Beta function integral formula ([2.2)) and relation with Gamma function ([2.3))

L 2C, . «L(2)T(1-a)
< T2 TE 2
|U1(flf)| — F(l—Oé) o 2max|f| 2 F( _%) )
and thus (
I'(¢)L 2C
< 2 —T t
o)l < & =2 o ol | f(z,1)]
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Proceeding similarly for vy(x), v3(z) and, in general, for v,(x), we obtain the estimate

o (2)| < (%) EW(L%M% max | f(z,t)|.

« [0,1]%[0,T]

Now consider the functional series
() + ) (va(@) = vao1(2)). (4.2)
n=1

and prove that series (4.2) converges uniformly on the interval [0,1]. Comparing it with the

number series
2C > (T(2)Lr-3\""
ity ab 1 M§ J A
- max | f| + ( 1 ) ,

where

M=T"3% <%T1‘2 + 1) — max | f|,
(e}

In the previous steps, we constructed a sequence of functions {v,(x)}using the method of
successive approximations and established uniform bounds for each term. These bounds allowed
us to apply the DAlembert ratio test and conclude that the sequence converges uniformly on
the interval [0,1]. Consequently, the limiting function v(z) exists and is continuous, and it
serves as the solution to the integral equation (4.1J).

Given the non-local initial condition u(z,0) = g(x,u(x,T')), and recognizing that u(x,T) =
v(x), we can now fully construct the solution u(z,t) of the original problem. This is done using
the representation ([2.7]), which expresses the solution via the Green function as:

u(w, 1) = /O (6, 0(©) Dy Gl 1, €,0) de + /0 t /0 Glet eI dedr. (43)

Therefore, under the assumptions stated in conditions and , we have constructed
a well-defined, continuous, and explicit solution to the non-local and nonlinear boundary value
problem involving a fractional Caputo derivative.

It is proven in [7] that the function of the form satisfies the conditions of Definition [I.1]

Since the conditions of Theorem include those of Theorem [1.2] the uniqueness of the
solution to problem — is also ensured under these conditions.
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Abstract. In the present paper, the nonlocal boundary value problem with Samarskii-Ionkin
condition I for elliptic equations in a Banach space with the positive operator is investigated.
The main theorems on well-posedness of this problem are established. In practice, the coer-
cive stability estimates for solution of four types of nonlocal boundary value problems with
Samarskii-lonkin condition I for elliptic differential equations are proved.
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1. INTRODUCTION

Elliptic partial differential equations have applications in almost all areas of mathematics,
from harmonic analysis to geometry and to Lie theory, as well as numerous applications in
physics and engineering. The well-posedness of the local boundary value problem for the
elliptic equation

—0"(t) + Av(t) = f(t) (0<t <T), v(0) = vy, v(T) =vr (1.1)

in an arbitrary Banach space F with the positive operator A and its related applications have
been investigated by many researchers (see, for example, [7],[26], [24], and the references given
therein).

In mathematical modeling, elliptic equations are used together with local boundary condi-
tions specifying the solution on the boundary of the domain. In some cases, classical boundary
conditions cannot describe process or phenomenon precisely. Therefore, mathematical models
of various physical, chemical, biological or environmental processes often involve nonclassical
conditions. Such conditions usually are identified as nonlocal boundary conditions and reflect
situations when the data on the domain boundary cannot be measured directly, or when the
data on the boundary depend on the data inside the domain. The well-posedness of various
nonlocal boundary value problems for partial differential and difference equations has been
studied extensively by many researchers (see, e.g. [3],[6],[8],[23], [31],[34], and the references
given therein). The survey paper [9] contains the recent results on the local and nonlocal well-
posed problems for second order differential and difference equations. Results on the stability
of differential problems for second order equations and of difference schemes for approximate
solution of the second order problems were presented.

Recently, various nonlocal boundary value problems with Samarskii-Ionkin condition for
partial differential have been investigated by many researchers (see, e.g. [27],[16], and the
references given therein).

In the present paper, the nonlocal boundary value problem with Samarskii—Ionkin condition
I for the elliptic equation

L) L Au(t) = f(1),0 <t <T,

dt?

(1.2)
w(0) = u(T) + ¢, u'(T) + pu(T) =¥
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in a Banach space F with the positive operator A and p > 0 is investigated.
A function u(t) is called a solution of the problem (|1.2]) if the following conditions are satisfied:

e i) u(t) is twice continuously differentiable on the interval (0.7") and continuously dif-
ferentiable on the segment [0, 7. The derivatives at the endpoints of the segment are
understood as the corresponding unilateral derivatives.

e ii) The element u(t) belongs to D(A) for all ¢ € [0,7], and the function Au(t) is
continuous on the segment [0, 7.

e iii) u(t) satisfies the equation and the nonlocal boundary condition (1.2)).

In the present paper, we study the well-posedness of the nonlocal boundary value problem (1.2]).
Throughout the paper, the main theorems on the well-posedness of the nonlocal boundary value
problem are established. In applications, the new coercive stability estimates for solution of
four types of problems for elliptic equations are obtained.

2. AUXILIARY RESULTS FOR THE SOLUTION OF PROBLEM (|1.1]

In this section, we give some auxiliary statements from [7] which will be useful in the sequel.

The operator B = A2 has better spectral properties than the positive operator A. Indeed, the
operator (—B) is a generator of an analytic semigroup exp{—tB} (¢ > 0) with exponentially
decreasing norm, when ¢ — +00, i.e. the following estimates

lexp (=tB)| g+ [t B exp(=tB) || pyp < M(B)e P (¢ > 0) (2.1)

hold for some number M (B) € [1,+00), §(B) € (0, +00). From that it follows that the operator
I — e72TB has the bounded inverse and the following estimate holds:

(I — TP < M(B)(1 — 72150 ~L, (2.2)

) esr

The following formula

U(t) _ ([ . 6—2TB)—1{(e—tB _ e—(ZT—t)B),U0 + (6—(T—t)B . e—(T-i—t)B),UT (23)

T
(TP — By [T - ) )}
0

+(2B)™! /OT(e_|t_SB — e_(HS)B)f(s)ds

holds for the exact solution of the problem (|1.1)) under sufficiently smooth data vy, vy and
f(t).

First, we denote by C*(FE), (0 < a < 1), the Banach space obtained by completion of the set
of all smooth E-valued functions ¢(¢) on [0,77] in the norm

| o(t+7) — () e
(Y= 1MAax t + su ’
| ¢ [lcem) ogthH(’O( )N e OSthTST T
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Theorem 2.1. Suppose v, v} € E,, f(t) € C*(E)(0 < a < 1). Then the boundary value
problem is well-posed in Hélder space C*(E), if A is the positive operator in Banach space
E. For the solution v(t) in C*(E) of the boundary value problem the coercive inequality

[v" ooy + 1 Avlloeqm + 10" ez (2.4)

M

M
< - o " "
< o —ay M lleww +-ll vollea + [lorle.]

holds, where M does not depend on a, vy, vy and f(t).

Here, the Banach space E, = E,(B,E) (0 < a < 1) consists of those v € E for which the
norm

I flp.= sup 27 || Beap{—2B}v [lp + [l v |

is finite. Moreover, the positivity of A is a necessary condition for well-posedness of the problem
(1.1) in C(F). However, the problem is not well posed in C(F) for all positive operators.
It turns out that a Banach space E can be restricted to a Banach space E' (D(A) C E' C E)
in such a manner that the restricted problem in E’ will be well posed in C(E"). The role
of E" will be played here by the fractional spaces E, = E,(B, E)(0 < a < 1).

Theorem 2.2. Let A be the positive operator in a Banach space E and f(t) € C(E,) (0 <
a < 1). Then for the solution v(t) in C(E,) of the boundary value problem the coercive
inequality

1" llew + I Av lloge.,) (2:5)

< M| Avo ||, + Il Avr |5, +a™H (1 =)™ || f o)
holds, where M does not depend on o, vg, vy and f(t).

3. MAIN THEOREMS ON THE WELL-POSEDNESS OF THE PROBLEM ([1.2))

Let us give lemma that will be needed below.

Lemma 3.1[10]. Let A be positive operator in a Banach space E. then the operator
(I = (B—p)(B+ p) e 'P) has an inverse (I — (B — p)(B + u)*le*TB)f1 and the following
estimates hold:

IB(B + 1) Hlg-p, (B = u)(B+ 1)~ lese < Mi(B), (3.1)
~-1,-TB\~1 M;(B)
| (I = (B=p)(B4+p)"e ) |psp < 1= M, (B)e " BT (3.2)
Here 6(B) > %.
We consider the problem (1.2). Using the formula ((2.3) and u(0) = u(7T") + ¢, we get
u(t) = R{(e™ = e"¥T707) (u(T) + p) (3.3)

4 <€*(Tft)B _ e*(Tth)B) (u(T) — (2B)"! /OT <€*(T—s)B _ e*(TJrs)B) f(s)ds)}

+(2B)™! /OT (e_‘t_slB - 6_(t+S)B> f(s)ds.
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t Taking the derivative, we get

Here and in this paper we wil put R = ([ _ €—2TB)—

W (t) = R{=B (7% + T8 ) (u(T) + o) (3.4)

n <€,(T,t)3 . 6—(T+t)B> (Bu(T) _ ol /T (ef(T—s)B _ e*(TJrs)B) f(s)ds>}

0

t T T
+271 (—/ e 9B f(5)ds +/ eI £(5)ds —I—/ e_(t+5)Bf(s)ds) .
0 t 0
Applying the formula (3.4)) and the nonlocal condition «/(T") + pu(T) = 1, we get

(B+u—(B—p)e ™) u(T)

= (I — e TB)1 [QBe_TBgo n /T<6_(T—S)B _ e—(T—i—s)B)f(S)dS] + (I +e By
0

From that it follows

uwT)=(B+pu—(B-p) e_TB)fl {QB (I - e_TB)fl e By (3.5)

(I — e By /T(e(Ts)B _ e*(T+s)B)f<S)dS + (I + eTB)w} :
0

It is easy to show that u(t) defined on [0, 7] by formulas (3.3), (3.4), and is a unique
solution in C'(E) of the problem if, for example, o € D(A2),¢) € D(A2) and Af (t) €
C(E) or f'(t) € C(E). Sufficient conditions for the well-posedness of the nonlocal boundary
value problem (|1.2)) can be established if one considers this problem in certain spaces of smooth
E—valued functions defined on [0, 7.

Note that for the solution of problem the coercivity inequality

16" oy + AUl cagy < Ml fllgas) + [1A¢lle + [[Ad]|g]

fails. Nevertheless, we have the following result.

Theorem 3.1. Suppose A is the positive operator in Banach space E and By € E,, Ap —
f0)+ f(T) € E,, f(t) € C*(E) (0 < a<1). Then the nonlocal boundary value problem
is well-posed in Hélder space C*(E). For the solution u(t) in C*(E) of the nonlocal boundary
value problem the coercive inequality

[u"llce ey + | Aullcagm) + v ez (3.6)

M M
ST ag) +— [lA¢ — (0 T A
< ooy 1 e+ (140 = 70) + F(Dllg, + 149 5]
holds, where M does not depend on a, ¢, and f(t).

Proof. By Theorem [2.1] we have the following estimate

[u" oy + | Aullca ) + llu"llocz.) (3.7)

M

< s 1 e+ [14u(0) = FO, + 1 4u(T) = F(T)],]



42 Ashyralyev A., Sadybekov M.A.

for the solution of the problem (1.2]). We have that

Au(0) = f(0) = Ap = f(0) + f(T) + Au(T) = f(T).

Therefore, to prove the theorem it suffices to establish the estimate for [[Au(T) — f(T)]|. -
Applying the formula (3.5)), we get

Au(T) — f(T)= (B+p— (B —p) e_TB)fl B {2 (I- e_TB)f1 e T8 Ap

(I — e—TB)—l /TB(G_(T_S)B _ e—(T+s)B)f(S>dS v (T4 G_TB)B¢
—(BAp—B-pe ) BT = (I (B ) B+ ™) BB+

x (1= ™) TP [2(Ap — f(0) + (D)) + (I +¢77F) (F(T) = f(0))]
+(I+e7P) (By + (I — e TP)BTH(T))

w0 =) [ [T BT ) = paas— [ BT (s - ponas] |

0 0

Then using the triangle inequality, the estimates (2.1)), (3.1)), (3.2]), and the definition of the
spaces C“ (F) and E,, we get

[N Be P (Au(T) — £(T)||

< |I(B - u><B+u>*HHH (I— (B~ u)(B —u)*le*TBYl |z—e

R Cl (Ui MV e AR R

+ HI + eiTBHEﬁE Alme

Be+DE (£ (0) — f(T)) H

E
+|17+ _TBHEﬁEAl a|‘Be_/\BB¢HE+ HI_B_TB|‘E~>E)\1 *le AT HE
=y A / |BEemeem=m|l g (s) = £ (D)l ds
e R A e IO

< M [[[Ap = [ (0) + f(D)ll g + 1BVl o]

o[ [f (T —39)" ’ s*
+ My (/0 ()\+(T_S))2d8+/0 (/\—i—T—l—S)QdS) ||f||ca(E)

for any A > 0. Since

)\1 « o0 pcx 2
/0 (/\+s)2d8§/0 <1+p)2dp§(1+a>(1—a)’

we have that

N Be ™ (Au(T) = F(T)||
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< My (|| Ap = f (0) + f (D)llg, + 1BV g, ] + Mag— [l fllcacy

for any A\ > 0. Therefore

1
11—«

[Au(T) = £ (T)llg, < Ms [[[Ap — f(0) + f(T)llg, + 1B, ] + M gz - (3:8)

Theorem [3.1] is proved.

Theorem 3.2. Suppose A is the positive operator in a Banach space E and By € E,, Ap € FE,,
f(t) e C(E,) (0<a<1). Then for the solution u(t) in C(E,) of the boundary value problem

the coercive inequality
HUI/HC(EQ) + HAUHC(Ea) (3.9)

< M(WlllAel g, + 1BYlg, + o7 (1 =) I flle,)]
holds, where M (p) does not depend on a, ¢, and f(t).
Proof. By Theorem [2.2] we have the following estimate

"oz, + AUl o e,

< M Au(0)ll, + 1 AUD) ||, + o (1 =) || f lle.)]
for the solution of problem ([1.2). We have that

Au(0) = Ap + Au(T).

Therefore, to prove the theorem it suffices to establish the estimate for ||Au(T)||; . Applying
formula ((3.5]), we get

AT) = (1= (B =) B+~ ™) BB+
X {2 (I - e_TB)_1 e B Ay

+(I —e T8yt /T B(emT=98 _ o=(T+9)B) £(5)ds + (I + e_TB)B@/)} .
0

Using the triangle inequality, the estimates (2.1)), (3.1]), (3.2)), and the definition of the spaces
E,, we get
H)\lfo‘Be*ABAu(T)HE
_ 1 _7By-1
< (B =pw)(B+ ) Hesell (= (B=m)(B - 'e™) e

<{2||(r—e)7| A

E—E

Be- (1B 4 H
e ¢l

1+ e p AT 1B Byl

S I I e Ol W2

E—FE

+ H (I . e—TB)—lH \l-a /T HB26_()\+S)BJC<S)HE ds}
0

E—FE
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T ds
SM A -+ B _|_M)\lfa /
A, + 1BYls,] + M, ( e
r ds
+/0 A+T +s) sl—a) 1Flle )
for any A > 0. Since

/T Al_ads /oo pa—l 1
< dp < ——,
0 (A+s)st@ o p+1 a(l—a)
we have that
H)\lfaBef)‘BAu HE <M, [HASDHEQ + HBT/JHEQ] + My——— ( ) Hf“c Ea)
for any A > 0. Therefore

1Aw(T)|| 5, < Mi(w) [1Aell g, + 1BVl g, ]| + Ms(p)

1
_ 3.10
04(1_04) ||f||C(Ea) ( )
Theorem [3.2]is proved.

Note that the nonlocal boundary value problem can be rewritted as the system of the
sequential Dirichlet and Robin boundary value problems for elliptic equations in a Banach
space E with the positive operator A. Actually, the solution u(t) of the problem can be
presented in the form

u(t) = E(t) + O(t),

(3.11)
where E(t) and O(t) are abstract even and odd functions defined on the segment [0, 7], respec-
tively. We have that

T — —u(T —
E(t) = u(t) + u( t),O(t) _ u(t) —u(T —t)
2 2
By the definition of functions

E(T), E'(0) = —EY(T),

0(0) = —0O(T),0'(0) = O(T),
Using the nonlocal condition
u(0) = u(T) + ¢,
we can write
E(0) + 0(0) = E(T) + O(T) + ¢.
Then, using £(0) = E(T),0(0) = —O(T), we get O(0) = £,0(T) = —%. Using the local
condition
u'(T) + pu(T) = b,
we can write
E'(T)+O(T)+ u(E(T)+O(T)) = 1.
Therefore,
ENT) + pE(T) = =0 (T) — nO(T) + ¢
and using conditions E(0) = E(T), E

"(0) = —E'(T), we get
—E(0) + pE(0) = —O'(T) — pO(T) + .
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So, it is easy to see that O(t) is the solution of the Dirichlet boundary value problem for the
elliptic equation

jgAO( ):_%(f(t)—f(T—t)),O<t<T, (3.12)

{ 0(d) = 5,0(1) = *%

in an arbitrary Banach space E with the positive operator A and the function FE(t) is the
solution of the Robin boundary value problem for the elliptic equation

{ IO AB(1) S+ T —1),0<t<T,

E’(0)+ME( )——0’( ) + 2us0+w (3.13)
E'T) 4+ pE(T) = =O'(T) + fup + 9

in an arbitrary Banach space E with the positive operator A, respectively.
By Theorems and 2.2 we have the following estimates

10" |ce(ey + | AO | cey + |O” ||k (3.14)

M
< al—a) [ ll ey + — ||A90 fFO)+ (D g,
10"y + A0 o) (3.15)
< M[HASOHEa + O‘_l(l - 0‘)_1 ||fHC(Ea)]

for the solution of the problem ([3.12]) and

oo + 1AENoner + 1 oty (3.10)
M M 1
Y Wl + 2 AE(0) — = ™I
< iy Wlewie + 5 [AEO) = 5 U0 + 5@y
1" ey + 1Al (3.17

< M[JAE(0) ||, + a7 (1 —a)™ || £ lle)]

for the solution of the problem ({3.13)), respectively. Moreover, we have that the following

formulas
o) = (I - 6—2TB)—1 { |:€—tB _ e @T-0)B _ ~(T-0)B | e—(T-{—t)B)} g (3.18)

1

(T8 Byt [T ) () - (T ) |

+(2B) [ (P = I () = (7 ),

E(If) _ ([ _ 672TB>71 { |:eftB . 67(2T7t)B + ef(Tft)B . ef(Tth)B] E(O) (319>

(e (T-0B _ o~(1+0BY (9 )1 /0 (T8 — e‘(T“)B)%(f (s) + f(T - SWS}

+HB)™ [ (eI = IR (1) + AT = )i
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give solutions of problems (3.13)) and (3.12]), respectively. Applying formula (3.18]), we get

O'(T) = (I — e #5)! (3.20)

B \2 ¥ T —(T—35)B —(T+s)B

x[—B(I—I—e )5—/(6( OB _ = (T+9)B)
0

=(I— e_2TB)_1 {_B (]_|_ e—TB)2 g _ (I _ e—TB)QB_l

= [ = L 15y + (0 = ) = )+ FO) ds -

Using the triangle inequality, the estimates (2.1, (2.2)), and the definition of the spaces E,, we
get

|\ *Be P BO'(T)|, (3.21)
<0 = ) o {lly (14 ™) Lo~ [ Be A,
HI = ) e {ll (4 ™) oo
X)\lfa HBef)\B (ACP . f( ) f HE )\17(1
T
[T e s | B TR (1) + ST~ 5) — £0) + (T ds
0 E
o T ds
<My Ap = J(0) + FD, + MaN e [ e I lene
< My 4 = 0)+ F(T)lg, + My =5 W e
A Be P BO'(T)|, (3.22)

1
<= e {ni (1 +e7P)" ph = || B Ag
1
+/\1—a/ “5 (I _ 6—25TB) ||E—>E ‘
0
ds

T
<M ||A + M. )\l_a/
— 1 || (70||Ea 2 0 ()\-'-T— )(T— )l—a ||f||C(Ea)

B2~ (A HT=5))B ds

E

(f(s) + f(T = s))

1
2

< M, ”ASDHEQ + My——— a(l-a) HfHC Ea)
Applying formula (3.19) and condition —E’(0) + pE(0) = —O'(T) + %ugo + 1, we get

B0)=(B+u—(B—p)e )"
x {—(f -yt [Tt (1(s) 4 17 - ) ds

HI=e ™) [P () + ST = 5) = 1(0) — F(T) ds
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HI+e8) (<00 + g +0+ B (10) + 1)) |

Then,
AB(O) ~ 5 (F0) + fT) = B(B+p— (B e ™)

==ty [l )+ 50— ) ds
—TB\—1 fB]‘
=B [P () + 50— 5) = £(0) - 51 ds
+B(I +e"P) (—O’(T) + EW + 1+ !

~B (B+p—(B-pe ")

Y= BT (T) 4 B (B = ) e TS (70 + £(T) |

Using the triangle inequality, the estimates (2.1)), (2.2),(3.22)), (3.21]), and the definition of the
spaces F,, we get

< M;

E, a(l—a)

80 - 5 ¢+ 1)

[ fll ey (3.23)

+M; [[|[ A = £ (0) + f(D)llg, + 1BVl ga) -

IABO)]5, < M3 (14l 5, +18015,) + Mslo) s W leqey - (324)

Combining the estimates (3.14]), (3.16)), and (3.23)), we get the coercive inequalities (3.6) and

(3.15), (3.17), and (3.24), we get the coercive inequalities (3.9). Theorems and are
established.

4. APPLICATIONS OF MAIN THEOREMS [3.1] AND

Finally, we consider the applications of Theorems and [3.2] to the elliptic equations.
First, we consider the boundary value problem for the two dimensional elliptic equations

(0,2) = u(T, x) + (), uy(T, x) + pulT, ) = (), 0 < 2 <1, (4.1)

{— a(x)uy), +ou= f(y,z), 0<y<T, 0<z<l,
)
( ) u<y7l)> u( O)ZUx(y:l)a 0<y<T,
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where 6 > 0 is a sufficiently large number and a(x), p(z),1(x) and f(t,z) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.1
has a smooth solution wu(t, z). We will assume that a(z) > a > 0 and a(l) = a(0).Here § > 0 is
a sufficiently large number.

We introduce the Banach spaces C?[0,1] (0 < 8 < 1) of all continuous functions ()
satisfying a Holder condition for which the following norms are finite

lp(x +7) — ()]
(K% ||cﬁ[o,z]:|| ¢ llcpg +  sup 5
0<z<z+7<I T

)

where C[0, 1] is the space of the all continuous functions ¢(z) defined on [0, 1] with the usual

norm
I lleg= max lo(z)]-

It is known that the differential expression
A% = —a(z) (vy(x)), + ov(x)

define a positive operator A® acting in C?[0,1] with domain C#*2(0,1] and satisfying the con-
ditions v(0) = v(l), v,(0) = v,(l). Therefore, we can replace boundary value problems by
the abstract boundary value problem . Using the results of Theorems and we can
obtain the following result.

Theorem 4.1. Assume that ¥(x) € C'2H8(0,1], — (a(x)p.(x)), +0p(z) — f(0,2)+ f(T,x) €
C2%8(0,1], f(t,z) € C*(CP[0,1]). Then, for the solution of the boundary value problem

the following coercive inequalities are valid:
| u ||02+a(05[0,l]) + [l u ||Ca(02+5[0,l]) + [l u ||c(02a+6[0,l])§ M (v, 6, ) [” f Hca(cﬂ{oﬂ)
H[llersaassion + 1| = (a(-)a (), + 60 () = f(0,) + (T, )llczaseion]
H u ”(ﬂ((ﬁaﬂ?[o,l]) + H u HC(CQ+QQ+B[0,1})

< M08, 1) [I| £ No(eamsspoa) Hltllorssossg + llgllcrmsang| . 0< 20+ 5 <1

Here M(a, 6, 1) is independent of o(z),v(x) and f(y,z).

Second, we consider the nonlocal boundary value problems for the two dimensional elliptic
equations with involution in x

— ) 2 (o) 28 4 Suy, x) — 5 (2 (a(—)24=2))
:f(yax)70<y<T7x€<_lal)a (42)
uw(0,2) = u(T,x) + p(x), uy (T, z) + pu(T, z) = Y(x), x € [-1,1],

uly, =) = u(y,1) = 0,0 <y <T,

where § > 0 is a sufficiently large number and a(x), p(z), ¢ (x) and f(¢,x) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.2)
has a smooth solution u(y, ).We will assume that a > a(z) =a(—z) >0 >0, 0 —alf| > 0.
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Theorem 4.2. Assume that (z) =0, — (a(x)ps(z), — B (a(—x)ps (—2)), +0p(z) — f(0,z) +
f(T,x) =0,z € [=1], f(t,x) € C*(La[—1,l]). Then, for the solution of the boundary value
problem the following coercive inequalities are valid:

|| u ||02+°‘(L2[—l,l]) + || u ||Ca(W22[_l,l])§ M(O‘acsnuvo-) || f ||C'°‘(L2[*l7l])»

where M («, d, i, o) is independent of  f(y,x).

The proof of Theorem 4.2 is based on the abstract Theorem 3.1, on the self-adjointness and
positivity in Lo [—[, 1] of a differential operator A® defined by the formula (see,[6])

ATv(z) = = (a(x)ve(z), — B (a(=2)ve (=), + 0v ()
with the domain D(A?) = {u € W} [-1,]] : u (=) =u(l) =0}.
Third, let 2 be the unit open cube in the n—dimensional Euclidean space R" (0 < z3 <

1,1 < k < n) with boundary S, Q@ = QU S. In [0,7] x Q we consider the mixed boundary
value problem for the multidimensional elliptic equation

Oulye) 3 o (2) 288 1 Su(y, @) = fly,2),
r=1
r=(x1,...,2,) €EQ0<y<T, (4.3)

w(0,z) = u(T,x) + p(x),u, (T, x) + pu(T,x) = P(z), v € Q,
u(y,z) =0, x € 5,

where 0 > 0 is a sufficiently large number and a,(x), p(z),¥(x) and f(y,z) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem ({4.3])
has a smooth solution u(t, z). We will assume that a,(x) > ag > 0.

We introduce the Banach spaces C’{)Bl(ﬁ) (B= (L1, 0n),0 <z < 1,k=1,...,n) of all

continuous functions satisfying a Holder condition with the indicator 8 = (51,...,05,), Bk €
(0,1),1 < k < n and with weight :B’,f’“(l —xp — h)P 0 <y, < 23 + hy < 1,1 < k < n which
equipped with the norm (see, e.g., [34])

I f ||c{)’1(§):” f ||C(ﬁ)

+ sup \f(z1,. .o xn) — fxr+ Ry, oo @y + hy)|

0<zp<zr+hi<1,1<k<n

X H h;ﬁkxgk(l — Ty — hk)ﬁk
k=1

where C(Q)-is the space of the all continuous functions defined on €2, equipped with the norm
I/ [l o= max | f(x)].
z€eQ)

It is known that the differential expression

A%y = — z;ar(a:)% + dv(y, )

defines a positive operator A® acting on C% (Q2) with domain D(A®)  C2?(Q) and satisfying
the condition v = 0 on S. Therefore we can replace boundary value problems 4.3) by the
abstract boundary value problems (|1.2). Using the results of Theorems |3 - we can obtam that
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Theorem 4.3. Assume that

)= 0.~ 3 ar(x)a;fff) + () = £(0,2) + f(T,2) = 0,2 € 0, f(y,2) € C* (CHE)) .

r=1

Then for the solution of the boundary value problem the following coercive inequality is

valid: .

||u||c2+a(cé’1(§)) + Z

r=1

0*u
Ox?

< M(a, 0, 1) | fllca(ct @
ce (@) e*(Ch®).

0<a< 1a6:{617"'76’n}70</8k< 171Sk§n7
where M («, 6, 1) is independent of f(y,x).

Fourth, we consider the boundary value problem on the range
{0<y<T,zeR"}

for 2m—order multidimensional elliptic equations
( 9%u ally
—57 | ‘Z; (%) g + 0uly, ) = f(y, ),

O<y<T, z,reR"|r|=r1+- -+, (4.4)

| u(0,7) = u(T,z) + p(z),uy, (T, x) + pu(T, x) = Y(x),z € R",

where § > 0 is a sufficiently large number and a,(x), p(z), ¢ (x) and f(y,x) are given smooth
functions and they satisfy every compatibility conditions which guarantees the problem (4.4)
has a smooth solution u(t,z). We will assume that a,.(z) > ag > 0. We will assume that the
symbol

B (&) = Y a(x) (i&)" .. (&)™ € = (&1, -+, &) € R”

|r|=2m
of the differential operator of the form
B* —a\rl 4.5
=2 RS (4:5)

[r|=2m
acting on functions defined on the space R", satisfies the inequalities
0 < MJ¢f™ < (=1)"B"(€) < Mal¢[™ < o0

for £ # 0. The problem (4.4) has a unique smooth solution. This allows us to reduce the
boundary value problem (4.4)) to the boundary value problem in a Banach space I =
CP(R") of all continuous bounded functions defined on R” satisfying a Holder condition with
the indicator 3 € (0,1) with a strongly positive operator A* = B® + §I defined by (4.5).

Theorem 4.4. Assume that
w(m) c Cm+2ma+,3(Rn>7

o7l
S ) g Lt bela) = £(0.0) + J(T0) € PR,
[r|=2m en
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fly,z) e C* (Cﬁ(R")) . Then, for the solution of the boundary value problem the following
coercivity inequalities are satisfied

olrly

oxr .. dxrn

ol

1
Oxi'...0xn

Z

ce(Ch(Rm)  Irl=2m

| u ch+a<cﬁ(Rn)) + Z

|T|=2m

(C2ma+ﬂ(Rn))

ol
< M@ 8.0 | lonongm) + | 3 o + 000 = (T

|r|=2m CB(R”)

Il (-
PR (g g + 360 = (0. + F(T.) ,

Oxln
=2m
C2ma+pB (Rn)

Alrly,
Oxi'...0xn

” u ||02(02ma+5(Rn)) + Z ‘

r=2m C(Cameto(rm))

8‘7"%0
< M(@,8,0) | M lloommaraam) + D= || g
|T‘:2m CQma+B(R”)
8“%
+ 3 . L0 <2ma+ <1,
‘ |_m (9$ . 83: C2ma+B(R")_

where M(«, d, 1) does not depend on p(x),1(x) and f(y,x).

The proof of Theorem [4.4] is based on the abstract Theorems and [3.2] the positivity of
the operator A% in C?(R™), the structure of the fractional spaces E,((A%)2,C(R")) and the
coercivity inequality for an elliptic operator A% in C?(R").

5. CONCLUSION AND FUTURE PLANS

1. In the present paper, the nonlocal boundary value problem with Samarskii—Ionkin
condition I for elliptic equations in a Banach space with a positive operator is investigated. The
main theorems on well-posedness of this problem are proved. In practice, the coercive stability
estimates for solution of four types of nonlocal boundary value problems with Samarskii—Tonkin
condition I for elliptic differential equations are proved.

2. Investigate the high order of accuracy for the numerical solution of the nonlocal boundary
value problem for elliptic partial differential equations( see,[7]).

3. Investigate the uniform two-step difference schemes and asymptotic formulas for the
solution of the nonlocal boundary value perturbation problem

{ 200 L Au(t) = f(t), 0 <t <T,
u(0) = u(T) + ¢, u'(T) + pu(T) = ¢

for a linear elliptic equation in a Banach space E with the positive operator A and with
e € (0,00) parameter multiplying the highest order derivative term (see, [7]).
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Abstract. This paper considers the optimal time control problem for a fourth-order para-
bolic equation with involution in a square domain. The solution with the control function on
the border of the considered domain is given. The constraints on the control are determined to
ensure that the average value of the solution within the considered domain attains a given value.
The initial-boundary problem is solved by the Fourier method, and the control problem under
consideration is analyzed with the Volterra integral equation of the first kind. The existence of
the control function was proved by the Laplace transform method, and an optimal estimate of
the minimum time required for a thin film to reach a given average height is found.

Keywords: fourth order parabolic equation, admissible control, Volterra integral equation,
Laplace transform, involution, minimal time, thin film.
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1. INTRODUCTION

Three kinds of optimal control problems: time optimal control problem, target optimal
control problem and norm optimal control problem, are important and interesting problems
of optimal control theory. The aim of this work is to study the time-optimal control problem
for a fourth order parabolic equation. It is known that fourth-order parabolic equations were
introduced to describe the epitaxial growth of nanoscale thin films [28]. Therefore, interest in
materials science has been increasing in recent years.

A control problem associated with parabolic equations was studied by Friedman [21]. A great
deal of developments in the controllability theory of the linear second order parabolic equation
were initiated by Fattorini and Russell [22, 23]. Control problems for the infinite-dimensional
case were studied by Egorov [20], who generalized Pontryagin’s maximum principle to a class of
equations in Banach space, and the proof of a bang-bang principle was shown in the particular
conditions. The time-varying bang-bang property of time optimal controls for heat equation
and its applications is studied in [6].

Initially, the problem of time optimal control associated with a second-order parabolic-type
equation in a bounded n—dimensional domain was studied in [I, 2] and the minimal time
estimate for achieving a given average temperature was found. In [3], a mathematical model of
thermocontrol processes was studied.

Control problem for a second-order parabolic equation in a bounded two-dimensional domain
with a Dirichlet boundary condition is studied in [24]. In these article, the existence of the
control function was proved. Boundary control problems related to fast heating of the rod
when the conductivity of the rod is different were studied in [10, 1I] and the existence of an
admissible control function was proved. Similar control problems were studied in work [12] for
equations of the second order parabolic type with different boundary conditions.

The monographs [25], B1] of Lions and Fursikov provide a lot of information about optimal
control problems. General numerical optimization and control problems associated with second-
order parabolic equations have been studied in many publications such as [4]. [32] studies some
practical problems for control problems related to parabolic equations of the second order.
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The control problems for the pseudoparabolic equation in the bounded domain were studied
in works [I4}, (15 [16] and the existence of an admissible control function was proved using the
Laplace transform method.

The optimal time control problem for a fourth-order parabolic equation in a multidimensional
domain is studied in [13]. In this work, an estimate of the optimal time to reach an average
thickness of a thin film is found. In [26], the null boundary control problem associated with a
fourth-order parabolic equation in a one-dimensional bounded domain was considered by the
method of reducing the control problem to well-posed problems proposed by Guo and Littman
[27]. In [40], the null interior controllability for a fourth order parabolic equation was studied.
The method they used is based on Lebeau-Rabbiano inequality. Further research results on the
global dynamic behavior of solutions associated with fourth-order parabolic equations for the
epitaxial thin film model were studied by Chen [7]. In [I7], the boundary control problem for a
fourth-order parabolic equation in a bounded one-dimensional domain is studied. Optimal time
problems for the fourth-order parabolic equation in the two-dimensional domain are studied in
works [18, 19].

In recent years, there has also been a growing interest in the study of mixed problems for
parabolic-type equations involving involution. An inverse problems for equations of parabolic
type with involution are studied in work [35, [36]. In [33], a boundary value problem for the heat
equation associated with involution in a one-dimensional domain is studied. Many boundary
value problems for parabolic type equations with involution were studied in works [5, 29].
Boundary problems for fourth-order parabolic equation with involution is studied in work [30].

The solution of some inverse problems for the nonlocal analogue of the fourth-order parabolic
equation when the domain is a multidimensional parallelepiped was studied in [37]. The inverse
problem for a fractional-order parabolic equation involving a nonlocal biharmonic operator in
a two-dimensional domain is studied in detail in [34].

In the present paper, the time optimal control problem for a fourth-order parabolic equation
with involution is considered. The difference of this work from the previous works is that in this
problem, the time optimal control problem for the fourth-order parabolic type equation related
to involution is studied. Section 2 presents the time-optimal problem and the main theorem.
In Section 3, the control problem studied in this paper is reduced to the main integral equation
by the Fourier method, which is the Volterra integral equation of the first type. In Section 4,
the existence of a solution to the main integral equation is proved using the Laplace transform
method. In Section 5, the minimum time for a thin film to reach a given average thickness was
estimated.

2. STATEMENT OF PROBLEM

In the present paper, we consider the fourth order parabolic equation with involution in the
domain Q = {(z,y) eR*:0<z <7, 0<y<m}

9 4 4
au(x, y,t) + @u(x, y,t) + a_yl“(x’ Y, t)+
o o
+ &1 @U(T( —x,y,t) + &9 a—y4u(1’, T—y,t) =0, (z,y,t) € Qp:=Q x(0,00), (2.1)

with boundary value conditions
w0,y,t) = @) rt), ulmyt) =0, u(z0t) =0 ulzmrt) =0 (22)

and
Upr(0,9,8) = 0, wUpe(m,y,t) = 0, 1wy (x,0,t) = 0, wuy(z,m,t) =0, (2.3)
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and initial value condition
u(z,y,0) = 0, 0<zxy<m, (2.4)

where ¢; (i = 1,2) are nonzero real numbers such that |e;| < 1, ¢(y) is a given function and
v(t) is the control function.

In what follows, by R, we denote the nonnegative half-line, R, = {t € R : ¢ > 0}. Assume
M > 0 is given constant. It is called that the control function v(t) € Wy (R,) is admissible, if
it fulfills the conditions v(0) = 0 and |v(t)] < M on the half-line R, .

Differential equations with modified arguments are equations in which the unknown function
and its derivatives are evaluated with modifications of time or space variables; such equations
are called, in general, functional differential equations. Among such equations, one can single
out, equations with involutions [§].

Definition 2.1. ([9,[39]) A function f(x) #Z = maps bijectively a set of real numbers D, such
that

f(f(x) =z or [l (x) = flx),
is called an involution on D.

It can be seen that equation (2.1)) for ¢; = 0 (i = 1,2) is a classical fourth order parabolic
equation. If g; # 0, equation ([2.1)) relates the values of the second derivatives at two different
points and becomes a nonlocal equation. It is known that boundary control problems for the
fourth order parabolic equation in the case ¢; = 0 were studied in details in work [19].

Now we present the following time optimal control problem.

Time Optimal Problem. For a given constant € > 0 problem consist looking for the
minimal value of T > 0, such that for t > T the solution u(x,y,t) of the initial-boundary value
problem (2.1))-(2.4) with some admissible control v(t) exists and for some Ty > T satisfies the
equation

/ / w(z,y,t)dyde =0, T<t<T, (2.5)
0 0

where function u(x,y,t) describes the height of the growth interface at the spatial point (x,y) €
at time t > 0, and 0 s the average value of the growth interface height of the thin film.
Consider the following spectral problem

4 4 4 84

0 0
@U(%yﬂa—yzﬂ](%yﬂ@l @U(W—w,yﬂé& 8—y4U($,7T—y) =AU(z,y), (z,y) €Q, (2.6)

with boundary value conditions
and
U(x,0) =U(x,m) =0, Uy(x,0)=Uy(x,m)=0, (z,y)e€ o,

where ¢; (i = 1,2) are nonzero real numbers such that |¢;| < 1. If we say U(z,y) = X(x) Y (y)
in Eq. (2.6)), we have the following spectral problems.
Spectral problem 1.

mnr "

X (@)+aX (r—2) = mX(x), O0<z<m,
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Spectral problem 2.

" 1"

Y (y) +eY (n—y) = m1Y(y), 0<y<m,

11

Y(0)=Y(r)=0, Y (0)=Y (r)=0, 0<y<m.

We can see the solutions of the above spectral problems 1 and 2 in the works of [30} [34].
Then, from spectral problems 1 and 2 we have the following eigenvalues:

Mg = (1 —e1)16m* + (1 — g9) 16n*, m,n €N, (2.7)

Ammz = (L—e1)16m* + (1 +e2) 2n+1)*, meN, neNy=NuU{0}, (2.8)
Amms = (1+e)2m+1D*+ (1 —&)16n*, meN,, neN, (2.9)
Amna = (1+e1)(Cm+ 1)+ (1+e9) (2n+1)", m,n € Ny, (2.10)

and we have the following eigenfunctions
Unni(z,y) =sin2mz sin2ny, m,n € N,

Unmn2(x,y) =sin2ma sin(2n + 1)y, meN, n € Ny,
Upnns(z,y) =sin(2m + 1)z sin2ny, m €Ny, neN,

and
Upnmna(z,y) =sin(2m + 1)z sin(2n + 1)y, m,n € Ny.

Assume, the given function ¢ € C°([0,7]) satisfies the conditions

0(0) = p(r) = pP(0) = o (1) =0, ¢, >0, (2.11)
where
2 )
gon:—/go(y) sinnydy, n=1,2,.... (2.12)
T
0
We set ,
8(1 9m + 1)2 g,
p = Sl+e) @m+1)7p =01, (2.13)
s 2n + 1
and
8(l+e
Xooa=2+¢e+ea =Ny, Poo= % = &,
where ¢, is defined by (2.12)).
Theorem 2.2. Let
0<f< 2
Ao
Set
1 0\
Ty, = ——1In(1-
"7 TN “( %M)

Then a solution T,,;, of the Time optimal problem exists, and the estimate T,,;, < Ty is vaild.
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3. INTEGRAL EQUATION FOR CONTROL FUNCTION

In this section, we derive the basic integral equation to find the control function. We first
introduce the classical solution of the initial boundary value problem ({2.1))-(2.4)).
By the solution of mixed problem ([2.1))—(2.4]) we mean the function u(z,y,t) expressed in the

following form

T =X

u(m, Y, t) = go(y) V(t) - w(x, Y, t)? (31)

™

where the function w(z,y,t) with the regularity w(x,y,t) € Cﬁ:;‘:tl(QT) NC(Qr) and Wy, wy, €
C'(2) is the solution to the mixed problem

4 4 4

9 ( t)+a— ( t)+a— (z,y,t) +e1 z7w(m — t)+
8tw r,y, 3x4w z,Y, 6y4w r,y, €1 3x4w ™ r,y,

o4 T—x

+E2 8—y4w(l’7ﬂ —y,t) = ¢(y) =

- V'(t) + oW (y) - v(t) + 20" (m — y) -

with homogeneous boundary value conditions

w(0,y,t) = w(my,t) = 0, wee(0,y,t) = wee(m,y,t) = 0,

w(x,0,t) = w(x,mt) = 0, wy(r,0,t) = wy(zx,mt) = 0,

and initial value condition

w(z,y,0) = 0.

Using the condition (2.11]) we can write

™ ™

2

2
_/@(4)(y) smnydy — n4 On, —/g0(4)(7r —y) smnydy = (_1>n+1 n4 Pn, N E Na
T s

0 0

where ¢, is the Fourier coefficient of the function ¢(y).
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We solve the above mixed problem by the Fourier method. Thus, we get (see [38])

1 n . ‘
w(z,y,t p Z Z 2 </ “Aman1(t=8) 1/ (g) ds) sin 2ma sin 2ny+

m=1n=1

1 & n
4= ZZSO? +1(/ Am,n,2(t=s5) ’(s)ds) sin 2mz sin(2n + 1)y+

m=1n=0

L2 o n
2 Z Z L& < e’)‘m n3(t=9) 1/ (g) ds) sin(2m + 1)z sin 2ny+
T

=N

2 n ] ]
i ; 292 —?l ( e Amnall=9) 1/ (g) ds) sin(2m + 1)z sin(2n + 1)y+

m=1n=1

10 1 - ] 1
Z Z n* g, €2 </6—>\m,n,1(t_5) v(s) ds) sin 2max sin 2ny+
0

t

m

§ § e ( ) S S1n ZMax Sl ( n )y
m= 0

2m+1

2 = 2n—|—1 Poan+1 1+52 / at— : i +
Z} : e~ s) S sm( m + )x sm( n+ )y
T 0

3 902” 1 — 62) / —Am,n,3(t—s) .

= 3= y(5) ds | sin(2m + 1)z sin2

@ Z Z:l 2m + 1 ¢ v(s)ds | sin(2m + 1)z sin2ny,
= 0

where A\, i, (i = 1,4) are defined by (2.7 - , Tespectively.
By (3.1 . and - we have the solution of the 1n1t1al boundary problem . .

u(z,y,t) =

|
3| =
3
Mg *
[]¢
S
3§
VR
—
C.GI
>
3
3
t\
©
QL
V)
N———
<
]
(N}
3
=
<2
=
[\
S
5

3

Il

—
o

t
1 o= o P2n
L Z Z Pan+1 (/e’\m1"72(t5) V'(s) ds) sin 2mx sin(2n + 1)y—
T
0

2 n ' '
— % Z: g 2$2+ ] (/e—/\m,n,3(t—s) y/(s) ds) Sln(Qm + 1):B sin 2ny—

|
5]
(]
gk
S
+|%
[S—
VR
o\“o

e Amnalt=s) /() ds) sin(2m + 1)z sin(2n + 1)y—

t

16 0t oo (1 —
16 Z Z n- s ( &?2) (/e—/\m,n,l(t—s) V(s) ds) sin 2ma sin 2ny—
T m
0

(3.2)
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m

t
1 S0 (20 4+ 1) gy (1
- — Z Z (2n+ 1) onia (1 £ 22) (/ek’”’“(ts) v(s) ds) sin 2mz sin(2n + 1)y—
m
0

t

32 — n (1 — i
- — E E nl o (1—2) /e‘Am’”ﬁ(t_s) v(s)ds | sin(2m + 1)z sin 2ny—
2m +1

m=0n=1 0

t
2 S (20 4 1) gy (1
— = Z Z (2n 1) Panin (1 +2) (/e_km’"v“(t_s) v(s) ds) sin(2m + 1)z sin(2n + 1)y.
T 2m +1
0

Using the solution of the mixed problem (2.1)-(2.4)) and the condition ([2.5)) we can write

//W_x y) dy dx—
t

8 o0 (o) "
_ S Z Z P2n+1 /e—Am,n,4(t—s) z/(s) ds—
T (2m+1)2(2n+1)
0

t
2= (2 1)3 1
SEyo s B LS [ ey ) s 3.3
™

m=0 n=0 (2m + 1)2 0

where ¢(t) =0 for t € [T,T1].
According to Parseval equality, we get

7r—x 8 = — P2n+1
// dody = %ZZ 2m+1)2+(2n+1)' (3.4)

Using the definition of the admissible control v(t) and ( . ., we can write

t

8(14¢1) w= w= (2m + 1)? g, A altes

oty = SR Yoy B e [ (), (3.5
m=0 n=0 0

where A, 4 is defined by ([2.10).

Let us introduce the function

- i i (I)mn e_/\m’nAt? t> 07 (36)

m=0 n=0

where ®,,,, is defined by (2.13 -
Then equality (3.5 . takes the form

t
/Kt—s s)yds = o), t>0, (3.7)
0

where function ¢(t) = 0 for t € [T, T1].
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For any My > 0, we denote W(M,) the set of functions ¢ € W3(—oo,+0c) which satisfy
the conditions
[9llwzr,) < Mo, ¢(t) =0 for t<0.

The resulting Volterra integral equation (3.7) is the main equation for admissible control
v(t). Therefore, we present the following theorem.

Theorem 3.1. There exists My > 0 such that for any function ¢ € W (My) the solution v(t)
of the equation (3.7) exists and satisfies condition |v(t)] < M.

Proposition 3.2. Let |e;] <1 (i = 1,2) and a € (3,1). Then the kernel K(t) satisfies the
estimate

Ca
0< K(t) < P 0<t<1.

Proof. According to condition (2.11)), ¢, coefficients are non-negative. By (2.10) and (3.6]),

we have

O< k)= 8(1% miozo (2m+1)%e S Cmnt 290712?11 o~ (LHe2)@n+1)t e _ A(t) W (t),
where
W(t) = 8 N 2922_’:11 e )
-0
and .
At) = (1 +&1) Z(2m +1)2 g~ (Hen)@mi1)te
m=0

For any t € (0,77, the function W (t) satisfies the inequality

0 < W(T) < W(t) < W(0). (3.8)
Let the function f(t) = t*¢~#! be given, where o, 8 > 0. It is clear that the maximum value
of this function is reached at the point t, = % and this value is equal to "‘—e “. We will use

this information in the following evaluation.
For any o € (3, 1), the function A(t) satisfies the estimate

A 1+€1 Z 2m+ 1+a1)(2m+1)4t
m=0
1+€1 > o — c m 4
m=0
l-a ,a ,—a @
< (14+¢e1) " >a%e (2m + 1)? <cu (3.9)
- te — (2m + 1)%e —

where ,
> (2m+1) > 1
ISl e S )
T;) (2m + 1)4e r;) (2m + 1)4a—2 oo

The proof of proposition follows from (3.8]) and (3.9).
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4. PROOF OF THEOREM [3.1]
It is known that the Laplace transform of the function v(t) is defined as follows

v(p) :/e_pty(t)dt, where p=oc+i7, o>0, 7T€ER.
0

Using the Laplace transform and the integral equation ({3.7)), we get

o) = [ear [ Kt - 9)vis)ds = K) o)

Then, N
o(p) = 22
K(p)
and we may write
0+100 ~
- L / Xb) iy / HHiT) orint gy, (4.1)
JK(p) T om K(o+1iT)

We present the following lemma, which is necessary to prove the existence of admissible
control.

Lemma 4.1. The following estimate is valid:

Cy
V1472
where C, > 0 is a constant only depending on o.

Proof. Using ({3.6)), we can write

K(o+iT)| > c>0, T€ER,

o0 %) [e.e] ) @mn
= / K(tye™dt =Y Py / e PPl gy = 0
0 m,n=0 0 m,n=0 p + )\m,n74

and forp=oc+ir

[e.e] [e.e] [e.e]

k(O’—FZT): Z (I)mn : _ Z (q)mn (U+/\m,n,4) T Z ( CI)mn

n=0 o+ )‘m,n,4 +teT 0 o+ )\m,n,4>2 + T2 ~0 o+ /\m,n,4)2 -+ T2

—ReK (0 +i7)+iImK (0 +i7),
where A, , 4 is defined by (2.10), and

[e.9]

~ ) A
ReK (o +iT) = Z ( mn (0 + Amna)

o (o + Amma)?+ 7%

e}

- . q)mn
ImK (o +i1)=—7 Z CE S
m,n=0 m,n,
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We can see that the following inequalities hold
(0 + Amna)®> + 72 < [(0+ Apna)® + 11+ 72),

and ) ) |
> . 4.2
(0 4+Amna)?2+72 7 14+72 (04 Apna)? +1 (42)
By (?7), we get the estimates
= . - CI)mn (U+)\mn4) 1 > cI)mn (U+>\mn4) Cla
ReK = 2 > s = : 4.3
‘ € (U—I—ZT)‘ mzn:o(a+)\m’n74)2+7_2—1+72 mzn:o(0+/\m,n,4)2+1 1+ 72’ ( )
and
P |T| = Q,n 020 |T|
ImK = > == 4.4
(K (o+ir)| = || Z (0 4+ Apna)?+72 ~ 1472 mzn;O (64+MAnna)?2+1 14727 (4.4)
where C 5, Uy, as follows
> (Dmn (U + )\m n 4) - cI)mn
C o= —, C o — .
R N o NP DN e R
By (??) and (4.4), we get the required estimate
~ C
K(o+it)| > —2—, where C, =min(C;,,Cs,). 4.5
| ( )’ s m ( 1, 2, ) ( )
O
Consequently, proceeding to the limit as ¢ — 0 from (4.1]), we have the equality
+00 ~
1 ' ,
)= — / OUT) it gy (4.6)
27T_ K(iT)

Proposition 4.2. [10] Let ¢(t) € W(My). Then for the imaginary part of the Laplace transform
of function ¢(t) the inequality

+oo
[ B6nIVTF P < G lwgin,

1s valid, where Cy > 0 is a constant.
Proposition 4.3. Let ¢(t) € W(My). Then v € W3 (R;).
Proof. By (4.5) and (4.6), we have the estimate

/yy 2(1 4 |7P) dr = +/

< C, / GG TP+ |72 dr = Colldllz s,

o) [

]?(ZT) (I+|7]7)dr <
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where Cy = min(C} o, Ca) which is defined by (4.5)). Next, we can write

t

(0 =) = | [V© ] < It -9

S

Hence, v € Lip o, where oo = 1/2.

O
Proof of Theorem |3.1]. Using and Proposition 7?7, we have the estimate
16| /
< — dr < i) V14 7T2dr <
H01< 52 [ e < 76 | N
Cl Mo
= on c T
where M, as follows c
27 0
My = M.
0 c
O

5. PROOF OF THEOREM
We consider the integral equation (3.7)) for the case t € [T, T}]

/tK(t—s)V(s)ds = 40,

where the kernel K (t) is defined by (3.6)).
Proposition 5.1. For the kernel K(t) the following estimate is valid:
K(t) > ®&ge ™ t>0.

Proof. The proof of this proposition follows from the fact that the kernel K(t) is positive on
the half-line t > 0
O
We introduce the function

H(t):/tK(t—s)ds:/tK(s)ds

It is known H(0) = 0 and H'(t) = K(¢) > 0. The physical meaning of this function is that
H(t) is the average thickness of the thin film in the €.
Define

[o.¢] ) q)
H*:/sts— < 400,
3 () m;())\m,nzl

where ®,,,, and A, ,, 4 are defined by (2.13), (2.10)), respectively. In conclusion, we can say that
the average thickness of a thin film in the domain 2 cannot be greater than H*.
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Proposition 5.2. (see [19]) Let 0 < 8 < M H*. Then there exist T > 0 and an admissible
control v(t) and the following equality is valid:

/K(T — §) u(s)ds = 6. (5.1)

Remark 5.3. It can be seen that the value of T is the solution to the time optimal problem
and it is the root of the following equation

0
H(T) = —. 5.2
() =+ (52)
Lemma 5.4. Let be
0<g< D0
Ao

Then there exists T > 0 so that

1 0 X
T < ——1In(1-—
DY “( <1>0M)’

and the Eq. 15 fulfilled.
Proof. Using Proposition [5.1, we can write the following inequality

t

H(t) = /t K(s)ds > ®, / 05 — % (1 - e’\ot). (5.3)

0

At t = T, we consider the equation ([5.3)), then we have the equation

d, AT 0
(1 —e M) = 2 4
>\0< ‘ ) M (5:4)
Thus,
1 a Xo
Ty =——1In(1—
"N “( %M)

According to (5.3)) and (5.4) we get
0
0 < — < H(Tp).
3 S H(To)

Then it is clear that 7" (0 < T' < Tj) exists, which is a solution to the equation ([5.2)).
O
The proof of main Theorem [2.2] follows easily from Lemma [5.4]
Acknowledgments. The authors are grateful to Academician Sh.A. Alimov for his valuable
comments.
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Abstract. A second-order parabolic equation with an inhomogeneity of the form
q(«', t)u'™*(z,t), where z = (2',z,) = (v1,+ ,Tn_1,%,) and o > 0, is considered in both
direct and inverse problems. The inverse problem focuses on determining the coefficient g(a’, )
under heterogeneity. The trace of the direct problem solution is provided at the hyperplane
x, = 0 as supplementary information. Conditions for the unique solvability of the direct prob-
lem are established. For the inverse problem, local existence and uniqueness theorems are
proven.

Keywords: non-linear parabolic equation, inverse problem, overdetermination condition,
integral equation, existence, uniqueness.
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1. INTRODUCTION. STATEMENT OF THE PROBLEM

In recent years, there has been a growing body of scientific literature focused on solving both
direct and inverse problems associated with nonlinear parabolic equations. Mathematical mod-
els that describe a series of physical and chemical processes, involving changes in the internal
properties of materials, form a nonlinear system governed by a parabolic equation with an un-
known coefficient. The complexity of such systems, along with their significant differences from
conventional boundary value problems with fixed coefficients in parabolic equations, generates
substantial theoretical interest in formulating their structure.

The determination of unknown coefficients in nonlinear parabolic partial differential equa-
tions from additional boundary conditions - such as measured data obtained at the boundary
or at a finite time - is a well-established problem in the literature, commonly referred to as
inverse coefficient problems [3]-[10]. The papers [3], [4] investigate the coefficient-to-data map-
pings associated with inverse problems involving unknown coefficients in nonlinear parabolic
partial differential equations. The authors present a method that utilizes adjoint versions of
the direct problem to derive equations that explicitly relate changes in the inputs (coefficients)
to changes in the outputs (measured data). Using these equations, the authors demonstrate
that the coefficient-to-data mappings are continuous, strictly monotone, and injective. Integral
identities are derived, showing that the coefficient-to-data mapping is monotone and invertible
when there is a single unknown coefficient, and the mapping is invertible when two unknown co-
efficients are determined simultaneously. The results of several numerical experiments are also
presented. In [5]-[10], the problem of identifying potentially discontinuous diffusion coefficients
in nonlinear parabolic equations is explored. A necessary condition for solving the parameter
estimation problem is provided. Additionally, the study investigates a regularization method
for solutions to ill-posed problems involving hemivariational inequalities in Banach spaces.
Under the assumption that the hemivariational inequality is solvable, a strongly convergent
approximation procedure is developed using the Browder-Tikhonov regularization method.

The work [14] deals with the determination of a pair (p, u) in the nonlinear parabolic equation

ur — Au + p(z) f(u) = 0, with initial and boundary conditions u(z,0) = 0, u’aﬂx[O,T] =g,
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from the overdetermination data u(.,T) = ¢. The problem is reduced to a nonlinear operator
equation and solved based on a fixed point theory in ordered Banach spaces. In the paper [12],
a nonlinear problem is considered, where the unknown coefficient depends on the derivative
of the solution. A uniqueness result is established using the method of Carleman estimates.
The applicability of this result is demonstrated through parameter identification problems in
population dynamics and magnetism. For the magnetism application, we present numerical
results based on a reconstruction method that employs a multiharmonic formulation of the
problem. In [I3], the authors prove a uniqueness result for the inverse problem of determining
several non-constant coefficients in a system of two parabolic equations that corresponds to a
Lotka-Volterra competition model. The result provides a sufficient condition for the uniqueness
of determining four coefficients in the system.

In this study, we investigate the inverse problem of determining the multidimensional non-
constant coefficients of an inhomogeneity term of the form u!'**(z,¢) in a parabolic equation.
Consider the Cauchy problem for the nonlinear parabolic equation

0
S = Butg(a (0, ) =0, (o.1) € RS, (L1)

with the initial condition
u(z,0) = ¢(x), zeR", (1.2)
where A denotes the Laplacian in the spatial variables = = (', x,) = (z1,...,2n_1,2,), and

R% = {(x,t) | x € R",0 <t < T}, a > 0 is a real constant, and q(z/,t), p(z) are given
functions.

The problem of finding a function w(z,t) that satisfies and is referred to as the
direct problem.

In this paper, for the direct problem we study the inverse problem: determine the function
q(z',t), (2,t) € R%! given a solution u(z,t) on the hyperplane z, = 0 :

u(z',0,t) = h(z',t), h(2',0) = p(2/,0), (2/,t) € R (1.3)

The inverse problem for the linear case of the corresponding equation ((1.1)), along with the

conditions (|1.2)) and ([1.3]), is explored in works [I], [2].
We will assume that ¢(z) € H™(R"), h(z',t) > hy > 0, hg = const, h(z',t) €

HAAS E;_l . The Holder spaces H (), H"/% (Qr) and the norms in them are well known

(see, for example, [0, pp. 10-20]). In what follows we will omit the indices Q and Q7 in the
notations of the norms of these spaces, [u|} = [ul, , in our case Q = R", or R"~.

2. STUDY OF THE DIRECT PROBLEM

The following statement is true:
Lemma 2.1. The solution to the direct problem satisfies the integral equation

t

u(z,t) =T (x,t) * p(x) — /F(x,t —7) % [q(a’, T)u T (z, T)] dT, (2.1)

0

where T'(x,t) is the fundamental solution of the operator & — A [6, p. 305]), f(z) x g(z) =
J [z —=&)g(§)de.
R
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Proof. For the right-hand side of (2.1]) the following equalities hold:
t
[(x,t) % p(x) — /F(a:, t —7)q(z’, T)ur (2, 7)dr = T(a,t) * ()
0

t

+/F(a:,t —T) % [UT(I‘, T) — AU(ZL‘,T)} dr =T'(x,t) x p(x)

iy [P )t )] iy [ )]

t
or
_ // 5@ =&t = 1)+ Al (@ — &1 — 7)]u(é, T)dédr.
0 R»
Using the relations tlir& ['(x,t) = 6(x), where §(z) is the Dirac delta function, §(x)*g(z) = g(x)
—
and g—z(a: — &t —1)+ Ad(x — €t — 1) = 0, we conclude that the right-hand side of these
equalities is equal to u(z,t). Passing to the limit as ¢ — 0+ in (2.1]), we obtain ([1.2)). O

+2

Lemma 2.2. Let p(z) € H'*? (R"), q(2',t) € HF> (E;_1>, 0<i<1, andl1 < ¢p(z) <
wo = const. Then there exists T* € (0,T] such that the direct problem has a non-negative

solution u(x,t) from the class HI+25 (Ry) -

Proof. According to Lemma 2.1, the solution to the direct problem satisfies the integral equation

(2.1). We write (2.1)) in operator form
u(z,t) = (Au)(x,t), (z,t) € RY, (2.2)

where
¢

(Au)(z, 1) = O(x, 1) — / T(x,t — 7) * [q(a, T+ (z, 7)] dr, (2.3)

and
O(z,t) :=T'(z,t) * p(x).

We will show that the operator A is contractive on a suitable set of functions if T" is small.
Consider a closed ball

B} := {v(a,1) € H'S () | [v — @y < 1}, (2.4)

Since a closed subset of a complete metric space is complete, the ball BL. is a complete metric
space with respect to the metric defined by the norm ||£F .
Under the conditions of the lemma |g0|l < ¢o. Let u € B, then according to l} we have

ulf = Ju— @ + @[ < u— L+ D < 1+ . (2.5)

We prove that for sufficiently small 7' the operator A maps B to itself and is a contraction
operator. Using ([2.3)), (2.5) and the estimate of the thermal volume potential in Holder norms
[0, p. 318], we obtain

l

/F(m,t — 1) x [qla, T)u (2, 7)] dr| < m(T)go (1 + ¢0)' ™, (2.6)

|Au — @[, =
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Qo = |q|lT m(T) — 0 at T — 0. By choosing T° = min {7, T\}, where T} is defined as
the smallest positive root of the equation m(T)go (1 + o) T = 1 (this is possible due to the
property of m(T)), we conclude that Au € Bi,.

We will now show that the operator A for some T on the set Bl is contractive. First, note
that if u € B, then

u(z,t) > ®(z,t) — |u(z, t) — &(x,t)] >0, (z,t) € RY.
Let u;(x,t) € BL, i = 1,2 and write the difference u;™*(x,t) — uyt*(z,t) in the form

wr (1)
upt(x,t) —uy (2, t) = (14 a) / n“dn.
s (z,t)
Next we change the variable
n=u(z,t)n +uzz,t)(L—n), dn=[u(z,t) — u(z,t)]dry,
n=u(z,t)=n =0, n=w(zt)=>n=1,
and in the end we get

uit (@, t) —udt(x, t) = [ui(z,t) — ug(a, t)] W, (ul(x,t), u2(:1:,t)), (2.7)

where
1

Wa(ul(x,t), ug(a:,t)> = (1+a) / wr (2, )1+ us(z, £) (1 — )] dy'. (2.8)

Using ([2.5) and ([2.7)), we find the following estimates:

W (i 1), ol 9], < (1) (14 )" (2.9

1 l
]ura(x, t) —uy(z, t)\T < (1+a) (14 )" \ul(a@ t) — ua(z, t)\T' (2.10)

Taking into account (2.9) and (2.10f), we estimate the difference

t

/F(x,t —T) % [q(x', ) (uf‘l(x, 7) —upt(x, 7)) ]dT

l
|A’LL1 — AUQ’lT =

T

< m(T)n(1 + ) (L+ ¢0)* [ur(2.1) — sl t)\;. (2.11)

It follows from that if we choose Ty = min {7V, Ty}, where Ty is the smallest positive root
of the equation m(T)qo(1 + ) (1 + ¢o)* = 1, then for T' € (0, T) the operator A performs a
contraction mapping of the set Bl into itself. Then, by the Banach fixed point principle, there
is a unique solution of the operator equation in BL.. Therefore, solving , for example
by the method of successive approximations (the Banach principle guarantees convergence to

the solution), we uniquely determine the function w(z,t). Moreover, under the conditions of
—n—1

the lemma ®(z,t) € H*>% (R}), and since (', t) € H*2% (RT ) , then each iteration

leads to a function from the class ™2 (Ry) . Due to the uniform convergence of successive

approximations to u(z, t), we conclude that this function belongs to the class H'*2'% (Ry) for
T € (0,Tp) and is a solution of the direct problem. O
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3. STUDY OF THE INVERSE PROBLEM

Lemma 3.1. The inverse problem (1.1 15 equivalent to the problem of determining the
unctions v(x,t) € HF>% R} and q(z' t € H*2% (R from the equations
T

% — Av+ (14 a)g(a, t)u(z, t)v(x,t) =0, (z,t) € RY, (3.1)
v(z,0) = ¢z, (x), =R (3.2)
U, (2/,0,t) = hy — Db+ g2, )R T (2 1), (2, t) e R (3.3)

where u(x,t) € H'T 3,152 (R7) is the solution to problem , .

Proof. Let (u,q) be a solution to problem Then, settlng v(z,t) = u,,, by direct
differentiation of (|1.1), , we obtain , Equahtles (3.3 ) are easily derived from
equation ((1.1)) and condition (|1.3]).

Conversely, let (v, q) satisfy equations (3.1))-(3.3). Then, we show that the problem ({1.1))- (/1.3
has a unique solution (u,q) with the same function ¢. Uniqueness follows from the uniqueness

of the solution to the problem ((1.1)), (1.2]), proved in Section 2. To prove existence, note that
since v(z,t) = ug, (z,t), then

Tn

w(z,t) = (' 1) + / ol y, £)dy, (3.4)

where (', 1) = v(2/,0,t). Let us choose 1(z',t) so that (L.1)-(L.3) hold. From ( and ((3.4)
it follows that ¢ (2’,t) = h(2’,t). Further, from here and from (3 1-) if the conmstency condition
h(z',0) = ¢(a’,0) is satisfied, we obtain

Tn Tn

u(x,0) = h(x',0) + /v(xﬂy, 0)dy = (2,0) + /cpy(x', y)dy = p(x),

0 0

i.e. condition is satisfied). It remains to verify that equality (1.1]) holds. Integrating (3.1))
from 0 to x,, and using (3.3) we find

n
8ut

/ [% — Av+ (1 +a)q(@!, t)u®(2',y, t)v(a, y,t)}dy = / [ﬁ_y = (Barulsy, t))y]dy

—vg, (2, 1) + vg, (2/,0,1) + q(2', 1) [u”o‘(:v, t) —u't (2,0, t)]
= w(x,t) —u(2',0,t) — Apu(z,t) + Apu(x',0,t) — ug, 2, (2, 1) + hy — Ah
+q(a’, )R (2! ) 4 q(a, 1) [uHa(x, t) —u' (2,0, t)]

= u; — Au(x,t) + q(@, t)u' (2, t) = 0.
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The solution to problem ({3.1)), (3.2) is reduced to solving the integral equation
¢
o) = T t)x oo, (@)= (1) [ Dot = 1) xlo(a’ 00 o, ol D) dr, () € B, (35)
0
where u(z,t) € H35 (@;) is the solution of equation 1}
Using (3.5]) we calculate the derivative v,, (x,t). In this case, taking into account the formula
for differentiation of the convolution f(x) * g(z) = f., (z) * g(x) = f(z) * gz, (z), we have

Vg, (2, t) = T(x,t) % 0p, 2, (2) — (1 + ) /Fxn (x,t — 1) [q(2', t)u®(x, t)v(z, t)] dT, (3.6)

where (x,t) € R}.. The kernel I';, (x,t) has a weak singularity at x = 0, t = 0.

From (3.3) and , we obtain

, 1
q(z',t) = D) [F(m, t) % Qu (x)|xn:0 — hy + Ax/h]
| ¢
+ « / e} / n—
_ —h1+a(aj’,t) /an (x,t —7)* [q(w ,Hu (m,t)v(w,t)Ln:OdT, (z/,t) e REE (3.7)
0

The system of equations (2.1)), (3.5)), (3.6) is a system of nonlinear integral equations in the
domain R} for unknown functions u(z,t), v(x,t) and ¢(2’,t). We write it in vector-operator
form

U=L(U), (3.8)
in which
U, t) = (U1, Us, Us) = (ule,1), (1), a(@',1)), L) = (Li(U), La(U), Ls(U))
and the operators L(U), Lo(U), L3(U) are defined in accordance with the right-hand sides
of equations (2.1)), (3.5), (3.6). We show that for sufficiently small 7" the operator L(U) is

contractive on a suitable set of functions.
Let’s denote

Ux,t) = <U{), Uy, Ug) = (uo(x,t), vo(z, 1), qo(m',t)>

= (@(@,0), Tw,1) = g0, (2), W%[F(m,t)*goxnggn(x)\xn_o—ht+A$/hD. (3.9)

(', 1)
From ({3.9) the estimate follows

! I I I 1 I
U7], = max { ol Jeoly laoly § < max { oo, 5[ + e+ Aohly]} = K, (3.10)

where g 1= max{‘go‘l, ‘gomn‘l, }¢mnxn|l}.

Definition 3.2. Let K(T,K) = {u(aj,t), v(x,t), q(a:’,t)} be the set of functions belonging to
the class H"/2? (R%), and satisfying the conditions

l
’U . UO‘ <K, u(zt)>0, (2,1 €R (3.11)
T
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44 (=n—1
2

Theorem 3.3. Let p(z) € H* (R"), p(x) < 1, h(z/,t) € H** <RT ) , h(@',t) > ho > 0,

ho = const, 0 <1 <1 and h(z',0) = ¢(a’',0). Then there exists T* € (0,T] such that equation
(5.8) has a unique solution on the set K(T*, K).

Proof. First, we note that the functions from IC(7', K) satisfy the inequalities
july < 2K, [v]; < 2K, g, < 2K. (3.12)

Let us first show that there exists some T3 € (0,77 for which the operator L maps the set
K (T3, K) to itself. Using estimates (3.12)) and equation ({2.1), we obtain

t

u(x,t) > T(z,t) * p(x) — /F(:c,t —7T) % Uq(x’,T)Hu|l+a(x,T)} dr

>1—(2K)*™T, (x,t)€R.
It follows that if T < (2K)™>"*, then u(z,t) > 0 for (x,t) € R%. Further we will assume that
.6),

this condition on 7' is_satisfied. l
Using 1) 1) we find estimates for ‘Lk(U) — U,S‘T, k=1,2,3, (x,t) € R} :

‘Ll(U) - U{)‘ZT = ‘ - /F(a:,t — 1) x [q(a, T)u (2, 7)] dr| < ma(T) (2K)*,
l ¢ !
)LQ(U) - US‘T =|—-(1+«w) /F(x,t—r) s [q(@’, )u® (z, )o(z, )] dr| < miy(T)(1+a) (2K)*,
‘Lg(U) — Uy lT = ‘ — %/an(%t — T)’xn:() * {q(x/,t)ua(x,t)v(x,t)]mn:OdT
<mgy(T) 2;3 (2K)2+oc ’

where m;(T) — 0, i = 1,2, for T — 0.
We choose T3 € (0,7) from the conditions T3 = min {73, 75"}, where T3, 75" are the
smallest positive roots of the equations

1+«

1
1+«
h(1)+a (2K> =35

Y

o 1
mi(T)(1+0a) QK) " =, my(T)
respectively. Then we obtain the inequalities

‘U— Uo‘l = max{

l
T 1<:<3 T

LZ(U>_U10‘ } <K, U,(J},t) >0, (Iat) ER%),:

from which it follows that the operator L(U) maps the set K(T3, K) into itself.
Let us now show that L(U) is a contraction operator on (7%, K) for some T € (0,T3].

Take two elements U(z,t) = (Ul, Us, U3>€ K(Ts, K) and Ul(x,t) = ((71, U, (7;:,)6 K(T5, K).

Then we have l

= ‘q(u1+a - ﬂ1+a) + al—i—a (q - fqv) ‘T.

l
’qul—i-oz _ ’qv,dl—‘ra
T
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Using relations similar to (2.7)-(2.10]) to estimate u'*t® — @'**, we continue

!
‘quH Zﬁzl—i—a

< 2| — Uy max {(1+ @) (2K)*|Us].., [U7+], }

< 2(1 + a)(2K)

(3.13)

Such reasoning will lead to inequalities

‘qv(uo‘ —u®) +u%q(v—0) +u*v(q - q) ’ZT

!
qu®v — qu®v| =
T

‘T’ |(71QU3}ZT7

§3]U—U";max{oz(2K)a}U2Ugl ‘ﬁfﬁg’;}

< 3max {a(2K)2+°‘, (2K)1+a}\U ~ . (3.14)
We will use (3.13) and (3.14) to estimate the norm of the differences (L(U') — L(U?)).,
1 =1,2,3. Then we get

t l

/F(:c,t —7T) * [q(x',T)uHo‘(x, ) — g, 7)u' T (w, 7'):|d7'

T

< 2my(T)(1 + @) 2K)*|U — U,
‘(L(U)—L(ﬁ)%‘ } (1+a) /F z,t—T) (x',t)uo‘(x,t)v(a:,t)—c?(x',t)ﬂo‘(x,t)ﬁ(x,t)]dT

T

< 3my(T) max {a(QK)2+a, (2K)1+a}
_ ‘ _ %O/an(x,t — T)‘xnzo * {q(x’,t)ua(x,t)v(x,t)

l

1
g T o, 0T, 1)]dr| < Bma(T)
0

xn=0

max {a(zK)M, (QK)”“} U -0,

Let p € (0,1) and 77(0, T3] be chosen as T* = min {7}, T5}, where T}, i = 4,5 are the smallest
positive roots of the equations (with respect to T')

1+«

3ma (T) max {a(2K)*, (1+a)(2K)** | =, 3ma(T) i

max {a(?K)2+O‘, (QK)HO‘} =p,
respectively (this is possible due to the properties m;(T),i = 1,2). Then the inequality

~ ~ o\l ~ ]
[L(U) = L(O], = ma {|(L(U) = L)), [} < p[U = T
which means that L(U) is a contraction operator on the set (7™, K). Then it follows from
the Banach principle that the operator equation (3.8]) has on the set K(T™*, K') unique solution.
Theorem 3.3 is proved. d
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Note that the found functions w(z,t) and ¢(z’,t) will be solutions of the direct and inverse
problems from the classes H>%" (R}) and g(«/,t) € HH>%" (R

(RT 1) , respectively. To show
this, we construct successive approximations for equation (|3.8)):
Uttt = L(U™), n=0,1,2,---. (3.15)

Under the conditions of the lemma, U%(x,t) € H'*>%° (R}), then each iteration leads to a

function from the class H'**2" (R;) . Due to the uniform convergence of successive approxi-

mations (3.15)) to U(z,t) (Theorem 3.3 guarantees convergence to a solution), we conclude that

this vector function belongs to the class H=>'%* (Rp..), and the first two components U (z, ¢)
are solutions of the direct and inverse problems.
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Abstract. This work is devoted to the investigation of initial-boundary value and inverse
problems for mixed-type equations involving a time-fractional derivative of order p in the sense
of Caputo, together with a Bessel operator. By applying the method of separation of variables,
the problem is reduced to solving a system of ordinary differential equations for the coefficients
of the series expansions of the unknown functions. These expansions are represented as Fourier-
Bessel series in terms of orthonormal Bessel functions of the first kind and zero order. The
conditions for the existence and uniqueness of the solution are established. Further, it is
assumed that the order of the derivative p is unknown, and the inverse problem of determining
this parameter is considered. An additional condition is found that guarantees the existence
and uniqueness of a solution to this inverse problem.
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1. INTRODUCTION

Let p € (0,1) be a fixed number. The fractional derivative of order p of a function f in the
Caputo sense is defined as

I B O
DEFD) = = / ir

where I'(+) denotes the well-known gamma function.

In the domain @ = {(z,t)| 0 < z < 1,—a < t < oo} consider the following mixed type
equation:
Dlu— Bou, 0<z<1 0<t< oo,

uy — Bou, 0<zx <1, —a<t<O, (1.1)

favt) = {
where f(z,t) is a given sufficiently smooth function and o > 0 is given real number and
1
Bou = g (x,t) + —ug(z,t) (1.2)
x
is the Bessel operator.

Forward problem. Find a function u(x,t) satisfying equation (l.1) and the boundary
conditions

glcg%xux(at) =0, wu(l,t)=0, (1.3)
and gluing conditions
. _ . . p _ .
tlﬂlo“(‘”’t) = tl_l)rilou(x,t), tl—l)r—]l:}o Diu(z,t) = t1_1>r£10 u(x,t), (1.4)
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and also a initial condition
u(r,—a) =p(r), 0<z<l, (1.5)

where () is a given function.

Next, it is convenient to introduce the following designations: @, = @ x (0,00), Q- =
Q x (—a,0).

Let us present the definition of the solution of the problem —.

Definition 1.1. A function u(z,t) € C(Q) and u(x,t) € AC(Q) is called the (classical)
solution of the forward problem, if u(x,t) € C%(Q), Diu(z,t) € C(Q,), w(z,t) € C(Q_),
u(x,t) € C(Q-), and u(x,t) satisfies all conditions of forward problem.

Let 7— be an arbitrary real number. In the space Ly(0,1), we introduce the operator A,
which operates according to the rule

ATf (@) =D N frdo(Ae),
k=1

here fr, = (f, Jo(Axx)) are the Fourier-Bessel coefficients of a element f € Ly(0,1) and A, and
Jo(Arx) are eigenvalues and eigenfunctions of the Bessel operator.
Obviously, this operator A with the domain of the definition

D (A7) = {f € Lx(0,1): D N fil® < oo}
k=1

is selfadjoint.
Let us denote by By the operator in Ly(0, 1) acting according to the rule ([1.2)) and with the
domain of definition

D(By) = {f € C20,1) : limaf () = 0, f(1) = 0} .

The selfadjoint extension in Ls(0, 1) of operator By is A (see [5], p. 139).
Inverse problem. Find a pair of fuctions {u(t), p} such that p € [pg,1], 0 < py < 1 and
u(t) and p together satisfy the conditions of Definition and the additional condition :

Ulto, p) = [[u(to) — A7 f||* = uo, 0 <ty < oo, (1.6)

where uy € Ly(0,1) is given vector. When solving the inverse problem, we will assume that
flz,t) = flz).

The similar problems to problem — for various operators have been considered by a
number of authors. Let us mention only some of these works. For example, in works [6] - [4]
forward and inverse problems for mixed-type equations with the Bessel operator of fractional
Caputo order have been studied. It should be noted that in all these works , the inverse
problem consisted of finding the right-hand side. The authors of the work [2] also study the
inverse problem of determinig unknown parametr p for the following mixed type equations

Diu(t) — Au(t) =0, 0 <t <t
w(t) — Au(t) =0, —t; <t <0,

where A is positive selj-adjoint abstract operator. In this work additional condition ([1.6]) looks
like
U(p) = |lulto)||* = uo, —t1 <to <0.
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2. PRELIMINARIES
The corresponding eigenvalue problem is given by

1

X' +=X +XX=0, 0<z<l, (2.1)
T

together with
X(1)=0. (2.2)

At the singular end point x = 0, from applications point of view, we impose a boundary
condition of the form

91611)1(1) zX (x) =0. (2.3)

The corresponding eigenfunctions are the Bessel functions of the first kind of order zero are

solutions of Eq.(2.1)
Xk(l’) = Jg()\k.’b), k= 1,2,3

We find the eigenvalues using the boundary conditions ([2.2) and the positive roots of the
equation Jy(Ax) = 0, i.e., the values of A\ represent the zeros of the Bessel function Jy(z),
which has the following asymptotic representation (see [10], p.213):

Jo(x) = \/gsin (ar—i— %) + ;0\(/?’

where the function 7¢(z) remains bounded as x — oo. Hence, the zeros of Jy(z) are given by

([11], p-556):
s 1 1
)\k_kﬂ_z—i_&T_k—i_O(E).

The uniform convergence of Fourier-Bessel series are stated in the following theorems:

Theorem 2.1. (see [10], p.230-231) Let f(x) be a function defined on the interval [0, 1] such
that f(x) is differentiable 2s, s € N times s > 1 and such that

(1) f(0) = f(0) = ... = f*71(0) = 0;
(2) fO)=f 1) =..=f>11)=0;

(3) f*(z) are bounded (this derivative may not exist at certain points);

Then the following inequality is satisfied by the Fourier-Bessel coefficients of f(x):

C
| fr] < =i (c = const).
Ak

Theorem 2.2. (see [10], p.225) If v >0, M > 0 and if

M
| fil < gy (2.4)

where € is a positive constant, then the series

Z fk’Ju(Ak'I)a
k=1

converges absolutely and uniformly on [0, 1].
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Next, we recall some properties of the Mittag-Leffler functions.
Let 0 < p < 1 and p be an arbitrary complex number. The function defined by the following

equation
oo

tk
E,u(t) = kz; Tk + 1)

is called the Mittag-Leffler function with two-parameters (see [7], p. 12).
Lemma 2.3. (see [7], p. 61) For all positive t and p > 0 one has

t
/0 W E, (=P dy = (P, e1 (= A7) (2.5)

3. INVESTIGATION OF THE FORWARD PROBLEM

Now we expand functions u(x,t) and f(z,t) in the Fourier-Bessel series (see e.g. [10], p.211),
writing them in the form

u(xz,t) = Ti(t)Jo(Arz), (3.1)

k=1

Fla,t) = felt) Jo(Axx). (3:2)

k=1
Substituting (3.1) and (3.2)) into (1.1]), and applying the gluing conditions (|1.4]), we obtain
t
ArE,q (—Aitp) + /(t - T>p_1Ep,p<_>‘z(t = 7)) fi(T)dr, t>0,
Ti(t) = 0 (3.3)
fk(O) sin )\kt 4 Fl()\k, t)

Ay (cos A\gt — g sin Agt) + " N

t <0,

where A; are arbitrary constants and

t

Py (M t) = / fi () sin Ay (t — n) dn.

If Ay(k) =+/14+ Msin ()\ka + 9k> # 0 for all k € N, then for A; one has

Ay = 2k (3.4)

where pf = o — F1( Mg, —a) + L .

Thus, if A,(k) # 0 for all k, then the unknown coefficients Ay are found uniquely and
problem — also has a unique solution. Thus, we arrive at the following criterion for
the uniqueness of the solution to problem ([L.1)-(L.5):

Theorem 3.1. If there is a solution to problem (1.1)-(1.5)), then this solution is unique if and
only if the condition A, (k) # 0 is fulfilled for all k € N.

(0) sin A\
B v

When solving the problem by the Fourier method, A, (k) appears in the denominator. There-
fore, we need to estimate A, (k) from below.
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Lemma 3.2. If « is a positive rational number, then there exists a positive constant Cy and
ko,(ko € N) such that for all k > kg the following estimate from below holds

|AL (k)| > Co. (3.5)
Proof. Case 1. Let o« = 4l,l € N. Then we obtain

Ay (k) = cos 4\l + N sin 4N\l =

= (-1)’ (1 — 161° (;Tk +0 (%))2>+(lm— it Sﬂ_Lk-i-O <%)> (—1)'sin <ﬁ+o <%)) :

From this, we get

a6 (o (VY 2 (T o (AN (Lo
1— 161 (8k+0 =)t et 0 5710 ) )|

Thus, there exists a ko € N such that, for all & > max{k;, k2} we have

A (k)| >

1 [ 1 1
|Aa(k?)|>‘1+O(E)+%‘>§+%ZC&>O (36)

Case 2. Let @ = 4p/q p, q € Nis a rational number, where p and ¢ are coprime numbers, i.e,
GCF(p,q) = 1. Dividing (4k—1)p by ¢ with remainder (4k—1)p = sq+r, s,r € Ny = NU{0},
0 <r <gq, we have

: p 1
A (B)| = [(=1)°y/1+ N2 — 0 .
Bal] = |1y T agsin (4 2o () o)) (3.7)
If r = 0 then, (3.7]), we obtain
/ 1
’Aa(/{?” = 1—|—)\z Sin (m—i‘O <ﬁ) +9k> (38)
0, satisfies the estimate
L g 11 (3.9)
VIt T T2 ek ’

Using ((3.8) and . we have
2 P 1 1 P 2 1
A (k W1 N = 1+ A}
[Aa(k)] > =41+ k<2 qk+0<k2>+ —1+Ai> quk\/ + X2 4 = +O(k;2)

There exists a k4 € N such that, for all £ > max{ks, k4} we have

2
> > 1
A ()|_47Tq+7r Cy > 0. (3.10)

Now let » > 0. Then, obviously, 1 <r < g — 1, ¢ > 2. Since the expression

- . » 1
Ay(k) = sm( . + Inch +0 (k2> +9k> ;



82 Dusanova U

has a non zero positive limit as k& — oo, there exists a ks € N such that, for all £ > ks we can

write )
Aalk) 2 5y/1+ X

Then inequalities , and imply the validity of estimate for all values of k
satisfying the inequality k > ko = max{ky, ks, k3, k4, ks }.

If, for the numbers « from Lemma 3.1, for some k=p=ky ko, .. ky, where 1 <k < ky <
v < kpy < ko, Ag(k) = 0 then problem 1)-(L.5) has a solution it and only if ¢} = 0 (see
(3.4)). Naturally, in this case the solution of forward problem is determined as the sum of the
series

7k
>
— 4

. T
sin —
q

sing' = kC3 > Cy > 0. (3.11)

k1—1 km—1

u(z,t) = Z+ + > Z Ti(t)or(z) + Y ATy ()v,(), (3.12)

k=km-1+1  k=km+1

where, in the last sum, p takes the values ki, ko, ..., ky,, and T,(t) is defined by formula (3.3));
here k& must be replaced by p and A, is an arbitrary constant.

4. JUSTIFICATION OF FORMAL SOLUTION

The formal solution to problem (|1.1] ’ has the form . Now we show that the series
satisfies all conditions of Deﬁmtlon

To estimate the coefficients of the Fourler Bessel series of the function u(x,t) and the series
obtained by its differentiation, we calculate the general terms of these series. Consider the case
for t > 0, and in the case t < 0 the absolute convergence of solution is proved in a similar
way. Let

e (i A0 B o i) 6, 20

o(k)
(4.1)

According to Theorem 2.2 we conclude that the representation of the series of u(z,t) con-
verges absolutely and uniformly in Q.

Now we prove the uniform convergence of the series DYu(x,t). It is not hard to see that
DIFy(Ag, t) = fir(t) — A\2F1 (A, t). By Theorem we conclude that, the series representation
of Dfu(z,t) converges absolutely and uniformly in Q..

Finally, it remains to show the uniform convergence of the series representation of wu.,(x,t),
which is given by

Uga (7, ) Z% (B, 1) + Fy (A, ) [T (@) — Jo((2))]-

k=1
Hence, for convergence, we have the following estimate:

)\2
2

MlO Mll M12 M13
- )\2/2 )\2/2 )\2/2 )\i/2

“E(U(k,t) + Fy (Mg, ))‘

Therefore, by Theorem [2.2] we conclude that, the series representation of Uz (x, ) converges
Pu(zt) Ou(w,t

T W in ()_ can be shown

absolutely and uniformly in ). The convergence of series
in a similar way.

Thus we have the following theorem
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Theorem 4.1. Let the functions p(z) and f(x,t) are differentiable four times with respect to
x, and for derivatives with respect to x the following equalities be satisfied:

(1) £(0,t) = f0.8) = f1(0.8) = f7(0,6) = 0; f(L,t) = f(1,t) = [(L,t) = 0; Vt €
(—a,B);

(2) 9(0) = ¢'(0) =" (0) =" (0) = 0; (1) = (1) = ¢"(1) = 0;

(3) 9*f(x,t)/0x and O*o(x)/0z, ¥Vt € (—a, B), x € (0,1), are bounded;

(4) f(x,t) is continuous and continuously differentiable with respect to t.

and let « be a positive rational number. In that case, if Ay(k) # 0 for k = 1,..., ko, then
there exists a unique solution of problem (L1.1))-(L.5)), which is determined by the series (3.1)).
If AL(k) = 0 for some k = 1,....ky < ko, then problem (1.1)-(1.5) is solvable if and only if

conditions

11 (0) sin v
N ’

hold, and, in this case, the solution is determined as the sum of the series (3.12)).

or = Fi(Ag, —a) — (4.2)

Remark 4.2. We especially emphasize that conditions (4.2)) are both necessary and sufficient.
However, these conditions are somewhat difficult to check. Therefore, we can formulate the
following sufficient conditions

or = (0, Xy) =0, fi(t) = (f(t), Xx) =0,

which, on the one hand, are easily verified, and, on the other hand, when they are satisfied, the
necessary and sufficient conditions (4.2]) are also satisfied.

5. EXISTENCE AND UNIQUENESS OF THE SOLUTION OF THE INVERSE PROBLEM

In order to find a formal solution to the inverse problem, we repeat all the actions that were
used in the forward problem, and by virtue of (3.3) and (2.5) we have

a1k Ep1 (—NHP) 4 fit B, 1 (=Ait?), t >0,

Ty(t) = (5.1)

b1k cos At + c1p sin At + % (1 —cosAit), t<O.
k

After applying the conditions (1.4]) we find the unknown coefficients ay, b1k, c1x as follows
Aror + fe(Aa(k) — 1) S — Arag

ayy = by = A (k) ) Clk = A (5.2)
Taking (5.2)) into account (5.1]) we get
PrAL Ji ) Ji
B, (=it - T+ s,
Ty(t) = pa (= At”) (Aa(k) A AL (k) A7 (5.3)

fr (Aq + sin At — g cos Agt) + )\icpk, t < 0.

For the solution the forward problem (3.1)), function Ul(ty, p), defined in the additional con-
dition ([1.6] ., has the form

o
Ulto,p) =Y

k=1

2

)\2
Pk i , 0<ty <oo.

Aa(k)  NAa(k)

E,q )\ktp
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Lemma 5.1. Let py € (0,1) and conditions of Theorem be satisfied. There exists a number
To = To(po) > 0, such that for all ty > To, function Ul(ty,p) decreases monotonically with
respect to p € [po; 1].

It is easy to see that the following main result on the inverse problem is an immediate
consequence of this lemma.

Theorem 5.2. Let pg € (0,1) and let number Ty be from Lemma . Then for all ty > Ty the
solution of the inverse problem {u(t), p}, p € |[po, 1], exists and is unique if and only if

Ulto, 1) < ug < Ulto, po)- (5.4)

To prove Theorem we need the following lemma.

Lemma 5.3. Let A\ > 0 be the first eigenvalue of Bessel operator. Given py from the interval
0 < po < 1, there exists a number Ty = To(A1, po), such that for all to > Ty and X > Ay the
function ex(p) = E,1(—N*tf) is positive and monotonically decreasing with respect to p € [po, 1]
and

ex(1) <exl(p) < ealpo)-

Proof of Lemma [5.3 can be found in [2].
The proof of the main Lemma follows easily from Lemma

6. PROOF OF THE MAIN LEMMA 5.1

Let us denote
2

eri — fu/ N
Cp=|——F—— >0
k Aa(k') — Y
so that the function U(tg, p) can be written as
Ulto, p) Z |E, 1 (—Mith)]? Cr.

From Lemma we know that there exists Ty = Ty(A1, po) such that for all ¢y > Ty and all
Ar > A1, the function

ex.(p) = Ep1(—Aitg)

is positive and strictly decreasing with respect to p € [po, 1]. Therefore, for each k, the term
|E,1(—\ith)|? is decreasing with respect to p.

Since C, > 0 and independent of p, each summand in the series defining U (p) is monotonically
decreasing in p on the interval [pg,1]. As a sum of monotonically decreasing nonnegative
functions, the function U(p) is also monotonically decreasing on this interval. Hence, for all
to > Ty, Ulto, p) is decreasing with respect to p € [po, 1].

As mentioned above, the Theorem is a consequence of Lemma [5.1{
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1. INTRODUCTION

We consider the solvability of one class of boundary value problems for a fourth order mixed type
equation of the form

Lu= Pu+ Mu+ A= f(z,t), (z,t) € Q@ =Qx (0,7T), (1.1)

where \ — is some real parameter and  is a bounded domain with boundary I' € C°. Here

4

Pu = Z Ki(x,t)0}u,

i=0
, o
where Jju = 8—;, v =u, (1 =0,1,2,3,4). The operator M is defined by the differential expression
Mu= Y D(aas()D}), tap(x) = apa()
la|+|8|<4

and the boundary conditions

Bjulr =0, Bju= Z bis(z)DPu, (j=1,2), my < may. (1.2)

|BI<m;

2. BOUNDARY VALUE PROBLEM
Find a solution u(z,t) of equation (1.1]), satisfying boundary conditions (1.2]) and conditions

ag) u‘t:o = O‘af u|t:T; p=0,1,2, (2.1)

where a # 0 — is some real number.

In A.V. Bitsadze [3] it is shown that the Dirichlet problem for a second order mixed type equation
is incorrect. The question naturally arises: is it not possible to replace the conditions of the Dirichlet
problem by other conditions defined on the entire boundary, which ensure the correctness of the
problem? For the first time such boundary value problems (nonlocal boundary value problems) for a
mixed type equation of the second order were proposed and studied in the work of F.I. Frankl [12]. As
close in formulation to the studied ones, the problem for a mixed-type equation of the second order
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was studied in bounded domains in [I3], [6], [7], [8], [I7], [22]. Nonlocal boundary value problems for
a high-order partial derivative equation without derivation have been studied by many scientists, a
complete bibliography is available in the book by A. Dezin [5]. For high order mixed type equations
with local boundary conditions have been studied in different spaces in [25], [11], [4] and with nonlocal
boundary conditions such problems have been very little studied [9], [I8], [I0]. In this paper, using
the results of [25], [11], [7], [8] and applying the modified Galerkin method and a priori estimates, we
study the single-valued solvability and smoothness of the regular generalized solution of the boundary
value problem —. We consider a model case, a 4th order equation; however, the reasoning is
general and can be easily transferred to the case of higher order equations.

Problem statement and main results

Let us give conditions on the data. We assume that M, with the domain of definition D(M) =
{u e W) : Bjulr =0, j =1,...,4} is self-adjoint and positively defined in Ly(Q), i.e.,
there exists a constant d such that (Mu,u)y > dol|u||2 for all w € D(M), where | - |lo, (,)o —
are the norm and scalar product in the space Ls(£2). The conditions when positive definiteness
of the operator M takes place are discussed, for example, in [2I]. We may not specify specific
smoothness conditions on the coefficients of the operators M, B;, however, from the point of
view of the general theory [I], [21] it is enough to assume that

aop € CLBN(Q) b5 € CPI(Q), B; > 2m —m; —1/2.
We first assume that
Ky, Ky, K3 € Lo (Q), K; € Loo(0,T5 L, (2)),i =0,1,2, (2.2)

where p; > n/2 forn >4, p;=2forn <4,i=0,1; po >n forn > 2 and p; = 2 for n = 1.
Equation belongs to mixed type equations of the second kind, since no restrictions are
imposed on the sign of the function Ky(z,t) on the variable ¢ inside the interval [0, 7] [26], [§].
However, we still need some sign-conditioning. We assume that the following inequalities are
satisfied

(VK4 + Ky)

K4(:L‘7T) Z 07 K4(:L‘70) S 07 K3 - 9

2
—Kyf >, 7= T1n|04|7 (2.3)

for all (z,t) € @ and some constants 5 < 3v/2, §; > 0. When obtaining various a priori
estimates, we often use the inequality of the
lal”  _1p-nlbl?
labl| <e—+¢ , 1/p+1/g=1 (2.4)
p q

We will need the following auxiliary statement.

Lemma 2.1. Let Pyu = " (0}u + B0}u). Then there exists a number \g > 0 such that,

T
2
/0 (Pou-+ dowude > &lully oz, 7= = Inlal, B <37/2

for all w € W3(0,T) satisfying condition (1.2)).

The statement of the lemma is a consequence of Theorem 1 and Remark 1 in [9]. Let us give
some properties of the operator M.

The operators M* (s € R) under our assumptions on I' and on the coefficients of the boundary
operators B;, belong to the class C*(T"). So we have (a consequence of the equality D(M?®) =
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(D(M), La(2))1-s2 = [D(M), La(2)]1—s (in Section 1.18.2 in [24] and in Theorem 8.1 of [15])
(See also the descriptions of the space (D (M), L2(£2))g2 in Section 4.3.3 of [24] and in Theorem
7.5 of [16].))

D(M?®) = {u € Wy*(Q) : Bjulr = 0 for all j such that m; < 4s — 1/2,
1
/;|Bju]2 dr < oo if m; =4s —1/2}, p(x) = dist (z,T).

Apparently, there are also results where the previous equations are obtained under weaker con-
ditions on the coefficients of the operators B;.Let us assume that the two previous equations are
satisfied. As a consequence, we have that either D(MY4) = W} () if the first of the boundary
operators B; does not impose the boundary condition Dirichlet u|r = 0, or D(M/*) = Vcif%(Q)
otherwise. Let us also give another description of D(M?®). Let A\, wy (kK =1,2,...) — be the
eigennumbers and eigenvalues of the operator M. Without restriction of generality, we may
assume that the eigenfunctions form an orthonormalized basis in Lo(2). Then

D(M?) ={u € Ly(Q) : Zx\is|(u,wk)0|2 < o0}, §>0,
k=1

respectively, M®u = "2, A (u, w)owy. We will also use the equality
(W5(0,T; La()), Lo (0, T3 Wy ()2 = W' =(0, T7; W5?(Q)), 6 € (0,1). (2.5

Next, let us put D(M?®) = W;"‘i (Q). The dual space to W3(Q), constructed using the scalar
product in Ly(2) denote by W5 %(2) (s > 0). The following two theorems are actually
corollaries of the corresponding results in [9] (see Theorems 3,4).

Theorem 2.2. Let the above conditions on the operator be satisfied M and conditions (2.3),
(2.2)) for the coefficients of the operator P. Let f(x,t) € Lo(Q), then there is a constant Ag
such that at X > Ao the problem (1.1)—(1.2) has generalized solution u(x,t) from the class

w e Ly(0, T; W3(Q) N W3(0,T; Ly(R)), 8,(K,uD) € Ly(0,T; W5 H(Q)).

Here, as usual, by the space W, '(£2)) we mean the dual space to VOV%(Q) with respect to the
duality defined by the scalar production in Ly(€2). If we additionally demand that

K; = K;(t) (i =3,4), K4 € C*([0,T)), (2.6)

then the following theorem holds.

Theorem 2.3. Let the conditions of Theorem and condition (2.6) be satisfied. Then the
solution constructed in Theorem [{.1] is unique.

The assertion follows from Theorem 4 in [9]. Let us give additional conditions on the coeffi-
cients Kj:
K; € Loo(0,T5 L, (), V. K; € Loo(0,T; Ly, (2)), (2.7)

where at i=0,1, r; >n/2 at n >4, r, =2atn<4,¢ >n/3atn>6,p =2atn <6, and at
i=2ry>natn>2 rs=2atn<2 g >n/2atn>4, ¢ =2atn<4.

Let (u,v) = [, u(z,t)v(z,t) dzdt — be a scalar product in Ly(Q). The following theorem is
the main result of our work. Here we show we obtain regular solvability of the problem, and
the obtained solution possesses all generalized derivatives included in the equation.
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Theorem 2.4. Suppose that conditions (2.2)), (2.3), (2.6), (2.7) are satisfied and f €
Ly(0, T; W3 (Q)). Then we find \y > 0 such that, given X > )\ there exists a single solu-

tion to problem (L1)-@.1) such that u € Ly(0,T; WH(Q)) N W3(0,T; Ly(Q)), 0(K40%u) €

Proof. The proof is in general similar to the proof of Theorem 3 in [9], but it requires a number
of additional considerations related to obtaining a priori estimates and the limit transition. Let
us take the basis ¢;(¢) in the space W3 (0,T) and the orthonormalized basis {w;} in the space
Ly(9) of the eigenfunctions of the operator M. It will also be and orthogonal basis in Wi (),
with scalar product < u,v >= (Mu, Mv)j.

Then the system {1;w;} — is a basis in the space W;(0, T; Ly(Q))N Ly (0, T; W4 (£2)). Consider
the operator Py + Ag. Let us construct the function ¢;(t) as a solution of (P + Xo)p; = ¥;
satisfying boundary conditions . We look for an approximation the solution of our problem
in the form v = 227]:1 ¢ jp;wi, where the constants ¢; ; are determined by the from the system
of equations

(LUN, zbjwi) = (f, ¢jWi), Z,j = 1, ey N (28)

Let us show the solvability of this system for suitable A\. The proof of the first a priori
estimate is quite similar to the corresponding proof of Theorem 3 of [9]. Therefore, we will only
give its scheme. Multiply (2.8)) by ¢; ; and summarize the result for 4, j. We obtain the equality

(Lun, (Fo + Ao)un) = (f, (Po + Ao)uw). (2.9)
We have by the force of Lemma (we consider that A > 0)
(Muy + Xuy, (Py+ Xo)un) = (M"Pun, (Py + Ao) M Pun) + X (un, (P + Xo)uy) >
51(||UN||?/V21(0,T;W22(Q)) + /\||UN||12/V21(0,T;L2(Q)))7 (2.10)

where 0; — is some positive constant. We can visualize the expression Puy in the form Puy =
K 0luy + K302uy + luy. Repeating the reasoning from the proof of Theorem 3 in [10], we
arrive at the estimate

(K40jun + K38 un, (Po + Ao)un) > oI/ | Ka(T)|0Fun (2, T)1Z () +
||\/ |K4(0)|3EUN($70)||%2(Q) + HUNHIQ/VQ?’(O,T;Lg(Q))) - CIHUNH%Q(Q)- (2.11)

Finally, the expression (luy, (Po 4+ \o)un) admits an estimate of

|(lun, (Po+Ao)un)| < 80(||“||%/V2:”(07T;L2(Q))+||u||12/V21(0,T;W22(Q)))+C(€0>HU’NH%2(Q)7 g >0, (2.12)

where the parameter ¢ is arbitrary (see the proof of Theorem 3 in [10]). The embedding
theorems, interpolation inequalities and inequality (2.4)) were used to obtain this estimate. We
do not specify the deductions; below we will give analogous deductions in the proof of the

second a priori estimate. Adding (2.10)), (2.11]), we obtain

(K1 0Muy + K30Puy + Muy + Ay, (Py + Xo)uy) > 62(|[1/ |K4(T)|8t3uN(x,T)||%2(Q)

+ H\/ ‘K4(O)183UN($> O)H%Q(Q) + HUNH%/VS(O,T;LQ(Q)) + (51<HUNH12/VQI(O,T;W22(Q))+

>‘||UN||I2/V21(O,T;L2(Q))> — collun]®. (2.13)
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Using (2.12)), we obtain

(Lun, (P + Ao)un) > 51(||UN||I2/V21(0,T;W22(Q)) + >‘||uN||%/V21(O,T;L2(Q)))+

Ol (D) |0 un (2, T | Lyqe) + 1y 1HKa(0)|0un (, 0) |70+

||UN||12/1/§(0,T;L2(Q)) - 50(”““%/1/253(0,T;L2(Q)) + ||u||%/V21(O,T;W22(Q))) - Cl<50)||UN||%2(Q)- (2.14)

Choosing the parameter £y < min(dy,d2)/2 and then a sufficiently large parameter Ay, (A >
2¢1(g9)/01) we find that at A > A; the following estimate is valid

(Lun, (P + Ao)un) > 53(||UN||I2/V21(0,T;W22(Q)) + >‘||uN||%/V21(O,T;L2(Q)))+

1K) |0 un (2, T) I, 0) + 1/ 1K1(0)|0Fun (2, 0) 17, + llun s orspay)s  (2:15)
where 3 — is some real constant and A > ;. Using inequality (2.4)), we have
[(fs (Fo + Ao)un)| < 0(5)Hf”%2(c2) + ellun |l zy0,mwe @), € > 0.

Then, choosing a sufficiently small parameter £ and using equality (2.9)) and estimation ([2.15]),
we arrive at the first a priori estimation

||UN||%A/21(0,T;W§(Q)) + )‘||UN||124/21(0,T;L2(Q)) + | |K4(T)|83UN($>T)||%2(Q)+

1/ 154(0)|0Fun (2, ) IZ0) + luw s o rizaey < allflLug), (2-16)

where the constant ¢; does not depend on N. The solvability of the system (2.8)) follows from
this estimate and the sharp angle lemma. Let us proceed to the proof of the second a priori

estimate. Multiply (2.8]) by )\Z1 / QCM and summarize the result for 7, 7. We obtain equality
(LuN7 M1/2(P0 + )\o)uN) = (f, M1/2<P0 + )\0)UN>. (217)
We have that Lemma holds (assuming that A > \;)
(Muy + Auy, MI/Q(PO + Xo)un) = (M3/4uN, (Py + )\O)M3/4uN)+
A (MY up, (Po 4 o) MY uy) > 61(llunlliy o gy + Alun oz @p)- - (2:18)
Then, as before, we have an estimate (see inequality ([2.15]))
(K48?UN + Kg&?uN, Ml/z(P(] -+ )\o)uN) =
(K4821M1/4UN —I— K383M1/4UN, (PO —f- )\0)M1/4UN) Z
S ([l K4 (T) | MY A8}un (2, T)[7 0y + 1Y/ [ Ea(0)| M40} un (2, 0)[17 0
MY un ) = eal| M Huy|P. (2.19)
Adding the estimates (2.18)), (2.19)), we arrive at the inequality
(Kydtuy + K30Pun + Muy + Muy, MY?(Py + Xo)uy) > 63(||UN||12A/21(0,T;W§’(Q))

M g o) + I KA (D) M 45 (o, T,y +

I/ S O)IM Y D un (2, ) L) + llunlivgo.mws o) = sllunlio gy (220)
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Note that the estimate for the last summand follows from the first a priori estimate. Let us eval-
uate the expression |(luy, M'/?(Py+ \g)uy)|. Consider the senior slavable, e.g., the expression
Ji = |[(Ky(w,t)0%un, MY203uy)|. Note that if the first boundary condition Bjulr = 0 is the
Dirichlet condition, then the function Ks(x,t)0?uy by construction also satisfies this condition.
Then if Ky(z,t)0?uy € Ly(0,T; WE(Q)), then in either case Ky(z,t)02uy € Ly(0,T; W3(Q))
and we can write that J; = |[(Ky(z,t)02un, MY20%uy)| = [(MY4Ky(x,t)0%un, MY403uy)|.
Let us show that Ky(x,t)0?uy € Lo(0,T; W} (€2)). Taking into account the above, we obtain
the following estimate

||K2(x=t)QEQUNH%Z(O,T;Wzl(Q)) < ||K2($=t)aEUNH%2(Q) + 2HVIEK2($7t)8t2uN||%2(Q)
+ 2| Koz, 1) VoD un |7 ) (2:21)

Let’s estimate each summand, for example, using Holder’s inequality we have

T
e Runu < [ 1B [P un ot <

HKQJH

%oo(o,T;Lq2 (Q))HatzuN”%g(O,T;LQQ/Z(Q))a qé = q2/(q2 — 2).

Let, for example, n > 4. By convention ¢z > n/2. Then 2¢, < 2n(n —4) at n > 4 and 2¢} < oo
at n = 4. Hence, there is s < 2 such that 2¢, = 2n/(n — 2s) and hence there is an embedding
W3 (€Q) C Ly (©2) Then, using the interpolation inequalities from [24] of the form

ullws @) < cHuH?,stl(Q)Hm ‘1/;;92(9), 510+ s2(1 —0) =s, 51 <5< 89
and inequality (2.4]), we obtain
107 un 1 Za02:2,,y ) < EN0Fun 20wz + cEllunlzy): (2.22)
where € — is an arbitrary positive number. The final estimate is
HK2a:¢at2UNH%2(Q) < COEHatzuNH%Q(O,T;Wg(Q)) + Cl(g)HafuNH%Q(Q)’ (2.23)

where ¢ is an arbitrary positive number and ¢y ¢ and N. Let now n < 4. Then we have the
estimation

T
||K21‘iat2uN||%2(Q) < /0 | Koz, %2(Q)||61:2UN||%OO(Q) dt < CQHQ?UNH%Q(O,T;LOO(Q) <

C3Hat2uNH%2(O,T;W§(Q))> (2.24)

where 2 > s > n/2. Then, using again the interpolation inequality and inequality (2.4)), we
arrive at an inequality of the form (2.23)). Let us now consider the norm

1207 un,

T
12(@) 5/0 1Kzl L, ()| 07 s,

C2Hat2uNwi

2
Ly (@) 4t <

%Q(O,T;LQTé(Q)) dt < C3HatQuNHiQ(QT;W;'FS(Q))? (2.25)

where rl, = ro/(ro — 2), 2ry, = 2n/(n — 2s), s < 1. We have ro > n, then 2r}, < 2n/(n — 2)
and so we find such s < 1, that the equality 2r}, = 2n/(n — 2s) is satisfied. Again applying the
interpolation inequality and inequality (2.4]),we obtain

HKZatZuNM

To@) < C45Hat2uN”%2(0,T;W22(Q)) + cs(e)lunll?, ), (2.26)
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where the constant ¢4 is independent of € and € — is an arbitrary positive number. Estimation
||K283UN||3:2(Q) < CGgHa?uN“%Q(O,T;WQQ(Q)) + C7(€)||UN”%2(Q)7 (2.27)

is now obvious. The estimates are similarly proved

15 (2 )0 un 17, o rwp ) < 152, )0 un |70+

2|V I (2, ) un |7 ) + 201 (2, ) Vadun |17, ), (228)
100 una, 1 7,00) < crell O unll, o rwaay + cs@N8Tun?, ), (2.29)
1520/ un 1 2,q) < coell O un iz, orwsay + 00 unll7, ), (2.30)

where constants c7,c9 are independent of ¢ and € — is an arbitrary positive number, ¢ =
1,2,...,n, j =0,1. Using the estimates ([2.21]), (2.23)), (2.26])-(2.29), we obtain the inequality

z; HKj(mat)aguNH%Z(O,T;Wzl(Q)) < ng(HUNH%Z(o,T;Wg(Q)) + ||8tuNH%2(O,T;W23(Q))
]:

10 un L 0ramz)) + cale ZWUNHLQ - (2:31)

Thus, we have evaluated all the summands in the expression |(luy, M*/2(Py+ Ao)uy)|. Finally,
using (2.31) and inequality ([2.4]), we have that
|(lup, MY2(Py + Xo)un)| = [(MY lun, MY (Py + No)uy)| <
Clen)IM Y tun || L) + e | MY (Po + No)unllzu@) <
Cr(e)lun | Ly, mwa @) + crog1l|(Fo + Ao)un | oo @) <
en(eC(er) +e)(lunllZ,ormwaqy + 10unll, o mws ) + 107unlz, 0 rwz)
2 .
+ Ha?UNH%Q(o,T;WﬂQ))) + ci2(e, €1) Z HaguNH%Q(Qp (2.32)
=0

where the constant c¢i; is independent of, €,y > 0. Note that the last summand, by virtue
of the first a priori estimate, is estimated by a constant independent of N. There is also an
estimation

[, MY2(Py + XoJun)| = [(MYAF, MYA(Py + MoJun)| <
eallunllwzo,rwi@) + ) flLoomwi @) (2.33)
From equality (2.17)) and (2.33) we have

(Lun, MY2(Py + Mo)un) < ellun lwzorwi@) + cle) | fllao.rmws - (2.34)

On the other hand, the left part of the inequality, using (2.18)), (2.19) is evaluated from below
through

63<HUNH%/VQI(O,T;W23(Q)) + AH“NH%VQI(O,T;W;(Q)) + Iy ’K4(T)\M1/437?UN($7T)H%Q(Q)JF

I ()M Y1 un (2, 0)1Z ) + llun s o,rwp @) —

C5||uN||L2(OTW2 1(Q)) — [(lun, M V2 (Poun + Ao)un)
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In view of the estimate (2.32)) the last inequality, if you choose a small parameter £; and then
a sufficiently small parameter ¢, is estimated from below via

03
5 w0 sy + Al o rawg @) + W IEAD)IMY 0 un (2, T) [, 0

+ /1K) MY 10} un (w, 017, 0 + llun g 0,rm2 )
2

= cisllun T 0 rwi) — (e ) 10 unll?, ) (2:35)
=0

Using the already obtained estimate (2.16]), from (2.34])), (2.35) we obtain an estimate of

lun v o2y + Aun g oz @) + W IE (DM G uy (@, T 0+
[RVAR:S ( )|M1/483UN($ O)||L2(Q) + ||UN||W3(0TW2(Q)) < C||f||L2 (0,T;W4 () (2.36)

Estimates , 2.36) guarantee that a subsequence wuy, such that, there is convergence of
D*Oluy, — Daafu Weakly in Ly(Q), Muy, — Mu weakly in Ly(0, T; W5 'Q)), where |a| < 3
ati=0,1, || <2ati=2, |of <1ati=3,

we WH0,T; WHQ)) N WO, T; W3(Q)); there is also weak convergence

K4(T)8t3uNk(x, T) — Ur € W;(Q), K4(O)8§’UN,€(Q3, O) — Ug € W;(Q)
Consider the equality (2.35)). Let us rewrite it in the form

(—0Punys (V5K a)won) + (K0 un, ) + (MY up, MY 2pje0r) + (lu, + My, djwi)

+ (Ko(T)0}un, (2, T), ¢ (T)wi) — (K4(0)9Fun, (2, 0), ¥ (0)wi) = (f, ywi),  (2.37)
where i,5 = 1,..., N,. Multiplying by the constants +; ; and summing over ¢,j, we
obtain

(=0 un, (WE)i) + (KaBfun,, v) + (M uy,, MY?0) + (luy, 0) + (Auny, v)
+ (K4(T)a?uNk (l’, T)7 U(CL‘, T)) - (K4<O)a?uNk (‘ra 0)7 U(I, O)) = (f? U)? (238>

where v = vaj:l 7i.j¥;w;i. Passing to the limit on k, we obtain the integral identity

(=0Pu, (VKy)y) + (KsdPu, v) + (MY?u, MY?0) + (lu,v) + (Au, v)

+ (ur(x), vz, T)) = (uo(x), v(x,0)) = (f,v), (2.39)
by virtue of the arbitrariness of the constants ; ;, we conclude that equality (2.39) is satisfied
for all functions v € Lo(0,T; W3 (2)) N W3 (0,T; Ly(2)). From the definition of generalized
we obtain, that there exists a generalized derivative 0;(K,0;u) € L»(0, T} W, 1(Q)). Moreover
the traces K48 w(x,t)er = up € WHQ), K483 (2, )= = uo € WL(Q) are defined. Then
equation is fulfilled in space Ly(0,T; W5 (). Note that, by virtue of the estimates

obtained in the proof above, lu € Ly(0,T : W}(Q)). Integrating (2.39) from zero to t, we
obtain

t t
Mot o= [ fla,r)dr+ / (K — K9)0Pu(z, 7) — lu(z, 7) dr
0 0

— K;0%u(x,t) 4+ ug(z) € Ly(0, T; WE(Q)), v= /tu(x,T) dr. (2.40)
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Since the right-hand side in belongs to Ly (0, T; WE(Q)), v € Ly(0,T;W3(Q)). Since
v e W30, T;W3(Q)), we have from that djv € Ly(0,T; W§(1_1/4)+Z/4(Q)). In particular,
v =u € Ly(0,T; WH)). Then it follows from the equation and the definition of the generalized
Sobolev derivative that there exists a generalized derivatived 9;(K,03u) € Lo(Q).

]

Remark 2.5. The methodology of the proof is sufficiently general and transferable to arbitrary
high-order mixed-type equations of the form

2n

=0

where M a self-adjoint positive elliptic operator of order 2m. To this equation can also be
added the minor terms depending on all variables of the form ag ;. D?0fu.

Remark 2.6. The question arises regarding the further improvement of the smoothness of
solutions with respect to the variable ¢. This question can be easily studied using the same
Galerkin method, but with the use of a special basis {¢;} and additional a priori estimates. As
such a basis it is most convenient to take the eigenfunctions of the problem

v = v, v(0) = av(T),

which coincide with the functions e#*e?7*/T (j=0,1,2,...), forming a basis in Ly(0,T) (8 = B(«)
- is a numerical parameter). The solution itself in this case is sought in the form v = ), ; Cijjwi.
Since the eigenvalues are complex numbers, in this case it is natural to consider complex function
spaces, which will not really affect the estimates. When obtaining additional estimates in the
proof, additional conditions such as periodicity on the coefficients of K; will arise.
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Abstract. We consider a boundary value problem for a network beam equation with a forcing
term. The main aim of the paper is to study oscillatory property of the corresponding forth-order
differential operator. The definition of the oscillation of an operator is given in terms of a special
fundamental system of solutions of the corresponding homogeneous equation on a graph. We study
sign-regularity properties of solutions of the corresponding homogeneous equations on a graph and
show that the positivity of a special system of solutions implies disconjugacy of the operator on each
edge of the graph.

Keywords: network equation, beam equation, sign-regularity, disconjugacy, oscillation.
MSC (2020): 34C10, 34B27, 34B24, 341.05

1. INTRODUCTION

The aim of this paper is to develop the disconjugacy theory for a forth-order differential
equation on a graph. In recent years, differential equations on metric graphs (networks) and
boundary value problems for such equations have attracted much attention from researchers.
This is due to the fact that network equations arise in models describing multi-link flexible
engineering structures, the propagation of waves in thin channels, the propagation of nerve
impulses, in the hydrodynamics of a network of thin vessels, etc. [5l [16], 20] 211, 23, 22] 27, 28].
We also mention papers [1} 3, 26] in which inverse spectral problems for network equations were
studied.

In this paper we study the linear differential operator L, of the fourth-order boundary value
problem on a graph that arises in modeling Fuler-Bernoulli beam systems. We briefly write
the corresponding boundary value problem as

Lou= Lyu+r(z)u= f(z), zel, (1.1)

ulor = (Vu' — pu”)|or = 0. (1.2)

Here L, is a differential operator with the forcing term r(x)u; the operator Lg is defined by
Euler-Bernoulli beam equations on the edges of I', and by sets of the rigid joint conditions at
the junction nodes (see Section 2.2); dI' is the boundary of I

We study sign regularity property of the differential operator L,. The sign regularity of a
differential operator has a significant importance in the qualitative theory of ordinary differential
equations [2], 4] [7, [18, 24] and differential equations on metric graphs [21) [19]. This property is
mainly used for the study of oscillation properties of spectra of boundary value problems and
the positivity of the Green function for some classes of boundary value problems [6, [13], 14].

It is known that the positivity of the Green’s function is closely related to the property of the
disconjugacy of the differential operator, and the disconjugacy is related to the sign-regularity
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of special fundamental systems of solutions of the corresponding homogeneous differential equa-
tion. In the papers [2] [10, 1], 12], it was shown that for fourth-order equations on graphs the
positivity of the Green’s function is equivalent to the positivity of a special system of solutions
of the homogeneous equation. In the present paper we show that the positivity of a special
system of solutions implies disconjugacy of the operator on each edge of the graph.

Notice that the properties of the fourth-order equation on the graph have fundamental dif-
ferences from the one-dimensional case. The one-dimensional operator fu = (p(z)u”)” (p is
uniformly positive) on the finite interval with the boundary conditions (1.2) is inverse-positive,
whereas in general the operator on a graph with the same differential expression fu on the
graph edges is not inverse positive [0, [7]. The properties of the operator on a graph essen-
tially depend on the connection conditions at the nodes [10] [I1], 14, [16]. The properties of the
model of a planar system consisting of beam elements rigidly connected to each other (6, 12])
differ significantly from the properties of the model with elastic hinged joints ([21], [9] [14]).
The properties of the operator with elastic hinge joints are similar to the properties of the
Sturm-Liouville operator. In particular, it was shown (see [21]) that for a model of beams with
elastic hinge joints the maximum principle is valid and the corresponding differential operator
is inverse-positive. At the same time, the differential operator Ly with rigid joints may not be
inverse-positive [6, [10], [12].

In the paper [6] we studied the operator Ly with rigid joints corresponding to the boundary
value problem (1.1), (1.2). It was shown in [6] that oscillatory property, i.e. positivity of a
special system of solutions of the homogeneous equation Lou = 0, is equivalent to the inverse
positivity of Lg. This result made it possible to formulate the maximum principles for solutions
to the equation Lou = 0 with rigid joints [I1, 12]. In the present paper we consider the
perturbed operator L, = L+ rI with the forcing term r1.

Taking our cue from the one-dimensional homogeneous equation

uV +r(@)u=0, z¢€(ab) CR,

whose oscillatory behavior is very different according as r is positive or negative (see [15], 25]),
we shall distinguish between two cases r < 0 and » > 0 on I". In the paper [13], we showed
that the oscillatory of the operator L, guarantees the positive invertibility of the perturbed
operator L,, provided —X\g < r(z) < 0, where )¢ is the lowest eigenvalue of the operator L.
In the present paper we consider the case r > 0 on I'. We show that the oscillatory implies
disconjugacy of the operator on each edge of the graph. We hope that this result will allow us
to obtain conditions for the inverse positivity of the operator L, in the case r > 0 on I

2. MAIN NOTATIONS AND STATEMENT OF THE PROBLEM

2.1. Terminology of networks.  Throughout the paper, I' C R? denotes a simple connected
and finite metric graph without loops, with a finite set of vertices V(I') and a set of edge points
E(T'). An edge of a graph is an open interval of finite length, and a vertex of a graph is an
endpoint of one or more edges. The edges of a graph are labeled by ~;, the vertices are denoted
by a, b, ¢, etc. Each edge v; is is an open interval (a;, b;) of finite length I; = ||b; — a;||rz and is
assumed to be parameterized such that

%‘:{fEGRQ}x:aiﬂLt(bi—ai)/li, 0<t<l}.

For any a € V(I') by I(a) we denote the index set of the edges incident to a vertex a, and
by |I(a)| denote the number of elements of the set [(a). Elements of the sets J(I') = {a €
V() : [I(a)] > 2} and OT' = {a € V(I") : |I(a)| = 1} are called interior and boundary vertices,
respectively. For the boundary edge adjacent to the vertex a € JI', we also use the notation ~,.
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We assume that I' = E(I') U J(I') and 0I' # @. Note that the boundary vertices are not
included in the graph. Let I'y and I' be two graphs. The graph I'y is said to be a subgraph of a
graph I' if 'y is a connected subset of I" such that J(I'y) C J(I').

Let us define the concept of a neighborhood of a point on a graph. The distance d(x1,x2)
between two points x1, xe € E(I')UV(I) is defined as the length of a shortest directed polygonal
path from z; to x5 within the graph. By definition, the e-neighborhood of a point zy € I' U 0I"
is the set N.(zg) = {z € T'| d(xo, z) < e}. With this definition, the neighborhood of a boundary
vertex does not contain the boundary vertex itself.

We further use the function spaces:

C[I'] = {u: ' = R|w is uniformly continuous on each edge v C E(I')};
CIE(T)] = {u: E(I') = R|u is uniformly continuous on each edge v C E(I')}.

By u; we denote the restriction of a function v € C[I'] (or C[E(T')]) to the edge 7; C T'. Every
function u € C[I'] (or C[E(I")]) has a limit 131H1 u;(z) at each vertex a € V(I') for i € I(a); we
YidxT—a

denote it by u;(a). Note that ux(a) are not necessarily equal to w;(a) or u(a), where k,i € I(a)
(k #1).

Identifying the edges 7; with intervals (0,/;) on the real line, we define derivative of the
function u(x) on the edge 7; as the derivative on an oriented manifold and denote it by u}(x).
Higher-order derivatives are defined analogously.

By C"[I'] (or C"[E(T")]) we denote the space of functions u € C[I'] (or C[E(T")]) whose
derivatives up to and including order n exist and belong to the space C[E(I")]. For a function
u € C"[I'] (or C"[E(T)]), at any vertex a € V(I'), the set of derivatives ugj)(a), 1 <j <n,
along the edges adjacent to that vertex is defined.

For the sake of simplicity, we shall write

2.2. Data and framework. We are concerned with boundary value problem (1.1). By a
differential equation on a graph, following [13, 21], we understand the set of differential equations
on the edges and the set of consistency conditions at the interior vertices. The equations on
the edges have the form

(p(x)u”)" = (q(x)u) + r(z)u = f(z), =€ E(), (2.1)
where p € C?[E(T)], and r, f € C[I].

At each junction node ¢ € J(T'), |I(c)| > 3, we impose the following transmission conditions:

ui(c) =ug(c), Viel(c)\k,

ui(e) = ari(c)up () + aji(c)uj(c), Vi e I(e)\{j,k}, 22)
(peug) () + D anlo)(par)(e) =0,
iel(e)\{4.k} 93
(piu)(e)+ Y au()par)(e) =0 2
i€l (c)\{j.k}
Z D3u;(c) +r(c)u(c) = f(c), ce J(). (2.4)

i€l(c)
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Here k and j are fixed indices from I(c); agi(c), aj;(c) are given real numbers, D3u = (pu”) —qu'.
In conditions (2.2)-(2.4) all the derivatives are calculated in the direction moving away from
the vertex ¢ € J(I).

If an interior vertex c is incident to just two edges ~; and v, then in the system of conditions
(2.2)-(2.4) one needs to delete all the terms with the index j. In this case conditions (2.2)-(2.4)
become

ui(e) = uk(c),  ui(c) = ari(c)uy(c),
(Pruy) () + ani(e) (pii) (c) = 0, (2.5)
Dui(c) + DPug(c) + r(c)ulc) = [(c).

The system of relations (2.1)-(2.4) is called the differential equation on the graph I' and is
denoted by Lou = f(x). A solution of this equation is any function u(z) € C*[I'] continuous
on I' that satisfies the corresponding ordinary differential equation (2.1) on E(I') and obeys
conditions (2.2)-(2.4) at each inner vertex.

Thus, the differential operator Ly : D — C[I'] is defined by relations

D = {u e CYI: u satisfies (2.2),(2.3) on J(T')},

(p(a)u")" — (q(x)u’, v € B(T),
Low():= 4 3" [(mi(@)u)) — ai(e)ul], =€ J(D); (2.6)
iel(z)

Lyu(x) := Lou(z) + r(z)u(z), xe€l.

Remark 2.1. Note carefully that by definition a solution of equation L,u = f(x) is continuous
on I', i.e. u;(c) = u(c) for all ¢ € J(T') and i € I(c).

Remark 2.2. Relations (2.1)-(2.4) have a natural physical interpretation (see [13, [I7]). They
appear in a simulating small deformations of a planar framework, a network structure of thin
straight beams. We assume that in the equilibrium the beams are placed in a plane forming
graph I'. The nodes of the system are the endpoints of three or more distinct beams which
are rigidly coupled together. It is also assumed that at some points (not necessarily nodal or
boundary points) the system is elastically supported.

Throughout we assume that the following conditions hold:

e the differential equation L,u = f is an equality generated by the system of relations
(2.1)-(2.4), where f is the union of right-hand sides of relations (2.1) and (2.4);

e p e C*IY, infyerp(x) >0, g € CHIJ, r € C[], and ¢, > 0 on T;

e for any vertex ¢ € J(I') and any index i € I(c) at least one of the constants aj;(c), au;(c)
is nonzero;

e for any vertex ¢ € J(I'), |I(c)| > 3, we can define basis indices k,j € I(c) such that
the inequalities ay;, (¢) < 0, ayi,(¢) < 0 both hold for some index i, € I(c) \ {j,k} and
agi,(€) <0, aji,(c) < 0 both hold for some index iy € I(c)\{j,k}; and for any vertex
c e J(I') with |I(c)| = 2, we assume ay;, (¢) < 0;

e in the boundary and transmission conditions all the derivatives are calculated in the
direction moving away from the vertex;

e the graph I' is a tree and J(I') # .

Here, assumptions regarding the coefficients ay;(c) and ay;(c) ensure the unique solvability
of the boundary value problem (1.1), (1.2) (see [§]).



100 Floeva V., Kulaev R., Urtaeva A.

3. SOME QUALITATIVE PROPERTIES OF SOLUTIONS OF EQUATION (1.1)

In this section we study sign-regularity properties of solutions of the homogeneous equation
(1.1) generated by relations (2.1)-(2.4).
The following results are needed for the sequel.

Lemma 3.1. For each f € C[T'] the linear boundary value problem
Lou= f(x), ze€Tl, (3.1)

(u + aD?u)|or = (V' — Bu”)|ar = 0, (3.2)
where o, 9, 8 : AT — [0, +00) and 9 + 5 > 0, is uniquely solvable.
Proof. Let u be a solution to the homogeneous problem (3.1), (3.2). Using (3.4), we have

0= /u - Lyudr + Z u(c)Lyu(c) = /(]ou”2 + qu”? + ru?)dz
ceJ(T) T

+ Z (pu”)(e)u'(c) — Z D?u(c) u(c) + Z r(c)u’(c).

ceol’ ceol’ ceJ(I)

It follows from (3.2) and from p > 0, » > 0 that all terms in the right-hand side are nonnegative
and therefore equal to zero. Hence v’ = 0 on E(I"). By virtue of the boundary conditions (3.2),
ulor = 0. Thus, u solves the homogeneous problem (1.1), (1.2). It was shown in the paper [§]
that this problem is uniquely solvable. Hence © = 0 on I'. The lemma is proved. a

Definition 3.2. The homogeneous equation
Lu = (p(z)u")" — (q(x)u) + r(x)u =0, =z € [a,b] CR, (3.3)

is said to be disconjugate on the real interval [a, 0] if every non-trivial solution has at most three
zero on |a, b].

Recall (see, for instance, [I§]) that the disconjugacy is of great importance in the qualitative
theory of ordinary differential equations. In particular, if the operator L is disconjugate, then
L can be represented in the form of the decomposition

d d d d
Lu = ho(x)%(hl(a:)%(hg(x)%(hl(x)%(ho(x)u))), x € [a,b].
Lemma 3.3. Suppose that the homogeneous equation (3.3) is not disconjugate on [a,b]. If u
is a non-trivial solution of the homogeneous equation (3.3) satisfying conditions u(a) = 0 and
v (a)u”(a) > 0, then u has a simple zero in (a,bl.

Proof. Let us consider a solution v of the homogeneous equation (3.3) that has a triple zero
at the point a. Since equation (3.1) is not disconjugate on [a,b], we have that v has a zero
zo € (a,b] (see [15, Lemma2.4]) such that v > 0 on (a,z(). Now, assuming that u has no
zeros in (a,b], we can find a linear combination of solutions Au + pv, which has a double zero
in (a, o). By virtue of Lemma 3.1 there is no a nontrivial solution of equation (3.3) satisfying
u(a) = 0 and v/ (a)u”(a) > 0 that has a double zero z* € (a,b). Therefore, Au + puv = 0. This,
however, contradicts linear independence of u and v. O

An extreme point of a function is called nontrivial if the function is different from the iden-
tically constant in any neighborhood of this point.
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Let u, z € D. By multiplying the function u by L,z and by integrating by parts, we obtain

/u - Lyzdx = /(pz”u” + qu'2 + rzu)dx + Z (p2")(e)u/(c

T cedl
- Z D?z(c) u(c) + Z Z pizi) (e ui(c) — Z u(c) Z D?zi(c)
cedl ceJ(I') i€l(c) ceJ(T) i€l(c)

For the sake of generality of notation we set ag,(c) = aj;(c) = 1, ag;(c) = ajr(c) = 0 for each
vertex ¢ € J(I'). Then using (2.2)-(2.3), we get

/u - Lyzdr = /(pz”u" + qu'z' + rzu)dr + Z(pz”)(c)u’(c) - Z D?z(c) u(e

T T cedl cedl

XJ:) (zl:) D?’zZ ) + zJ:F)
+ Z uy(c) Z aki(c )+ Z Z aji(c)(p2); ().

ceJ(T) i€l(c) ceJ(T) i€l(c)
Hence

/u L,zdx + Z c)L,z(c) = /(pz”u"+qzu + rzu)dz

ceJ(I) 7

(3.4)
+ Z pz") — Z D?z(c) u(e) + Z r(c)u(c)z(c).
cedl’ cedl ceJ(I)
Integrating by parts twice again, we have
w- Lyzdr + c)Lyz(c)— | z- Lyudx
[t 2 woro- |
=Y 2" (v (e) = u"(0)Z () = Y D*z(c)ule) + Y D*ue) 2(c)
ceol’ ceol’ ceol’
= > 20 X au@ewie) = Y Ze) D au(e)pu)i(c)
ceJ(T) i€l(c) ceJ(T) i€l(c)
+ Z z(c) (Z D3u,(c) +r(c)u(c)> :
ceJ(I) i€l(c)
Now we finally get
/u L.zdzx + Z ¢)L,z(c) — /Z~Lrudx— Z z(c)Lyu(c)
ceJ(I) iy ceJ(I) (3.5)
= Z —u"(e)'(c)) — Z D?z(c) u(c) + Z D?u(c) z(c)
ceal cedl cedr

For each vertex a € OI', we define a pair of functions w,, v, that are solutions of the equation
L.u(x) =0, z € T, satisfying the following boundary condition

wa(a) =1, d(a)wy(a) = fla)wg(a) = 0, walor\a = (Vwg = fwy)lora = 0;

va(a) =0, da)ui(a) - Blayl(@) = 1. valora = (92, — Bel)lara = 0. (36)
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It follows from Lemma 3.1 that, for any vertex a € 0T, the set of all 2|0T"| solutions of these
problems forming a fundamental system of solutions of the homogeneous equation (1.1).
Denote by Blu,v] the bilinear form

Blu,v] = /(pu"v” + qu'v" + ruv) dx + Z r(c)u(c)v(c).
T ceJ(T)

Using (3.4) and the boundary conditions from (3.6), we get

0= /Ua - Lyvg dv + Z va(€) Lyvg(c)

T CGJ(F)
o " ! pﬁ "2
= p(a)v)(a)v)(a) + Blva, va] + Z E(C)U“ (c), (3.7)
T
0= /wa - Lyw, dxv + Z we(c) Lyw,(c)
T ceJ(T)
_ 3 pﬁ 12
= —D’w,(a) + Blwa, w,) + Z W(c)wa (c). (3.8)
cedl\a
9 (c)#0

Similarly, using (3.4) and (3.5), we have the following equalities

0= /va - Lyw, dov + Z va(€) Lywg(c)

T CEJ(F)

(3.9)
= p(a)w}(a)v,(a) + Blwe,va] + Y (pw)(c)v,(c).
cedl\a
0= [ wy-Lyv,dr + we(c)Lyvg(c) — [ va - Lywg dx—
™ /
> vale) Lywg(c) = —Dva(a) + (p(a)vy (a)w),(a) — pla)w)(a)v)(a)) (3.10)

+ > () (Qwy(e) = (pug)(e)vy(c)).

cedl\a

If c € 0"\ a and ¥(c) = 0, then v/ (c) = w!(c) = 0, and so (pv!))(c)wl(c) — (pw?)(c)v.(c) = 0.

a a a a

Otherwise, J(c)wl(c) = B(c)wl(c), and by (3.6),

It follows from (3.10) that

0= /wa - Lyv, dx + Z we(c) Lyvg(c) — /va - Lyw, dv — Z va(c) Lywg(c)
e ceJ(T) e ceJ(T) (3.11)

= —D’va(a) + (p(a)vy (a)wy(a) — p(a)wy(a)vy(a)).
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Lemma 3.4. Let u be a solution of equation (1.1). If u vanishes at an inner vertexr ¢ € J(I')
and does not change sign in some neighborhood of it, then wj(c) =0 for all i € I(c).

Proof. Suppose that u(z) > 0 in some neighborhood of ¢. Since u(c) = 0, we have u}(c) > 0
for all i € I(c). Let us consider conditions (2.2) at the vertex ¢ € J(I'). If |I(c)| = 2, then

u(c) = agi(c)uy(c), where ag;(c) < 0. Therefore u(c) = uj(c) = 0.

Now consider the case |I(c)] > 2. It follows from properties of coefficients ay;, i (see
Section 2.2) that there exist indices 41,42 € I(c) \ {k,j} such that aj; (¢) <0, o, (¢) <0 and
aji,(c) <0, oy (c) < 0. Therefore

0< ufil(c)
0< u;2(c)

kin (€)ug,(€) + i (¢)uj(c)

<
iz () (€) + iy ()uj(c) <

0,
1(c) <0.

0%
0%

Consequently, the derivatives uy(c), u(c) are simultaneously zero, and so uj(c) = 0 for all
indices i € I(c). O

Corollary 3.5. Let ¢ € J(I') and ig € I(c). Assume that u solves the homogeneous equation
(1.1), and u; =0 for all i € I(c) \ ip. Then u;, =0 as well.

An extreme point of a function is called nontrivial if the function is different from the iden-
tically constant in any neighborhood of this point.

Lemma 3.6. For any a € OU the following inequalities hold:
(i) vi(a) > 0 and vl(a) < 0;
(ii) D3w,(a) > 0;

— (pwy)(a)/B(a), if ¥(a) =0,
— (pwy)(a)/d(a),  if ¥(a) #0;

Proof. Since p(z) > 0 and ¢(x),r(z) > 0, we deduce that Blv,,v,] is nonnegative, and so
vl(a)vl(a) < 0. Assume that v/(a)v)(a) = 0. Then the function v,(x) is a solution of the
homogeneous equation (1.1) on I' satisfying the conditions v,(a) = 0, v”(a) = 0 (or v, (a) = 0)
at the boundary vertex a € 9I'. But boundary problem (1.1), (1.2) is unique solvable. Therefore
v, 1s trivial on T'; a contradiction. This contradiction proves the property (i).

Let us proceed to the proof of property 2). It follows from (3.8) and Blw,,w,] > 0 that
D3w,(a) = 0. Let us show that in fact there is a strict inequality.

Assume by way of contradiction that D3w,(a) = 0. Tt follows from (3.8) that Blwg,w,] = 0.
Therefore the function w,(x) is linear on every edge of the graph I' and w, = 0 on V(I') \ a.
Therefore w, =0 on I' \ 7,. Let ¢ € J(I') be the endpoint of the boundary edge ~,. Then c is
a nontrivial minimum of the function w,. However, this contradicts Lemma 3.4. The proof of
property (ii) is finished.

Let’s now prove property (iii). If ¥(a) = 0, then v/ (a) = —1/8(a), and w’(a) = 0. So

(pvg)(a)wy(a) = (pwg)(a)vy(a) = —(pw;)(a)/B(a).
Otherwise, J(c)w! (c) = B(c)wl(c), and by (3.6),

(iii) D3vy(a) = {

() (o) = (o) (o) = () (o) (s (0) = () 5 )
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Now property (iii) follows from (3.11). The lemma is proved. O
A point xy € T'UIT is said to be a trivial zero of a function u € C[I'] if u(xy) = 0 and there
exists € > 0 such that v = 0 in M. (zo).
If a function u € C[I'] has a finite number of zeros in the edge 7; adjacent to a vertex
¢ € V(I'), then we shall denote by sgnu;(c + 0) the limit 7lim sgnu;(z), assuming that the

i DXT—C
edge ~; is directed away from the vertex c. In the case u;(x) =0, x € ~;, we put, by definition,
sgnu;(c+0) =0.

Let us consider an arbitrary vertex ¢ € J(I'). Since the graph I is a tree, the point ¢ splits
the graph T' into several subgraphs for which ¢ is a boundary vertex. Hence we can say that
each vertex ¢ € J(I') generates a finite set of disjoint branches {I';(c) };cr(a) of I', and the branch
[';(c) containing the edge ;.

4. OSCILLATION OF SOLUTIONS OF THE EQUATION L,u =0

In the present section we define an oscillatory operator and show that if the operator L, is
oscillatory on a graph, then it is disconjugate on every edge of the graph.

We still assume r > 0 in I". Denote by Sp[I'] the space of all solutions of the homoge-
neous equation L,u(zx) = 0, z € I', generated by (2.1)-(2.4). From Lemma 3.1 it follows that
dim Sy [I'] = 2|0T"| and {wg, v, }eesr is a basis of SL[I].

Definition 4.1. The differential operator L, is said to be nonoscillatory on a graph I' if for
each vertex a € JI' the corresponding solution v, is positive on I'.

Before proceeding further, we need the following lemma that will be used in the sequel.

Lemma 4.2. If graph T is a tree, then

or| =2+ > (I(c) —2). (4.1)
)

ceJ(T

Proof. The proof is by induction over the number N of inner vertices of the graph T'.

For N =1 the proof is trivial. Now for the induction argument, assume the result to be true
for all natural numbers not exceeding N.

Consider a graph I' such that |J(I')] = N + 1. Take an arbitrary vertex ¢q € J(I'). Delete
the vertex ¢q from the graph T, and it splits into |I(co)| branches T';(co) for which the point ¢
is a boundary vertex. It is clear that |J(I';(c))| < N for each i € I(cp). It follows from our
induction hypothesis that

or= > (24 X (@) -2) — ()]

i€l(co) ceJ(T;(co))
=Y 24 > ((e)=2)—|I(c)| =2+ > (I(c) —2).
i€l(co) ceJ(T")\co ceJ(T)
The lemma is proved. O

Lemma 4.3. Let m = |0T'| — 1, and let {u™}*™ be a set of nontrivial functions from Sp[T.
If ul™ = 0 on the boundary edge incident to the vertex a € OT for all 1 < n < 2m — 1, then the
functions ul, ul? . w7 are linearly dependent.

Proof. The plan is to construct a nontrivial linear combination of the functions w!!, . .. u2m=1,
which is identically zero on I'.
If m = 1, then |I(c)| = 2. From Corollary (3.5) it follows that ul!l is trivial on T
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Suppose m > 2. Let v, = (a,c) be a boundary edge incident to the vertex a € dI', where
c € J(I'). Without loss of generality we can assume that k is a basis index in I(c) (see Section

2.2). As usual, we denote by j € I(c) \ k the second basis index in I(c).

1. Passing to linear combinations, from the set {u[™}?";! we can obtain a set {v["}?™? of

/
functions such that (vj[ ]> (¢) =0 forall 1 <n <2m — 2. To do this we take a function ylnol

!/
such that ( md) (¢) # 0 and construct linear combinations

ul (z) — <ug~n]>, (c) - ulrl(z)/ (ug.mﬂ)/ (), ne{l,...,2m—1}\ ny.

!/
In the case (u£n°]> (c) =0forall 1 <n < 2m — 1, we can set, for example, v = ul for

1<n<2m-—2.
Since v"/(z) = 0 on 7y, it follows from (2.2) that v"(c) = <vl[n]>/ (¢) = 0 for each i € I(c)
and for each 1 <n < 2m — 2.
2. Using the set {v["}2™? we can obtain (as above) a set {w™} "

Sp[I'] such that (wi ]>H (¢) =0 for each i € I(c) \ {4, k,i0}, where iy € I(c) \ {J, k}.

Since w™(z) = 0 on v, it follows from (2.3) that ( M) (¢) =0 foreach 1 <n < 2m —
|I(c)| + 1, and so

2m @D of functions from

w(e) = <wl[-n}>/ (c) = <wl["]>” (e)=0, Viel(e), 1<n<2m-—|I(c)]+1.

2m—2|I(c)|+3

3. Finally, we can construct a set {z["}7"] of functions from S7[I'] such that

(zlm)m (c) = 0 for all i € I(c)\ {k,4,}, where i, € I(c)\ {k}. Since z"l(z) = 0 on vy, it

n
follows from (2.4) that (ZZ["]) (¢)=0foralliel(c)and 1 <n <2m—2|I(c)|+ 3. It follows

from Lemma 4.1 that 2m — 2|I(¢)| +3 =2m — 1 —2(|I(c)| —2) > 1.

Thus, we have the set of functions {2 }2m 1720019172 thoge are nontrivial linear combina-

tions of functions {ul™}?"71. It is easy to see that each function 2" is identically zero on the

star |J .
i€l(c)

If J(I') = {c}, then the theorem is proved. Otherwise, consider an arbitrary vertex ¢; € J(I)
adjacent to ¢. Repeating the steps 1-3 for the functions {z["}>" = 2U112) e can obtain the
set of 2m — 1 — 2(|1(c)| — 2) — 2(|I(¢1)| — 2) functions from SL[I'], all of which are identically

zero on U v, and so on.
1€Il(c)UI(c1)
It follows from (4.1) that there is at least one nontrivial linear combination of the functions
. w1 identically equal to zero on I'. This completes the proof of the lemma. 0

Corollary 4.4. Let ag € OI'. There are at least two functions from the set {wq,Vq}or\a, that
are linearly independent on the boundary edge v, -

Proof. Indeed, suppose by contradiction that any two functions from the set {w,, va}ap\ao are
linearly dependent on the edge v,,. Then it is possible to construct a system of 2m — 1 linearly
independent functions identically equal to zero on ~,,, which is a contradiction. O

Theorem 4.5. If the operator L, is nonoscillatory on the graph U, then its restriction to the
closure of any edge v C E(I') is disconjugate on 7.
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Proof. Since L, is nonoscillatory on the graph I' then L, is disconjugate on the closure 7, of
each boundary edge v,, a € JI'. Otherwise, by Lemma 3.3, w, has a zero in 7, \ a.

Now suppose to the contrary that L, is disconjugate on the closure 7, of the edge v, =
(c1,02) C E(I'), where ¢1,co € J(I'). As usual, denote by 0I'y(c1) the branch containing
the edge vk, k € I(c;). Using Corollary 4.3, it is easy to show that at least two functions
from the set {wq,Va}acor,(e)\e; are linearly independent on the edge ;. Indeed, suppose
by contradiction that there exists the vertex ag € dI'x(c1) \ ¢; such that each function from
the set {waq;Va}acor,(e)\e; 15 a constant multiple of w,, (or v4,) on the edge ;. Then it is
possible to construct a system of 2|0T'x(c1)| — 3 linearly independent on I'y(c;) functions those
identically equal to zero on the boundary edge 7 of the branch 0T'y(c;). But this fact implies
a contradiction to Lemma 4.2.

Take two linearly independent on the edge v, functions from the set {wq, Vg }acor, (e and
denote them by w and by v. Since L is nonoscillatory on I', we have w > 0 and v > 0 on I".
Consider the nontrivial solution u(z) = w(x)v(c;) — w(cy)v(x). It is clear that u(c;) = 0 and

u(b) = IO (b) — Bb)u"(b) =0 Wb € T\ ATk(cy). (4.2)

Let us delete the point ¢; from the graph I', and it splits into several connected components
[';(¢1) for which the point ¢; is a boundary vertex. We claim uj(c1)uf(c1) > 0 (as usually,
we assume that the edge v, is parameterized away from the vertex ¢; into the branch I'y(c;)).
Without loss of generality we can assume sgnug(c; + 0) > 0. Fix now an arbitrary vertex
a € OT'k(c1) \ ¢1 and let consider the solution z(x) = u(z) — ew,(z), where e > 0. It is clear
that z(c;) < 0 and z has a zero £ € 4 C I'x(cy), provided € > 0 is sufficiently small. Denote by
['(€) the branch of T"\ € such that ¢; € I'(§). It is clear that z satisfies the boundary conditions

zlare) = (02" — B2")]are)ne = 0.

By virtue of Lemma 3.6 and z(¢;) # 0, we have z(£)z{({) > 0 for all sufficiently small

e > 0 (recall that the parameterization on ~; is defined from the vertex ¢; to the point §).

oy . . c?r
Moreover, by definition of the solution z, £ — ¢; as € — 0. Since 2 —[]—> u as € — 0, we have

up(cr)ug(cr) = 0.

According to our assumption, L, is not disconjugate on 7%,. It follows from Lemma 3.3 that
u has at least one zero xy € 7. Fix an arbitrary vertex a* € 9I' N OI'(¢1). Since ug(cq) =
ug(o) = 0 and vy« () > 0 on I', we deduce that there exists p such that y(z) = vg«(x) — pu(x)
has a double zero 1 € (¢1, o) C 7% Denote by I'(n) the branch of I" \ 5 such that ¢; € I'(n). It
follows from (4.2) that y solves the boundary value problem

Ly=0, zel(n),
ylore = y'(n) = (Wy" = BY")lore\n = 0
It follows from Lemma 3.1 that y = 0 on I'(n), and so v,+ is a constant multiple of w on I'(n).
But u(cq) = 0 and v, (c1) > 0, a contradiction. The theorem is proved. O

Remark 4.6. Note that the disconjugacy of the operator L, on each edge 7 C I' does not imply
nonoscillatory on the graph I'. As an example, we can consider the operator Ly, corresponding
to a three-point boundary value problem
WV = f(x), @€ (0,1)U(1,35),
u(l4+0) —u(l=0)=0, v(1+0)+u(1-0)=0, u'(1+0)—u"(1-0)=0,
u"(140) —u"(1—0)+ du(l) =0,
w(0) =4'(0) =0, u(3.5)=u'(3.5)=0.

(4.3)
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If > 16.5, then the solution vy of the boundary value problem
Lou=0, u(0)=0, «(0)=1, u(3.5) =u(35)=0

is not positive (see [7]). Nevertheless, if we consider the restriction Lu = u’V of Ly to [0, 1] and
to [1,3.5], it is easy to see that L is disconjugate on [0, 1] and on [1, 3.5].
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Abstract. In this article, the Cauchy problem for the Langevin-type time-fractional equation
DY (D2u(t)) + DP(Au(t)) = f(t),(0 < t < T) is studied. Here o, 8 € (0,1), D D! is the
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1. INTRODUCTION

The Langevin equation is an important mathematical physics equation used to model phe-
nomena occurring in fluctuating environments such as Brownian motion ([18],[12]). The clas-
sical form of this equation was derived in terms of ordinary derivatives by P. Langevin (Paul
Langevin, 1872-1946, Paris) in [I8]. The Langevin equation has enormous applications, that
is, cell migration in biology [25]; polymer and protein dynamics in chemistry ([24],[260]); signal
processing with noise, diamagnetics in electrical engineering ([12], [3],[20]).

With the intensive development of fractional derivatives, a natural generalization of the
Langevin equation is to replace the ordinary derivative with a fractional derivative to yield
a fractional Langevin equation, which can be considered a particular case of the generalized
Langevin equation. Mainardi introduced the fractional Langevin equation [23] in the early
1990s. Many different types of Langevin equations were studied in the works [I1], [14], [19],
[1,[2]. The usual fractional Langevin equation involving only one fractional order was studied
in [22],]11], the Langevin equation containing both a frictional memory kernel and a fractional
derivative was studied in [I4], the nonlinear Langevin equation involving two fractional orders
was studied in the articles [19], [1], [2]. The vast majority of these articles determined the
existence and uniqueness of Langevin equation solutions, and some promising results have been
obtained using the Banach contraction principle, Krasnoselskii’s fixed point theorem, Schauder’s
fixed point theorem, Leray-Schauder nonlinear alternative, Leray-Schauder degree, and other
techniques.

Let H be a separable Hilbert space and A : D(A) — H be an arbitrary unbounded positive
self-adjoint operator with the domain of definition D(A). We assume that the operator A has a
complete orthonormal system of eigenfunctions {vy} and a countable set of positive eigenvalues
Ak 0 < Ap < Xg... = 400. The sequence {\;} has no finite limit points.

Let C((a,b); H) be the set of continuous vector-valued functions y(¢) on t € (a, b) with values
in H.

Let AC[0,T] be the set of absolutely continuous functions defined on [0,7] and let
AC([0,T]; H) stand for a space of absolutely continuous functions y(¢) with values in H (see,
[17] p.339).

The definitions of fractional integrals and derivatives for the function h : R, — H are
discussed in detail in [2I]. The fractional integral of order o for a function A(t) defined on R,
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is given by:

orm L[t h(©)
I7ht) = 53 /0 ot 120

where I'(0) is the Euler gamma function. Using this definition, the Caputo fractional derivative
of order p € (0,1) can be defined as:
DPh(t) = Itl‘pih(t).
dt
In this article, we consider the following Cauchy problem for a Langevin-type fractional
differential equation:

D (Dyu(t)) + D (Au(t)) = f(t), 0<t<T,
u(+0) = o, (1.1)
Dffu(+0) = 1,

where 0 << 1,0< 8 <1; 9,9 € H and f(t) € C([0,T]; H).

Definition 1.1. A function u(t) € AC([0,T]; H) is called a solution of problem (1.1)) if
D (Au(t)), D (D2u(t)) € C((0,T); H), Du(t) € C([0,T); H) and u(t) satisfies all conditions
of problem ([1.1])

In the case § = 0, the Langevin-type fractional equation with two different orders coincides
with the fractional subdiffusion equation. The forward and inverse problems for the fractional
subdiffusion equation have been studied in the articles [4], [6], [7].

If o = 3, then a fractional Langevin equation with two fractional orders can coincide with
the fractional telegraph equation under certain conditions. The non-local and inverse problems
for the fractional telegraph equation are studied in the works [8], [9], [10].

In this article, we prove the following theorem:

Theorem 1.2. Let ¢ € D(A), v € H. Further, let 0 < ¢ < 1 be any fized number and
f(t) € C([0; T]; D(A%)). Then, problem (1.1)) has a unique solution given by:

u(t) = [wkEa,1<—Akta> T [ At Bt (Mt
k=1
+ / (t = 1) P By gy a(—Ault — 1)) fi(m)eln | v, (1.2)

where fi(t), pr and Yy are the Fourier coefficients of the elements f(t), ¢ and 1), respectively.

2. PRELIMINARIES

In this section, we present several pieces of data about the Mittag-Leffler functions, which
we will use below.
Let € be an arbitrary real number. The power of the operator A is defined by the following:

A°h = i )\ihkvk,

k=1
where hy, is the Fourier coefficient of the function h € H, i.e., hy = (h,vy). The domain of this
operator is defined as:

DAY ={heH: Z)\i€|hk|2 < o0}

k=1
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For elements of D(A®) we introduce the norm
18112 = D A% .
k=1

The function

E,,.(z)= _
Jl( ) ; F(Oék’ + ,U)
is called the Mittag-Leffler function with two parameters( see [13], p 134), where 0 < a < 1,
we C.

We present some asymptotic estimates for the Mittag-Lefler function:

Lemma 2.1. Let 0 < o« < 1 and pp € C. For any t > 0 one has (see [13], p. 136)
C
E, (—t)] < ——,
Faal—0)| < 1
where constant C' doesn’t depend on t and «.

Lemma 2.2. The following relation holds:
|ta_1Ea,,u(_)\ta>| < Cve)\e—ltea—l’

where X is a positive number and 0 < € < 1.
This lemma is proven in [5]

Lemma 2.3. Let o > 0 and X € C | then the following relation holds (see [16], p. 78):
DBy (M) = ABar (M),
Lemma 2.4. For Rey >0, Reu > 0, X\ € R, the following relation is valid (see [15], p. 87):
D} (147 By M%) = #5771 B (),

Lemma 2.5. Let f(t) € C[0,T], 0 < o« <1 and 0 < < 1.Then, the solution of the following
Cauchy problem

D} (Dgy(t)) + AD/y(t) = f(t), 0<t<T,
y(+0) = ¢, (2.1)
Diy(+0) = 4

has the form

Y(t) = @Ea1(=AtY) + (¢ 4+ Ap)t* B aq1 (—At) + /Ot(t — )P By ass(= At — 1)) f(n)dn.

Proof. Firstly, we apply the operator ]f to both sides of the equation and obtain the following
equality:
Dyy(t) — Dify(0) + dy(t) — My(0) = I f(t).
Using the conditions of the problem (2.1)), we have D2y(t) = ¢ + A — Ay(t) + IZ f(¢).
We apply the operator I to obtain an integral equation for y(t):

Y+ Ap

o Ny (1) + TP (.

y(t)
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To solve this integral equation, we use the method of successive approximations (see [16], p.137)

U+ Ao

£ b o — Ay 1 (1) + TP £(1).

Ym(t) =

Let us assume that the zeroth approximation is yo(t) = w(;rif) t* + ¢. Then the first approxi-

mation can be written as follows:

v+ Ap AW+ Ap) o Ap
Mot % T(a +1)t T(a+1)

yi(t) = A I F ).

Here we obtain the second approximation, which reads as

2 2
1)ktak)\k ktak:)\k
Ap)te
va(t) = (¥ + A¢) ZOFozk+a+1 kz I(ak +1)
2 1PNk ktatB-1
_ o « — d .
/O;Mk+a+5< )L ()

Hence, continuing in this manner, we obtain

m—1 m—
l)ktak:)\k ktak:)\k
Ap)t”
ym(t) = (¥ + A¢) Zofak+0z+1 kz ak+ 1)
- 1PNk k+a+B8—1
t— 7)rTeTPT drl| .
= Z e [ R T

Taking this limit as m — oo, we have

oo ktakAk o ktakAk
Ap)t®
y(t) = (¥ +A) gFak+a+l kz: C(ak + 1)
ISIREIEY :
+ t— 7)™ +a+p-1 d
I e e R G

According to the definition of the Mittag-Leffler function, the last equality can be written as:

Y(t) = ©Bar(=At") + [ + Ap]t* Ba a1 (—ALY) + /Ot(t = 1) Baass(=A(t — 7)) f(7)dr.

Lemma 2.5 has been proved. O

Lemma 2.6. Let 0 < ¢ < 1 be any fired number, and f(t) € C([0,T]; D(A%)). Then the
following estimate holds:

>

k=1

2

N [ (6= B =Nelt = )Ml < C max 112 (2:2)
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Proof. By using Lemma [2.2] for any fixed number 0 < ¢ < 1, we take
>N
k=1

Using the generalized Minkowski inequality, we have

S| [ = il <c: ( /Ot<t—n)aa-l(finﬂfk(n)P)édn)2

k=1 k=1

2 n

<o o[ [ =Nl

k=1

2

/ (= ) B (el — ) fe(m)d

2

< O e 2 O
e [ £l H%g); 1112

Taking the limit as n — oo, we obtain the estimate .
Lemma [2.6] has been proved. O

3. PROOF OF THEOREM

Assume that a solution to problem ([1.1]) exists. Then, due to the completeness of the system
{vr} in H, the arbitrary solution can be written in the form:

where T}, (t) are the Fourier coefficients of the function u(t). Then, by virtue of (3.1)), we obtain
the following problem:
D} (DPT(6) + MD{Ti(t) = fult),
T5(0) = ¢, (3.2)
DiTi(0) = ¢

By Lemma the solution of problem (3.2)) is given by

Tr(t) = @rEai(—=Aet®) + (Vi + M)t Eq a1 (= Apt®)+

- (= ) B s (=l — m)°) )l (33

Thus, according to the equalities and , we find the formal solution of the problem
in the form ((1.2)).

To prove the uniqueness of the solution, we use the standard technique, that is, the solution of
problem with the homogeneous condition (i.e, ¢x = 0, 1 = 0 and fx(t) = 0) is identically
zero. Then it follows that Ty(t) = 0, for all k¥ > 1. According to the equality and the
completeness of the system {vy}, we obtain u(t) = 0.

We now verify that the formal solution satisfies the conditions of Definition[I.1} Let S;(t) be
the partial sum of the series in

J
Z {@kEal( Aet®) + (U + Aeor )t Eo a1 (— At ™)+
=1

+ / (t = )™ B (=Mt — 1)) ()l | v
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Then, by applying the operator A on the partial sum S;(t),we have

i
AS;(t) =" {@kEa,l(—)\kta) + (r + Aepr)t Eoar1 (—Akt®)+

k=1

+ /0 t(t =) By aqp(—Ak(t — n)“)fk(n)dn} AkVk- (3.4)

Using Parseval’s identity, we can obtain

1AS;(0)]|* = ZM

k=1

OB (—MtY) + (Y + Mer )t Eg a1 (— At®)+

2

n /0 t(t — 1) B as (= Ak(t — 1)) fe(n)dn

Now, we split the above sum into three terms concerning ¢y, ¥, and fx(n), and by using the
inequality (a + b+ ¢)? < 3(a® + b* + ¢?), we obtain:

J

J
[AS; )12 < 3 AR k[] (Ban(=Akt?) + Mt Baast (= Mt)) [* + D ARt B (—2et®) [+

k=1 k=1

J
+Y N
k=1

In the first sum, we split it into two terms:

2

= As; + ASj + AS?.

/ (= )P By s (At — 1)) Sl

J
ASE = Mlerl* [(Baa (= Aet®) + At® B a1 (—At)) | < ASH + ASP,
k=1

where

J
ASY = S ML Eur (A, ASE = 3 M B At

k=1 k=1

By applying Lemma and the inequality \gt®(1 + A\pt®)~! < 1 for AS]11 and ASJQ, we have
the following estimates:

j j
AS]H<CY e’ ASP <O Alel
k=1 Pt

Thus, we have AS; < C S _ M exl?,  t > 0. Similarly, using Lemma [2.1) and the inequality
Aet®(1 + A\pt®) ™! < 1 for the second sum, we have

J J
AST = ZAi‘¢ktaEa,a+1(_)‘kta)‘2 < CZ [el?, >0

n=1

Let us estimate the sum ASJ?’. According to Lemma we have:

AS? = Z A

2

< C. max ||f||

€[0,7)

/ — )P (= Akt — 1)) fe(n)dn
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Thus, if ¢ € D(A), 1 € H and f(t) € C([0,T]; D(A?)), then from estimates of AS? we obtain
Au(t) € C((0,T]; H) .

From the above, we can prove uniform convergence of the Fourier series corresponding to the
function w(t). If ¢ € H, ¢ € H and f(t) € C([0,T]; D(A®)), then u(t) € AC([0,T7; H).

Next, we prove that DJ(Au(t)) € C((0,T); H). Let us apply D} term by term to series (B-4).
By applying Lemma , Lemma and Parseval’s identity, we obtain have the following
expression

1D/ (AS;(1)I]” = Z/\k Pr(=Ak) Bt (—Aet®) + (1 + Mor )t Ega—pir (—Aet®)+
k=1

2

#07 ([ (6= 0" BuessAult = ) o)

We split this sum (3.5)) into three parts and estimate each term separately:

2

|DJ(AS; (1) < Zv Ok (= A) Bt (=Mt ) + Meort P By o gir (=Mt ®)| +

2
Ukt P By o pir (—Apt®

J
+Y A

k=1

~—

+> A|D/ (/Ot(t — ) By aps(—e(t — n)“)fk(n)dn>

= Ki(t) + Ka(t) + Ks(t), (3.6)
where Ky (1) = Y01 X2 |0k (= M) Bat (—Md) + @x Ml P B gin (=Mt

J

=" X2 [t B ()|
k=1

2

=S x| ( / (=) B (At — n)“)fk(n)dn)

For K(t), using Lemma [2.1] and A\t (1 4+ A\pt®) ™! < t77, we arrive at

C 01
Ki(t) < [tQ—a + 252—5} Z/\Z|90k|2; t>0.
k=1

For K,(t), by applying Lemma and the inequality A\pt®™7(1 4+ M\pt®)™! < t77, we have

C < )
t)th—ﬁ};yw, t>0.

We need to prove uniform convergence of K3(t). Firstly, we denote the integral of K3(t) by
F(t) and integrate by parts

F(t) = /Ot(t =) By s (=Mt — 0)*) fie(n)dn =

= fk(o)ta+ﬂEa,a+B+l(_/\kta> + /0 (t— n)a—i_ﬂEa,a-&-B-i-l(_)‘k(t —n)*) fr.(n)dn
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Then, we compute the Caputo fractional derivative of order 8 according to its definition:

1 tOF(s) fe(0) (1 (8" Egaqpin (—Ais®)),
DiF(t) = F(l—ﬁ)/o (t—s)ﬂdsz F(lk—ﬁ)/o (;TS) o

e | g 0 B duts = ) ands -

= fr(0)t" B aq1 (= Akt®) + /Ot fl/c<77) (t = 1) Eaar1(=A(t —n)*)dn.

Using integration by parts, we have

t

DtIBF<t) = fk(o)taEa,a-i-l(_)‘kta) + fk:(n) (t - n)aEa,a—I—l(_/\k(t - U)a) +

0

+f (= 1) B~ At — )y = / (= 1) B (At — )V,

Therefore, K3(t) takes the following form:

j
— Z A2
k=1

Applying Lemma we get
J
-3
k=1

Thus, if ¢ € D(A), v € H and f(t) € C([0,T); D(A%)), then from and estimates
K1, K», Ky , we obtain D (Au(t)) € C((0,T]; H).

The equation of problem can be written as DY (D2u(t)) = f(t) — D (Au(t)). Therefore,
from the above reasoning, we have D?(D2u(t)) € C((0,T]; H).

Likewise, using Lemma [2.3] Lemma [2.4 and the definition of the Caputo fractional derivative,
if we compute D®u(t) in the same manner as D! (Au(t)) was calculated, we obtain the following
expression:

2

/ Bt — 1) B (At — )]

< C. 2
- ma |1

/ o) = 1) BNl — )|

J

D80) = 32 [0nBan(-0) + [ St =0 Buslnt = w1

k=1
Using Parseval’s identity, we have the following expression

2 < By(t) + Bs(t),

J

1DES; 0N =

OBy (—Mt%) + / Fem)(t = 1) B (= et — 1)) dn
k=1 0

where

2

Z|¢k| | Ea 1 (—Xet™)[?, Z /Ot Fe)(t = n)7 Eg g(=Ae(t = n)*)dn| -




On the Cauchy problem for the Langevin-type fractional equation 117

Now, using |E,i(—2)| < C (see, [15], p.62), we have Bi(t) < CY1_, [¢x]?, where C > 0 is
constant. According to |E, g(—=2)| <1 (see [15]) and the generalized Minkowski inequality, we
obtain the following estimate for By (t):

J 2 t s J 3 2
B <Y < ([ (Summr) wnrtin) < o1 ma i1

Hence, if ¢ € H and f(t) € C([|0,T]; H), then we have Dyu(t) € C([0,T]; H).
Now, by considering the case t = +0 in the equalities ((1.2)) and (3.7)), we can verify that the
solution u(t) satisfies the conditions of the problem ([1.1)

/Ot Se(m)(t—mn)"~"dn

u(t)

t=

=Y o=, Du(t)
+0 k=1 t=+

= ror = 1.
0 k=1

Theorem [1.2] has been proved.
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Abstract: In this article, we study the convolution operators M) with oscillatory kernel,
which are related to solutions to the Cauchy problem for the strictly hyperbolic equations. The
operator Mj, is associated to the characteristic hypersurfaces ¥ C R™*! of a strictly hyperbolic
equation and smooth amplitude function, which is homogeneous of order —k for large values of
the argument. We study the convolution operators assuming that the corresponding amplitude
function is contained in a sufficiently small conic neighborhood of a given point v € ¥ at which
at least n — 1 principal curvatures do not vanish. Such hyper-surfaces exhibit singularities of
type A in the sense of Arnol’d’s classification. Denoting by k, the minimal number such that
M, is L? — L¥ -bounded for any k > k,, we show that the number £, depends on some discrete
characteristics of the hyper-surface .
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1. INTRODUCTION

It is well known that solution operator of the Cauchy problem for homogeneous constant
coefficient strictly hyperbolic equation, up to a regularizing operator, can be written as a sum
of convolution operators of the type:

My, = F e, F, (1.1)

where F' is the Fourier transform operator , ¢ € C*(R""\{0}) is a smooth function that is
homogeneous of order one, a; € COO(R?H) is a homogeneous function of order —k for large .
After the scaling arguments for time ¢ > 0 the operator My is reduced to the following

convolution operator (see [12]):
My, = F~e©q,|F. (1.2)

Since the PsDO (Pseudo-differential operators) with a symbol from the space S°(R"*!) (see
[6] page. no. 94) is bounded on the space LP(R"*!) (for 1 < p < o), then the boundedness
problem for the operator M, mapping from LP(R™1) into L¥ (R"™!) (for 1 < p < 2) with a
smooth amplitude function a; that is homogeneous of order —k for large values of &, and the
analogous problem for a;, € S7#(R"*1), are equivalent. Here and throughout, we will use the
notation S”(R™*) to represent the class of classical symbols of PsDO with order v € R.

Let 1 < p < 2 be a fixed number: We consider the problem: find the minimal number k(p)
such that the operator My, : LP(R"*') — LV (R") is bounded for any k > k(p).

Analogical problems have been considered by many authors including Strichartz [13], in the
case when the characteristic hypersurface is the unit sphere, by Brenner [4], in the case when the
characteristic hypersurface has non-vanishing Gaussian curvature. These results were extended
by M. Sugimoto [10], [TI1], [12], in the case when the characteristic hypersurface is convex (but,
not necessarily strictly convex) and also for some non-convex hypersurfaces [12] (see also [9]
and [7]).
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Nevertheless, the problem remains in general wide open. Also, the issue is related to many
other open problems of harmonic analysis related to oscillatory integrals.

In this paper, we consider the hyper-surface in R**! having at least n— 1 principal curvatures
at any point. Then the corresponding phase function has singularities of type A. We obtain
an upper bound for the critical exponent k,(v). The upper bound is sharp for wide class of
hypersurfaces. We obtain the sharp value of k,(v) for the model case n = 3. The main Theorem
of the paper extend the obtained results of the papers [12] and [7].

The paper organized as follows, in the next section [2| we give the main results of the paper.
Then we discuss the decay rate of oscillatory integrals and obtain upper estimates for the
number k,(v) in the section 3| Then we obtain a lower bound for the number k,(v), in the
section [3.2], which agree with the upper bounds. The results of the last section [4] are related to
Model case of the convolution operators, which show that conditions of the main Theorem are
essential.

Conventions: Throughout this article, we shall use the variable constant notation, i.e.,
many constants appearing in the course of our arguments, often denoted by ¢, C, e, d; will
typically have different values at different lines. Moreover, we shall use symbols such as «~, <
or << in order to avoid writing down constants. By y. we shall denote a non-negative smooth
cut-off function on R”(v > 1) with typically small compact support which is identically 1 on a
small neighborhood of the point c.

2. THE MAIN RESULTS

Note that the problem becomes more complicated when the function ¢ vanishes at some non-
zero point &. Next, we assume that (&) # 0 for any £ # 0. Then, without loss of generality,
we can assume that ¢(£) > 0 for all £ # 0. Since ¢ is a smooth homogeneous function of order
one, then, due to the Euler’s homogeneity relation we have:

3089 _ i)

j=1
and hence the set ¥ defined by the following

= {€ e R™ () = 1)

is a smooth or a real analytic hyper-surface provided ¢ is a smooth or a real analytic function
on R™™1\ {0} respectively. The hypersurface ¥ is said to be a smooth (analytic) hyper-surface if
it can be locally represented as the graph of a smooth (real analytic) function. The smoothness
of the hyper-surface ¥ follows from the classical implicit function Theorem.

Further, we use notation:

ky == ky(%) := inf{k > 0: Myis LP(R"™) — L¥ (R"*!) bounded for any a, € S~F(R")}.

k>0
(2.1)
where S7#(R™*1) represents the set of classical symbols of PsDO with order —k. It turns out
that the number k,(X) depends on geometric properties of the hypersurface ¥.. More precisely,
the number depends on behavior of the Fourier transform of measures supported on X..

Since X C R"™'\ {0} is a compact hypersurface, then following Sugimoto [12], it is enough to
consider the local version of the problem. More precisely, we may assume that the amplitude
function ay, is concentrated in a sufficiently small conic neighborhood I' of a fixed point v € X
and ¢ € C*(I"). The smallness of the conic (with the vertex at the origin) neighborhood I is
determined by the smallness of S N T (where S™ is the unit sphere in R"*! centered at the
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origin). Fixing such a point v € X, let us define the following local exponent k,(v) associated
to this point:

ky(v) = ’igng{k 230, My - LP(R™) = LY (R™1) is bounded, whenever supp(ay) C Sy *(I)},
>

where S, *(T") represents the set of classical symbols of PsDO with order —k whose support is
in I'.

The definition of k,(v) implies that it is an upper semi-continuous function of v, for a fixed
value of p € [1,2].

Additionally, for the purpose of clarity, we assume that v = (0,...,0,1) and ¢(v) = 1.
Actually, any point of X, by using rotation and scaling, can be reduced to that point v. After
possible a linear transform in the space Rg“, which preserves the point v, we may assume that
Oj¢o(v) =0(j = 1,...,n). Thus, in a neighborhood of the point v the hypersurface ¥ is given
as the graph of a smooth function:

SAT ={(&,..., 6,14+ 6(6,...,&)) R (€6,...,&) € UL,

where U C R" is a sufficiently small neighborhood of the origin and, ¢ € C*°(U) is a smooth
function satisfying the conditions: ¢(0) =0, V(0) = 0.

2.1. On a normal form of the phase function with respect linear transforms. Before
proceeding to the discussion of the results of our work, we will introduce the necessary definitions
and notation. In this paper, we consider a class of smooth hypersurfaces S C R**! that have
at least n — 1 non-zero principal curvatures at a given point X € S. Also, we consider a
surface-carried measure concentrated in a sufficiently small neighborhood of that point.

Furthermore, let us suppose that in a sufficiently small neighbourhood of a fixed point, say
the origin, the hypersurface S is given as the graph of a smooth function =, = ¢(z1,...,x,),
satisfying the conditions ¢(0) = 0 and V¢(0) = 0. Then, the characteristic hypersurface, 3, is
defined by translating the surface, S, by the vector, v.

Suppose that exactly n — 1 of the principal curvatures of the hypersurface S are non-zero
at the origin. Then, the Hessian matrix Hess¢(r) := {0,0;6(z)}]';—, has rank n — 1 at the
origin of R™. Following [§], we will verify that there exists an orthogonal matrix A such that
the Taylor expansion of the function ¢, (x) := ¢(Ax) has the form

1 n—1

o1(x) = 5 Z bijziz; + R(x), (2.2)

Lj=1

where B = {bm}f‘]_:l1 is a non-singular symmetric matrix, the eigenvalues of which match the
non-zero eigenvalues of the Hessian matrix of ¢ at x = 0 and R(z) is a remainder of order
at least three at the origin. Further, without loss of generality, we assume that the Taylor
expansion of ¢ is of the form ([2.2)).

Then the matrix Hess¢(0) has exactly n — 1 non-zero eigenvalues. Moreover, in view of
(2.2), we have det{0,0;¢(0) ?]—:11 # 0. Consider the system of equations

a(x) =0, 1=1,....n—1. (2.3)

Applying the implicit mapping theorem, we find that the system of equations in a suf-
ficiently small neighborhood of zero has a smooth solution x; = ¥;(x,) (where [ =1,...,n—1)
satisfying the condition ;(0) = ¢;(0) = 0,1 = 1,...,n — 1. Also, using the linear
transformation of the sub- space R™, we can reduce the functions {t;(z,)}=] to the form
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U(x,) = 2™Mw(z,),l = 1,...,n — 1, where w;(x,) is a smooth function. Further, if 1), is
not a flat function at the origin, then we can assume, w;(0) # 0 and my,l € {1,...,n — 1}
is a finite natural number and also after a possible linear transformation, we may suppose
2<my <mg < -+ <my_y <oo. If for some [, the corresponding v is a flat function (i.e.,
it vanishes together with all its derivatives at the point x,, = 0), then we can formally put
m; = OQ.

The following statement was proved in the paper [1].

Lemma 2.1. Let S be a smooth hypersurface in a neighborhood U of the origin in R, given
as the graph of a smooth function. More precisely, let

SNU ={(z1,...,2n,Tpt1) €U 1y = (x1,...,2,),0(0) =0,Ve(0) = 0}. (2.4)

If S has at least n — 1 non-vanishing principal curvatures at the origin, then, possibly after a
linear transformation of the space R", in a sufficiently small neighborhood of zero, the function
¢ can be written in the form

1 n—1
oz) =5 > by () (@ — (@) (25— ¥5(2a)) + baln), (2.5)
Lj=1
where {by; (:1:)}?]_:11 is a symmetric matriz with smooth elements and by;(0) = b;(l,7=1,...,n—

1); the {ti(x,)}7= are smooth functions of the form ¥;(x,) = z™w(x,) I =1,...,n — 1, for
a smooth function w; satisfying the condition w;(0) # 0 whenever 1y is not a flat function, and
2<my <my < -- < my_1 < o0o. In (2.5), b, is a smooth function defined by the relation

bn(xn) = ¢(wl (xn)a s awn—l(mn)> mn)
The main result of the paper is the following Theorem.

Theorem 2.2. If ¢ has a singularity of type Anx_1 at the origin, then the following inequality

hotds: " n+3 1)\ /1 1
=2 5) (-3) =0

In addition, if 2mqy > N, then the following relationship holds:

ke (0) :2(”;3 —%) (]1)—%) (2.7)

Corollary 2.3. If 2min{my,...,m, 1} > N, the following equality holds:

oy (0) = (n 43— %) (]1? - %) | (2.8)

As shown in the paper [7], the condition of the last corollary is both necessary and sufficient
for relation ({2.8]) to hold in the case of n = 2.

3. RELATED OSCILLATORY INTEGRALS

Let S C R"™ be a smooth hypersurface, and let p € C§(S) be a smooth function with
compact support. Consider the charge du(X) := ¢(X)dS, where dS is the induced Lebesgue
measure on the hypersurface S. In particular, if ¢ is a nonnegative function, then we are dealing
with a Borel measure. The Fourier transform of the charge du is defined by the following
integral:

Q) = [ e=p@yis(a), (3.1)
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where x& s the inner product of the vectors  and £. It is well known that behavior of the
function dyp when [€| gets large depends on geometric properties of S.

Further, we also define analogical functions associated to oscillatory integrals.

Let S be a smooth hypersurface, given as the graph of a function ¢, with an Ay _; singularity
at the origin. It means that the function b,,, defined by the equation , has a multiple root
of order N > 2 at the origin. Using the method of stationary phase, we reduce the main part of
the Fourier transform of the charge du to a one-dimensional oscillatory i/\ntegral with multiplier
€|~ ("=D/2 as |€] — +oo. Indeed, the Fourier transform of the charge du can be written as a
multiple oscillatory integral. Since S is a smooth hypersurface, it can be represented as the
graph of a smooth function ¢(x) that satisfies the conditions ¢(0) = 0 and V¢(0) = 0. We
also assume that ¢ has a singularity of type Ax_; at the origin. As a consequence, the surface
integral reduces to the following multiple integral:

J(A,s) :—/ @) g (2)d.

Here {1 = A, sj:=&/N, j=1,...,n—1, ®(z,s) = ¢(z) + sz, where ¢ is a smooth function
with ¢(0) =0, V¢(0) = 0, and rank(Hess$)(0)) > n — 1, which is equivalent to the condition
® has a singularity of type A at the origin.

If |s| > e (where € is a fixed positive number) and b is a smooth function with sufficiently
small support contained in a neighborhood of the origin, then, for any natural number v,
integrating by parts, we obtain J(s,\) = O(|sA|™") as |A| — 4o00. Therefore, it suffices to
consider the case of a vector s of sufficiently small length.

Since det{0;0,$(0,0) ?Eil # 0, we can use the Morse classical lemma (see [§]): there exists
a neighborhood V' x U and a diffeomorphic mapping F': V x U — V x U of the form z,, = y,,
x; = F;(s',y),j =1,...,n— 1, such that, for the phase function ®(z, s), the following relation
holds:

O(F (S, Y), Yn, $) := P1(s", yn) + snzn + QY'),

where @4 (s, y,,), is a smooth function; moreover, ®;(0, y,,) has a singularity of type Ay_; at the
point y, = 0 and Q(¢) := %(By’ ,vy') is a non-degenerate quadratic form given by an invertible
symmetric matrix B.

Thus, after the change of variables given by the mapping (F'(s, y), y»), the oscillatory integral
J(A, s) can be written as the repeated integral

JA,s>==l/n€”¢°“W”)<J/ 1€L“Q@”b<y,§>dy1...dyn1) Ay
R Rn—

with a smooth amplitude function b, € C§°(V x U).
Then, by the classical method of stationary phase, we obtain the asymptotic relation (see

B]).
[ POy gy g = b0, 0,5 AT OO as A e,
Rn—1

where

\/Weisign(Q) (7/4)

C = 5

| det B
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where sign(Q) represents the difference between the number of positive and negative eigenval-
ues. Hence the oscillatory integral J(\, s) can be written as

J(A,s) = AT / A s (0, .. .,0, yp, s )dy, + O(/\_HTH) as || — +o0. (3.2)
R

Therefore, the problem of the behavior of the oscillatory integral J(\,s) reduces to the
problem of estimating the following one-dimensional oscillatory integral:

T\ s) = / AV (00, g, )y (3.3)
R

We can use Van der Corput type estimate [2] to the integral J; and obtain:

o€, 9)leniwy
A

[J(A8)] S (3.4)

3.1. An upper estimate for k,(v). Then we can use Proposition 2 of the paper [12] (page
no. 386) and obtain the following upper bound for k,(v):

w52 -3) (1)

The last inequality proves the first part of Theorem [2.2] It should be noted that the last upper
estimate is not dependent on the numbers myq,...,m,_;. Additionally, we demonstrate that
the obtained estimate is sharp for sufficiently large values of these numbers (see Theorem |3.1]).

3.2. A lower estimate for k,(v).

Theorem 3.1. Let ¢ be a smooth function satisfying the condition 2my; > N. Then the
following lower estimate holds true:

kp(v) > <n+3—%) (%—%)

We remark that the lower bound agrees with the upper bound ([2.6). So, we came to a proof
of Corollary [2.3]

In this section we reduce a proof of the Theorem [3.1] The test functions, used in the course
of the proof, are similar to Knapp type sequence .

Proof. Let ¢ be the phase function and the principal part is a weighted homogeneous polynomial

with weight s := (k/, k,), where &' := (3,...,3) € R" ! and &, :== .
We can write the Taylor expansion:

o - )

o(z) = Z o™+ R(x), with ¢, := NI

(k,a)=1

under condition 2m; > N, where (k,«) is an inner product of vectors x and o € Z7 and also
R is the remainder term satisfying the condition:
Ht‘lR(t%xl, o ,t%l'n,l,t%l'n)uchf((]) — 0 as t — +0 for any natural number M.

Let us take a smooth function in R™™! such that a;(§) = |£]7% for large €. For example,
we can take agp(€) = (1 — x0(£))|€]7%, where yq is a smooth function such that yo(£) = 1 in a
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neighborhood of the origin say for |£| < e and (&) = 0 for || > 2¢ with a sufficiently small
fixed positive number € > 0.

Following, M. Sugimoto we introduce the function: G(y) =1+ ¢(y) — (y, Vé(y)). Define a
non-negative smooth function with yo(0) = 1 concentrated in a sufficiently small neighborhood
of the origin of R""! and a non-negative smooth function, satisfying x;(1) = 1, with support
in a sufficiently small neighborhood of the point 1 and y; = 0 in a neighborhood of the origin
of R.

We set

u(z) = 2O () P29 @),

where

n k
. ) xale(©)l ¢ o

ny (£
EGRAEC)
Note that supp(v;) does not contain the origin, because x1(¢(£)) = 0 in a neighborhood of the
origin.
The sequence {u;}52, is bounded in LP(R™"). Indeed, we have:

o tli 1 Isli

uj(x) = /—27'(' — /}Rn+1
On the other hand following M. Sugimoto we use change of variables £ = (Ay, A(1 4+ ¢(y)))
(where y € U C R") and get:

ey, (€)de.

(ﬂ+1)J+

U](x) T rona1 27T n+1 /]R"+1

o2 A y+a:n+1(1+¢(y)))X0(2%y’)X0(2%yn)

Xt OO (y[2 + (1 + ¢(y)?) 2 dAdy.

Finally, we use scaling Z%y’ =y 2%3/” — 1y, in variables y and obtain:

(n+1)j _ |klj p j
’ ’ 27 B "y T Nzpyntzn —j
wle) =~y [ R i 00 0 )

MNP+ 27 ¥4+ (L 6(62-5 (1)%) 2dAdy.
Note that [2/0%¢(dy-i(y))| << 1 as j >> 1 for any o € Z provided the support of xo are

small enough. If |2,1| > |2/27%| + |2,2” ¥ | then we can use integration by parts formula in
and get:

()i |xlj
P P

u;(x)] < —
’ J( )| ~M (14_’1,%12]‘)1\4
for any natural M > 1, provided |z,127| >> 1, otherwise e.g. if |7,,12/| < 1, then the last
estimate trivially holds, for the function u;(z).

Assume |2, 1| < |#'272|+|2,2”¥|. Then by using integration by parts formula in y variables,
we get the following estimate:

(n+1)j _ |slj
P P

2
luj(z)] Sm : >
’ (1+ |x’2%| + |xn2LN1)J )M
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Finally, combining the obtained estimates we obtain:

(n+1)j _ |slj
P P

Ju(@)] <

~M

N—-1)j |

(14 |20 p1| + [2723] + 2,257 2)M
Consequently,
|uil| pniry S 1, for 7> 1.

So, the sequence {u;}32, is bounded in the space LP(R™*1).
On the other hand we have the relation:

Xo (2%%5» Xo (2%5&) x1(277¢(¢))

My (z) = o (=) (= 37) —kj+ni p-1 [ Liw(€)

We perform change of variables given by the scaling 277¢ — £ and obtain:
2%5) <21’§5 )
J((nH1=IR]) (= J)—F+nt1) | Xo (— xo | S ) x1(9(§)
2 P i (0(€)26) e(§) e(6)
V/ (2m)ntl n n £
( W) R+t @ (OG <¢(§)>

Then following M. Sugimoto we use change of variables £ = (Ay, \(1 + ¢(y))) and gain the
relation:

Myu;(x) =

o (1=} (= 57) —k-+n+1) N
Myu;(z) = 2 A= (@'Y +znyn+ant1(1+6(y))))

X0(275 ) x0(2% g ) x1 (A)dAdy.
Finally, we use change of variables Q%y’ =y ﬁyn — 1, and obtain:
Mkuj (-1') = 2j((n+1_|ﬁl)(_z’1')_k_|ﬁ|+n+1)/ e2ji)‘((ﬂcn+1—1)—27%?/50'—27%ynxn—xnﬂfi)(&rj )
Rn+1
Xo(¥)x1(A)dAdy.

j<NNfl), then the phase is the non-oscillating

If |2 — 1] < 279, 2] < 275, o] < 27
function, because A «~ 1 and

(X1 — 1) — 2’%3/56' — 27%%‘% — Zn190(02-i(y)) = 0(277)

provided the supports of x¢ is small enough.
Consequently, we have the following lower bound:

| Myl e 2 2COTDE72)H),
The last inequality is equivalent to

11

1My || e = 22((43=7) (G2)8),

k < ky(v) := <n+3—%) (%—%>,

Therefore, if
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then
|Myuj|| v — 00 (as  j — 400).

Thus, the operator M, : LP(R") — L (R"*!) is unbounded provided k < k,(v). Thus we get
a lower bound for the number k,(v) which completes a proof of Theorem . The Theorem
completes a proof of the main Theorem [2.2]

(]

Now, we consider a lower estimate for k,(v) for the case when my, ..., m,_; are smaller than
N.

Theorem 3.2. If2m; < 2ms < --- < 2m,_1 < N, then the following estimate holds:

kp(v)22<n+1 i 1]:/m+1>(219_%)_ 2 P Zam (3.5)

Proof of Theorem [3.2
We slightly modified the Sugimoto [12] arguments and consider the sequence

(n+1) D3 m1+1 .
uy =2 T gy (0 @),

- (28) (7 (5 ()= ()
o (5 () () 2

where xo, x1 € C3°(R) are non-negative smooth functions satisfying the conditions: xo(0) = 1
and support of function xq lies in a sufficiently small neighborhood of the origin of R and y;
is a non-negative smooth function concentrated in a sufficiently small neighborhood of 1 and
identically vanishes in a neighborhood of the origin and also x1(1) = 1 (cf. [12]). We claim
that that, for large j one has

where

l|luil| Lo @nty S 1.

Indeed, by the definition of u;, we have the following relationship:
P2 ) = [ eemeriga= 2 [ e gac
\/W Rt (2m)n+l Jrott
We use change of variables £ = A(y, 1+ ¢(y)) and obtain:
o(n+1)j

\/ (27T>n+1 Rn+1

Jmp—1

Xo(2¥ ) x0(2°F (11 — Ut w1 (Yn)) X027 (Yn—1 — Y wWn1(Yn) ) xa (A)dAdy.

e*inA(yl'$/+ynxn+zn+l (1+6(y))

Vi) = 1 (0;(279) () =

Then, we use the change of variables provided by scaling:

jmy Jmy 1

2N Y = Y2 N Yt = Yn1, ﬁyn — Un
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and obtain:
(n+1 Tio) et ml+1)' .
V(x) — 2 / —123)\ " 12 Nlyl$l+2_%ynxn+$n+1(1+¢(62*j )
J / 27T n+1 Rn+1

1
Xo(Wn)Xo(y1 — Ui w1 (275 ) - X0 (W1 — Yo w1 (27 V) )xa (N dAdy.
Integration by parts arguments yield:
n—1
2(n+17;l=1N l+1)j

Vi) <z 7
(14 S35 12 F | + 12 ¥ | + |20 )

where L is any fixed positive integer number. We assume that Lp > n+ 1. The last inequality
implies that

—1
nt+1l Z:;L=1 ml+1) .

||‘/j||LP(]R"+1) SJL 2( p’ Np’

Consequently, ||u;|ze@nt1y S 1.
Now, we consider the lower estimate for || Myu; || 0 s)-
We have:

n—1
n+1+21:1 my+1 .

Myu; = F'e®ay (&) Fu; = 2( ¢ N/ )jF1(ei¢(5)ak(§)vj(2Jf))(x).
We perform change of variables given by the scaling 276 — ¢ and obtain:
n41 2;1;11 ml+17 .
(525 )
Myu;(z) =
S —_—
Finally, we use the change of variables £ — A(y, 1+ ¢(y)) and we have:

Myu, (ZE) = \/W —

Jmp—1

XO(2 Y=y wi () - xo(2T N

e (PO—€) g, (£)0,(€)dE.

eigj)\(l_y/.x/_ynmn—mnﬂ(1+¢(y))XO (Qﬁyn)

(Y1 — Y™ w1 (yn))x1 (N dAdy.

Now, we perform the change of variables

Mn—1

Yn =2 Nz yp = Y () + 27 2, et = YT e (1) + 270N 2.

Then we get
n—lm
2(%1‘&:*? k)i y |
Myu;(z) = / et ’\%(z’x’])xg(zn)x()(zl) oo Xo(zZn—1)x1(N)dMdy.
(27)ntl R+
where
(133(2’793,]') =1—2p — (2_%%% + 1112_%37?1@1(2_%%) +eeet
n—1
$n7127] lzﬁklwnfl@f%zn)) + Tpta Z b2 L 212 + 27)355(27%%)»

l,k=1
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We use the stationary phase method in z’ assuming ,

,m)
11— @npr| << 279, o] << 2759, |z << 2% 0= 1, .. n— 1. (3.6)
and, reminding that 2m; < --- < 2m,_; < N, to obtain:
(- Bt g a Figp ),
Myu;(z) =
(27T)n+1

(/ €i2j>\¢4X0(2n>g('Z§<Zn7 7))x ()\)dAdszrO(gﬂ( mn—1 1)) ,as  j — +o0,
R2

where

Gy = DPy(21,2,)) =1 —xpy1 — Tp2n2” - le - zmlw 2” Nzn)

2792 B(2” Nzn ZBlk Zny 1,277,
Lk=1

and B is a smooth function satisfying the condition |B| «~ 1. Consequently, accounting the
conditions (3.6) and the inequality 2m,,_1 < N, we establish the following lower bound:

. yrol ml+1) L1y 1 Pl )
o pp1—Zi=1 ML) (L1 _notg 2=y g
‘|Mkuj"LP/(R3) > 2]( (n N (5-2)-"3 N .

where ¢ > 0 is a constant which does not depend on j. Thus if

k<2(n+1- L
< <"+ B A AV 2 N

)

then the operator Mj, is not LP(R™*!') — LP'(R™*!) bounded.

Analogical result holds true for the case N = oc.

Thus, if k < k,(v) then the M, is not LP — L¥ bounded operator. This completes a proof of
the Theorem 3.2

4. THE MODEL CASE

Now, we consider the case n = 3 and function:

O(y1,y2,93) = (y1 — v5")* + 95 + v3, (4.1)
where m > 2 and N > 2.
Proposition 4.1. Let ¢ be the phase function given by (4.1).

(i) If 2m > N then
ey (0) = 2 (3 - %) (% - %) ; (4.2)

(i) If m > 3 and 2m < N then

k‘p(v):max{Q <3—%) (%—%),2(4—7"7“) (%—%) —1+%}. (4.3)
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Proof. The case (i) of Proposition follows from Theorem 2.2 The upper bound for the
number k,(v) follows from results of the paper [7]. We show the lower bound for the number
k,(v). Consider the sequence of test functions

m—+1

uy(z) = 2 IR P (0,279 (o),

where v; := v;(§) is given by

e (580 07 (G () () ) Sy

(&)

with & = (&, &, &). It can be proved that u; is a bounded sequence in the space LP(R?).
We write Myu;(x) after change of variables:

metl (m+1)j 29 .
Myuj(x) = 2< R )3 727w /4 e @Yy (1) xo (Y2) X0 (Y3) X1 (N dAdy,
R

where
Oy(x,y):=1—m4 — (x1y12_j7m + xly?w(Z_%yg)Q_]W +
Tay2 + 9539327% +aa(1+ ¢y, 277)),
with
6y, 27) == 27Ky + 5+ 277y
Now, we assume that

(m— N)J

11— 24| << 279, |z3] << e |x2| << 27 |31 << 2 (4.4)
Then we use stationary phase method in ¥y, y» variables and obtain:
'm+1 ; .
My () = 205 Va2, ),
where |c(x, j)| = 1 under the conditions (4.4]). Consequently, we have
| M| oy 2 2O G248
Consequently, if
m+1 1 1 m
k<o(a- ) (2-2) 142
(1-"5) (G-2) -1+ 7
then the operator M is not bounded from LP(R*) to L¥ (R%). O
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Abstract. In this paper, a nonlocal problem of the BitsadzeSamarskii type is studied for
a degenerate elliptic equation in a vertical half-strip Q@ = {(x,y) : 0 < z < 1,y > 0}. The
problem connects the value of the sought function on the right boundary of the domain with its
value at an interior point of the same domain. Under certain conditions on the given functions,
theorems on the existence and uniqueness of the solution are proved. The uniqueness of the
solution is proved using the maximum principle, while the existence of a solution is established
by methods of separation of variables and integral equations.

Keywords: degenerate equation, BitsadzeSamarskii type problem, spectral method, modi-
fied Bessel functions, eigenvalues, root functions, completeness, basis property.
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1. INTRODUCTION AND PROBLEM STATEMENT

In [23], the Dirichlet problem and a Neumann-type problem (problem N) were studied for a
degenerate elliptic equation with a power-type degeneration of the form

Y " Ugg + Uy + guy — b y"u=0,0<x<1, y>0, (1.1)
Y

in case m = 0 and b = 0, in a vertical half-strip Q@ = {(x,y) : 0 < 2 < 1,y > 0}. The uniqueness
of the solution was established using a combined method, which involves the maximum principle
for elliptic equations and the “abc” method, while the existence of a solution was proven by
employing separation of variables and integral transformation techniques.

In [T4], for a mixed-type equation containing equation in the case of « =0, b=01n a
domain whose elliptic part is a half-strip €2, the Tricomi problem was studied. The uniqueness
of the solution was established using the “abc” method, while the existence was proven through
the method of separation of variables and the theory of integral equations. Similar problems
for mixed-type equations involving an equation of the form ((1.1) were also considered in [10]
and [16].

In [12], in a domain Q = {(z,y) : 0 < x < 1,y > 0} for the case a = 0, b = 0, a nonlocal
Samarskii—Tonkin type problem was considered. By applying the spectral method, the existence
and uniqueness of the solution were established, and an integral representation of the solution
was obtained for the case m > 0.

In [I1], for equation in the same domain  and for the case @ = 0, b = 0, nonlocal
problems with Samarskii-Ionkin type conditions were studied in a more general setting than
in [I0]. Using the maximum principle, theorems on the uniqueness of solutions were proven,
and by means of spectral analysis, a theorem on the existence of solutions for the formulated
problems was established.

In the work [I5], for an elliptic equation of fractional order of the form D?**u(x,y) —
2% Lu(z,y) = 0 in the case where L is a self-adjoint positive operator with a discrete spec-
trum, the issues of solvability of various boundary value problems in infinite domains for
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a € (1/2,1],8 > —a, where D** = “Dg, “Dg. , ©Dg, is the fractional Caputo derivative,
are studied. It should be noted that this equation generalizes the well-known Tricomi, Geller-
stedt, and Keldysh equations.

In [25], the first boundary value problem for a mixed-type equation with two degeneracy lines
in a half-strip in the class of regular and bounded at infinity solutions is studied. Using spectral
analysis methods, a criterion for the uniqueness of the problem is established, and the solution is
constructed as a series in eigenfunctions of the corresponding one-dimensional problem. In [17],
a nonlocal boundary value problem was formulated and studied for the degenerate equation
in a vertical half-strip. By applying the Hankel transform and the method of separation of
variables, an explicit solution to the investigated problem was obtained. We also note [1], where
a boundary value problem was investigated in an infinite half-strip for a generalized biaxially
symmetric Helmholtz equation. Using the method of separation of variables and Fourier—Bessel
series expansions, conditions for the solvability of the boundary value problem were established.

As for boundary value problems for degenerate equations in bounded domains, we note
[19], where the first boundary value problem was studied for a mixed-type equation with a
singular coefficient in a rectangular domain. Using spectral analysis methods, a criterion for
the uniqueness of the solution was established, and the solution was constructed as a sum of a
series in terms of the eigenfunctions of a one-dimensional spectral problem for eigenvalues. In
[21] and [20], for a mixed-type equation of the second kind with a singular coefficient, uniqueness
criteria for the Dirichlet problem were established using spectral expansions, and the solutions
were constructed as sums of series.

A new type of nonlocal boundary value problem for a partial differential equation of elliptic
type, arising in plasma theory, was formulated and studied by A.V. Bitsadze and A.A. Samarskii
in [6]. In the scientific literature, this problem became known as the Bitsadze-Samarskii (B.S)
type problem. Problems of this type differ from other boundary value problems in that the
boundary values of the sought solution or its derivatives are repeated at interior points of the
domain, where the solution satisfies the differential equation. Similar problems were studied in
the works [3], [2], [22], [8], [4], [5].

In this paper, for equation in the case a = 0, b = 0, posed in the vertical half-strip
Q={(x,y) : 0 <z <1,y >0} anonlocal problem is studied, where the boundary conditions
with respect to the spatial variable include a nonlocal condition of the Bitsadze-Samarskii type.

For the equation

Lu = y™ gy + uyy = 0,m = const >0 (1.2)

in the vertical half-strip Q@ = {(z,y) : 0 < z < 1,y > 0} we consider the following nonlocal
problem.

Problem BS. Find a function u(z,y), satisfying the following properties:

1) u(x,t) € C(Q) N C2(Q);

2) satisfies equation in the domain €2;

3) the following conditions are fulfilled:

lim w(z,y) = 0 uniformly in z € [0, 1], (1.3)
Yy—+00
ux(O, y) = 901(2/), 'Lb(l, y) - U(Ll'o,y) = 902(3/)72/ > 07 (14)

u(z;0) =7(x),0 <z <1,
where 1(y), ¢2(y), 7(x) are given functions.
2. UNIQUENESS OF THE SOLUTION TO PROBLEM BS

We prove a theorem on the uniqueness of the solution to Problem BS. The following theorem
holds:
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Theorem 2.1. Problem BS cannot have more than one solution.

Proof. Suppose that the considered problem has two solutions u;(x,y) and us(z,y). Then the
difference of these solutions, i.e., the function u(x,y) = ui(x,y) — ua(x,y) in the domain
satisfies equation (|1.2)), condition (|1.3)), and homogeneous boundary conditions of the form

uz(0,9) = 0,u(l,y) — u(zo,y) =0,y > 0,u(z,0) =0,0 <z < 1. (2.1)

Thus, it suffices to show that this homogeneous problem has only the trivial solution u(z, y) =
0 in Q.
~ Assume that u(z,y) # 0 in €. Suppose, for example, u(c, h) # 0, h > 0. Then u(z,y) # 0 in
Qp,, where €2, is a rectangle with vertices at the points O(0,0), A(1,0),0x(0,h) and A,(1,h).
We show that the maximum max|u(z,y)| is attained only on the segment Oy A,. Without loss
Qp,

of generality, we can assume that max|u(z,y)| = maxu(x,y) > 0.
Qp Qp

Indeed, by the well-known property of solutions to elliptic equations [22, p. 229, Theorem
4.2 4], the maximum cannot be attained inside €2j,. Due to the first and third conditions in ([2.1]),
maxu(x,y) cannot be attained on the segments OO;, and OA. Let us show that maxu(z,y)

Qp Qp

cannot be attained on the segment AAj, either. Assume that the maxu(z,y) is attained at
Qp,

some interior point (1, o) of the segment AA;. Then, by the second condition in (2.1]), we find
that the maxu(z,y) is also attained at some interior point (xg,yo) of the domain €2}, which
Qp

contradicts the aforementioned property of elliptic equations. Therefore, maxu(x,y) is attained
Qp,
only on the segment O, A, and let max|u(z,t)| = e.
Qp

Now, by condition (L.3)), there exists h > h, such that for all y > h, we have |u(z, y)| < £/2.

This implies that max|u(z,y)| < ¢/2, where Q; is a quadrilateral with vertices at points
3
0, A,04(0,h) and A,(1,k). On the other hand, since Q), C Q;, we must have max|u(z,y)| >
3
max|u(zx,y)| = &, which contradicts the condition max|u(z,y)| < €/2. Therefore, u(z,y) = 0
h Q;,

— h
in €, i.e., ui(z,y) = ug(z,y). This completes the proof of Theorem 2.1. O

3. EXISTENCE OF THE SOLUTION TO PROBLEM BS

Now we turn to proving the existence of a solution to Problem BS. The following theorem
holds:

Theorem 3.1. Let the functions 7(x), pi(y),1 = 1,2 satisfy the following conditions:
Dgi(y) € C[0,00), 4*™*i(y) € L1(0,+00),:(0) = 0, pi(+00) = 0,i = 1,2,
2)7(x) € C?[0,1],7"(x) € Ly(0,1),7(0) = 0,7(1) = 7(x0), 7"(1) = 7" (x0).
Then Problem BS has a solution.

Proof. We seek the solution of Problem BS in the domain €2 in the form of the sum of two
functions:

w(z,y) = Wi(z,y) + V(z,y),

where W (z,y) and V(z,y) are solutions of equation (|1.2)) satisfying, respectively, the following
conditions:

W2 (0,y) = ¢1(y), W(l,y) = W (z0,y) = p2(y),y > 0, (3.1)



On_a nonlocal problem of Bitsadze—Samarskii type ... 135

= i = <z< .
yli}EoW(x y) =0, hrrrlOOW(x,y) 0,0<xz <1, (3.2)
Va(0,9) = 0,V(1,y) = V(zo,y) =0,y =2 0, (3:3)

= i = <z <1 .
ylgEOV(x y) = T(m),ylrgloo\/(x, y)=0,0<z<1 (3.4)

3.1. Solution of Problem 2 (Problem (L.2), (3.1), (3.2)). We seek the solution of Problem
2 in the form of an integral:

W(z,y) =V /0 h (@ (N + ar(N)e ™) J v <iy’”§ > d), (3.5)

2+

where a; (M), a2(\) are unknown functions, and J,(z) is the Bessel function of the first kind.
It should be noted that the function W (x,y), defined by the integral (3.5)), formally satisfies

equation ([1.2) and conditions (3.2]).
(3-5)

From , taking into account the boundary conditions (3.1]), we obtain the following system
for the unknown functions a;(A) and as(A)

2)\ m+2

VI [ @)= e, () i = )
e

. (3.6)
(ar(V)(e* =€) + ax(N)(e™ = 7)) o, ( 2 ) dA = a(y).

0 2+m

Next, to find these functions, we use the Hankel transform:

/ f@)Ju(p-t)tdt < f(t) / F(p)J,(t- p)pdp, (3.7)

which holds for v > —= prov1ded that fo ViEf(t )dt < 4o00.
Applying the Hankel transform to formulas and using relation (3.7]), while taking into
account condition 1) of Theorem 3.1, we obtain the following system:

1 [°° 2\ m
@) —as() = & / iy, (—y i ) o1 (y)dy,

q 2+m
>\ e 3 2)\ m—+2
X _ o A _ o—Amo) — 2 2¢-57 =y
a1 (M) (et —e) +az(N)(e e ) = Q/o y e <2+my )s@(y)dy-

Thus, after simple transformations, we find:

2 o0 2m—+1 2)\ m+2
A)er* e ™ = / te J o (=——t 2
a(N)e™ +ax()e (m =+ 2) (sin hA — sin hAzg) Jo C we <2+m ’ ) 8

X ([cos hA(zg — x) — cos hA (z — 1)] @1(t) + Asin hAzps(t)) dt. (3.8)
Thus, formulas (3.5) and (3.8) determine the solution to the considered problem. Further-

more, taking into account the conditions imposed on the functions ¢;(y),7 = 1, 2, the properties
of Bessel functions [13], and the properties of the Fourier transform [24], we Conclude that the
function W (x,y), constructed in this way, satisfies equation and conditions .

3.2. Solution of Problem 3 (Problem (1.2)), (3.3), (3.4)).
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3.2.1. Spectral Properties of Problem 3. To solve Problem BS, we apply the spectral method,
according to which seeks non-trivial solutions to equation in the form of V(z,y) =
X(z)-T(y). Substituting this expression into the original equation and satisfying the boundary
conditions (3.3), with respect to the unknown function X (z), we obtain the following spectral
problem:

— X"(z) =AX(z) =0,0 <z <1, (3.9)
X'(0) =0, X(1) = X (), (3.10)

where A is the separation parameter.
Alongside problem (3.9 . - we also consider the problem adjoint to it. It is not difficult
to determine that the adjoint problem has the following form

—Y"(x) = \Y(x), z € (0,29) U (0, 1), (3.11)
Y'(0) =0, Y(1) = 0, (3.12)
Y(zg+0)=Y(zg—0), Y'(1) =Y (2o +0) — Y'(xg — 0). (3.13)

Note that problems (3.9), (3.10) and (3.11)-(3.13)) are studied in the work [7]. According to

this work, let us consider case when is a rational number x, in (0,1). The following theorem
holds [7]:

Theorem 3.2. Let xg be any rational number from the interval (0,1) such that q—p = 1. Then

the systems of root functions of problems (3.9 - - and - - 3.13)) form a Riesz basis in
L5(0,1) (see Table 1).

TABLE 1. Root functions and eigenvalues

No. | Eigenvalues Root functions of the main problem | Root functions of the adjoint problem
x € [0, zo),
1 [X=0 Xo(z) =1, z€][0,1] Yo(z) = + 2o
. x € [:1:0 1]

4 An
COS( ! z € [0, zo),

2
2 | A= (?T":) , X1n(z) = cos(v A z), € [0,1] Vin(z) =

281n )\l'n. 1—1z))
n#k(g+p), knéeN

1+ :1:0) sm(\//\ln

4 Aan
{ cos(vAzn ) 2 € [0, zo],

T € [zo, 1]

3 A2n = (2gnm)?, neN Xan(z) = cos(vAan ), x€0,1] Yon(z) =
4(1 — (VA
( x COS an x)7 HAIS [x():l]
1—x2
z € [0, zo),
4 X2n = (2gnm)?, n €N Xon(z) = zsin(vAan z), z€[0,1] Yaon(2) = 9 45in \/Vx)

, € [xo0,1]

3.2.2. Emistence of the Solution to Problem 3. Let V' (z,y) be the solution to Problem 3. Con-
sider the functions:

vo(y) = (V(z,y), Yo(z))o, (3.14)

vin(y) = (V(x,y), Yin(x))o,n # k(¢ + p),k,n € N, (3.15)
van(y) = (V(2,y), Yan(2))o, n € N, (3.16)

Tan(y) = (V(@,y), Yau(2))o,n € N, (3.17)
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where ,
(600 = (V) 1atan = | $(@)la)do

is inner product in Lsy(a,b).
By differentiating (3.15)) twice and taking into account equation (1.2]) as well as the boundary
conditions (|1.4), we conclude that vy, (y) satisfies the differential equation

V1 (Y) = Ay via(y) =0 (3.18)
with boundary conditions
ylig_lovln(y) = Tin, yEI_POOUIn(y) = 07 (319>

where
Tin = (7(2), Y1n(2))o-

Now we find the general solution to equation (3.18]). To do this, we perform the change of
variables according to the formulas

vV An m+ 2
Vin(y) = VG Z1n(t), t = leq, g=—5 (3.20)

Then we have 1

<2q>2) () =0

Substituting (3.20]) to (3.18]), the equation (3.18)) is reduced to the modified Bessel equation,
whose general solution is given by [23]:

Zln(t) = AlnI%q (t) + Banqu (t)a

270 (t) +tZ;, (t) — (t2 +

where Aj, and By, are arbitrary real constants, I,(t), K,(t) are the modified Bessel functions
[23]. Then, returning to the variable y and to the function vy,(y) using formulas (3.20)), the
general solution of equation (3.18)) takes the form:

V )\1n
q

VA
Uln(?/) = A”’L\/@Ig% ( ql yQ> .

yq> + Bln\/gKi <

Now, to determine the unknown constants A;, and B, we apply the boundary conditions
(3.19). Taking into account the second condition in (3.19)), as well as the asymptotic behavior
of Bessel functions I,(z), K, (z) for z — oo [23,p.416]:

e

z T
L) ~ = ) ~ e

we obtain that A;, = 0, that is

q

0ny) = B (“ﬂ) |

From here taking into account the first boundary condition ([3.19)), we have:

VA
leq> VU = Tin.

ili%vln(y) = By, lim K1 (

y—+0 29
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Next, using the behavior of the function K, (z) for z — 0 [23,p.416]:

T —v
K, (2) ~ (2”) (g) >0 (3.21)
we obtain 1o
9 <~//\1n> !
Bln - | 9 Tin-
r(g) \ 2

Thus, considering the found values of A;,, and By, the solution of problem (3.18)), (3.19) has

the form:
1/2q
) = - (2 > (”_> /i L (“ﬂ) | (322)

L 2q q
2q

Similarly, we find v, (y) from (3.16)):

1/2q
Uan(y) = - (2 > <\/A_2"> Ton /YK L (??ﬂ) : (3.23)

1 2
5 q

Now, we find vy(y). Differentiating (3.14]) twice and taking into account equation (|1.2) as
well as the boundary conditions (2.1]), we find that the function vy(y) satisfies the equation and
boundary conditions:

/U(,)/(y) = 0700<O) = To,U(OO) = 07 (324)
where

1
7o — / (@) Yo(x)da.
0
The problem ((3.24]) has a trivial solution under the condition

T=0<& /01 7(2)Yo(x)dx = 0.

By similar calculations, to find the function ¥g,(y) from (3.17]), we obtain the problem

7

Vo () — Y™ A2nT2n(y) = =2y V/ A2nv2n (),
ylig_lO’UQn(y) = Top, yEIJPOOUQn(y) =0,

where the solution is determined by the formula

Uon (y) = T (2 ) <\/2>;E> q Tzn\/?j%qK;q1 (\/)\_%yq> +

q

N 2 ) <\/?> 2 T, <@yq> ’ (3.25)

q

where
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From formulas , , and , the uniqueness of the solution to Problem 3 follows,
since 7(x) = 0 on (0,1), then ¥y,(y) = 0 for n = 0,1,2,... and ve,(y) = 0 for n = 1,2, ...
n (0,00). Thus, due to the completeness of the system {Ya,(z)}22,, Yo(x), {Yan(2)}22,,
{Yi,(2)}52, in the space Ls(0,1), it follows that V(z,y) = 0 for all x € [0,1], y € (0, 00).
Thus, the uniqueness of the solution to problems , , is proven.
Now, let us address the question of the existence of the solution to Problem 3.

Theorem 3.3. If 7(z) € C?[0,1], 7"(z) € Ly(0,1), 7/(0) = 0,7(1) = 7(x), 7"(1) = 7"(x0)
and the condition (1(x),Yo(x))o = 0 is satisfied, then a solution to Problem 3 ezists.

Proof. Function V' (z,y) can be represented as a biorthogonal series

V(z,y) = wvoly +va ) X1 (2 +ngn ) Xon (%) + on () Xon (7)), (3.26)

that converges in Ly(0,1) for each y € (0,00), where “*” means that the sum is taken over

n € N, different from k(q + p), k € N. Using the formulas for vy, va,, U2,, vg the series ([3.26))
can be rewritten in the form

Y /b -
14 (x,y) = ZOO:* ) < )\1”) Tln\/gK%q < g\lnyq> COoS Alnx‘i‘

n=1 1 2
r (% | q
2 Van \ Vo _ )
+> . < 5 2 ) \/§K2Lq ( 2 yq> (Tgnl' sin v/ Aop & + Top, COS /\gnx> +  (3.27)
T (%) q 1 q
2 Ny Von
+D e 2 T2nyq\/_§KL,1 —qu coS \/ Ao .
" (%) \ % q q
2q

It can be seen that for y > ¢ > 0, where § is sufficiently small, the series (3.27)), together
with all its derivatives of any order, converges uniformly due to the exponential decay of the

function K L (—“\q"”yq) .1 = 1,2 at n — o0o. Therefore, the series satisfies equation
. for y > 0. This series also satisfies the boundary conditions . . ), except the
condition V(z,0) = 7(z). In order to verify the last condition, we need to establish uniform

convergence of the series for y > 0, which would provide continuity of the function
over the domain =z € [0,1], y € [0,00), and justify the possibility of term-by-term
differentiation of the series with respect to y > 0. Integrating by parts the expressions
for the coefficients 7y, = (7(), Yin(2))o,i = 1,2, Tan = (7(x), Yan(z))o, taking into account the
conditions of Theorem 3.3, we obtain that the following representation holds

1 1
Tin = 73 8 28 = / ") Zin(x)dz, 1 = 1,2, (3.28)
V “Nin 0
1 3 ~
_— -3 3 ®) =3 _ () 3 _ (-
fn = =i = s i = (10, Zn@) Y = (P00 Z@) o (329)
where
4sin v/ Ay,
%,x € [0, zo) 0,2 €[0,20)
Zin(x) = <0 Zoy () = 4 cos / AonT
" 2cos VAl —x »Ten S 11
1( ),$€($0,1] (1—37(2)) ,$€($0, ]

(1 + o) sin v/ A1
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48in v/ Aopx

,x €0,z
nla) = 4, AT 0 O
2n 4(1 — x) sin /Aoy

(1 —a3)sinvAg,

Now, using the asymptotic formula (3.21]), we estimate the following expressions for fixed
n € N and small y > 0:

. %F 1 ~2
() B e

2q q 2q 2 q

x € (o, 1]

IA

1

A - SNET (1) e e
( )\2n> yq\/@Kiil ( )\Znyq < < >\2n> ( 2q2 ‘) \/gjy_ ( )\2n yq) <
2q q

2q 2q q q

<—5 (3.31)
n a

1 1 1 _q

Vi) (1 5) gl (P, )| < G
2q 2 q q

Formulas (3.28))—(3.31]) guarantee the uniform convergence of the series ([3.27)) in the domain

z € [0,1], y € [0,00), as well as the fulfillment of conditions (3.3) and (3.4 for the function
V(x,y). Theorem 3.3 is proven. O

Hence, the solution to the Problem BS exists, is unique, and is determined as the sum of the
solutions to Problems 2 and 3. Thus, the proof of Theorem 3.1 is complete.
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Abstract. The article is devoted to investigating the solvability of new nonlocal boundary
value problems for linear ultraparabolic equations with two time variables and one spatial
variable. The main peculiarities of the problems is first that nonlocal conditions of integral
form are given with respect to the spatial variable and second, that the coefficient at one
of the time derivatives may degenerate. The article aims to prove existence and uniqueness
theorems for regular solutions, i.e., or solutions having all weak derivatives in the sense of
S. L. Sobolev occurring in the equation.
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INTRODUCTION

Ultraparabolic equations are a subclass of the class of elliptic-parabolic differential equations (also
referred to as differential equations with nonnegative characteristic form); see [4, [I§]. The theory
of local boundary value problems for ultraparabolic equations, i.e., of problems in which certain
conditions at the boundary points are given seems to be rather well developed (see [4l 18, 5, 27, 23] [7]).
We observe that, alongside an independent meaning as a part of the general theory of boundary value
problems for differential equations, the theory of boundary value problems for ultraparabolic equations
also makes sense for the development of other areas of science, for instance, mathematical biology and
probability theory [2].

The problems for ultraparabolic equations studied in the article are nonlocal problems, i.e., problems
in which, instead of point (local) conditions, some conditions are given that connect the value of
the solution or (and) its derivatives at the boundary points with the values of the solution or (and)
its derivatives at the points of boundary or inner manifolds.

Nonlocal problems for ultraparabolic equations were studied earlier (see [8, [I1) 6]) but in gen-
eral the theory of nonlocal boundary value problems for ultraparabolic equations seems insufficiently
developed.

In the present article, we partially fill this gap (certainly, to a very small extent). More exactly, in
the present article, we will study the question of the solvability of nonlocal problems for ultraparabolic
equations with integral conditions with respect to the spatial variables.

Problems with integral conditions are sufficiently well studied for classical second-order differential
equations of hyperbolic, parabolic, and elliptic types, for some degenerating equations, some high-
order equations including equations of Sobolev and mixed types (see [6, [1} 14, 2], 28] 19, 29, 30, [3], 26),
10, @, 13, 20L [12]). As for ultraparabolic equations, spatially nonlocal equations were studied for them
earlier only in [16]. And it is the paper [16] that served a source for the present article. More exactly,
in [16], conditions were obtained for the solvability of the corresponding nonlocal problems related to
the injectivity of some integral operators constructed from the data of the problem. In the present
article, we substantially weaken the conditions of [16].

We will consider nonlocal problems for ultraparabolic equations in some model situations. More
general problems and the discussion of possible generalizations will be presented at the end of the ar-
ticle.
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The whole construction and the argument in the article are based on the properties of functions of
the Lebesgue spaces L, and the Sobolev spaces Wé. The necessary definitions and a description of
the properties of functions of these spaces can be found in [22] [15] 24, 25].

1. STATEMENTS OF THE PROBLEMS

Let €2 be the interval (0,1) of the axis OX, y € (0,1), @ = Q2 x (0,1) x (0,T). Suppose next
that a(t), c(z,y,t), f(z,y,t), Ni(y), Na(y) are given functions defined for z € Q, y € [0,1] ,t €
[0,77; L is the differential operator whose action at a given function v(z,y,t) is defined by
the equality

Lv = v, + a(t)v, — vy + c(x,y, t)v.

Boundary Value Problem I: Find a function u(x,y,t) that is a solution in @) to the equa-
tion

Lu= f(z,y,1) (1.1)
and satisfies the conditions

u(r,y,0) =0, z€Qye(0,1), (1.2)
u(()? y’ t) = 07 y E (07 1)’t E (07T)’ (1'3)

1
M%Qo:/ﬁume%w@,(%wemeJy (1.4)

0

1
u(e,Lt) = [ Na(wyulayt)dy,  (2,6) € 2x (0.7). (L5)

0

Boundary Value Problem II: Find a function u(x,y,t) that is a solution in @ to equa-

tion ([1.1)) and satisfies conditions (1.2)),(1.3]) and also the conditions

1

wy (2,0, 1) = /Nl(y)u(x,y,t)dy, () € Q x (0,T). (1.6)
wy(2,1,8) = /Ng(y)u(x,y,t)dy, (.)€ Q x (0,T). (1.7)

Boundary Value Problem III: Find a function u(z,y,t) that is a solution in @ to equa-
tion ([1.1)) and satisfies conditions (1.2]),(1.3]) and also the conditions

1

u(z,0,4) = /Nl(y)u(x,y,t)dy, (.)€ 2 x (0,T). (1.8)

1

uy(e.10) = [ Nalyule,g. 0y, (2.0) € 2 x (0.7 (1.9)
0
Boundary Value Problems I, I, and III can be called the integral analogs of the first, second,

and mixed problems for ultraparabolic equations (1.1)). In [16], the solvability of Problems I
and II was studied while Problem III has not been studied before.
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Denote by V; the linear space

Vo = {v(z,y,t) : /(02 + v} + 0] + v, )dadydt < 400}
Q

(here the derivatives are understood as weak derivatives in the sense of S L. Sobolev). Endow
Vo with the norm

2
[ollve = (/(v2 + 02+ 0] + vjy)da:dydt) .

Q

The main goal of the article is to prove the solvability of Boundary Value Problems I-III in
this space.

2. SOLVABILITY OF BOUNDARY VALUE PROBLEM II

All the arguments and calculations concerning Boundary Value Problem II, on the one hand,
look easy and transparent, and on the other hand, demonstrate the essence of the methods
applied. Therefore, we start studying the solvability of the problems from Problem II.

We put

Roly,2) = 5 [Nal=) = Ni(2)] + yNi(2),

Rl(xvya th) = ROyy(yyz) + RO(yvz)[C(x7Z7t) - C(m7y7t)]7
1 1

[ 1N0) - Mt - [ uNitan) -5 [Nty

0 0

My = (1— y[Na(y) — Ni(y)]dy.

N | —

o — _

Next, let B the Fredholm operator whose action at a given function w(y) is defined by the equal-

1ty
1

(Bu)y) = w(y) ~ [ Ro(y. u()d:

This operator is an integral operator with degenerate kernel, and if My # 0 then it is continu-
ously invertible as an operator from L ([0, 1]) into Ls([0, 1]). The condition of the invertibility
of B was the main condition for the solvability of Boundary Value Problem II in [16]. Below
the solvability of Boundary Value Problem II will be proved without the condition My # 0.

Theorem 2.1. Suppose the fulfillment of the condition

a(t) € C([0,T]), a(t) >0 for tel0,T];

c(z,y,t) € C(Q), cx(z,y,t) € C(Q);
Ni(y) € Ly([0,1]), Ny (y) € La([0,1]).

Then for every function f(x,t) such that f(z,y,t) € L2(Q), fo(z,y,t) € La(Q), f(0,y,t) =0
fory € 10,1], t € [0,T], Boundary Value Problem II has a solution u(x,y,t) belonging to Vy,
and such a solution is unique.
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Proof. If My # 0 then the desired assertion is proved in [I6]. Consider the case of My = 0.
Let € be a positive number. Consider the boundary value problem: Find a function u(x,y,t)
that is a solution in ) to the equation

Lou =+ a(t)uy — eugy — uyy + c(z,y,t)u = f(z,y,t) (2.1)

an satisfies conditions (|1.2)) and (1.3]) and also the conditions

u:(1,y,t) =0, ye(0,1), te(0,T), (2.2)
(14 )uy(x,0,1) = /Nl(y)u(x,y,t)dy, (.)€ 2 x (0,7T), (2.3)
(1+e)uy(z,1,t) = /Nz(y)u(x,y,t)dy, (x,t) € Q2 x (0,7T), (2.4)

For fixed (sufficiently small) positive ¢ and under the conditions of the theorem, this problem
has a solution u(z, y, t) (at first, we omit the index “c” for the solution) such that u(m y,t) € Vo,
Uz (T, Y, 1) € Lo(Q) (see [12] and [16]). Let us show that this solution admits a priori estimates
uniform in €, which will enable us in the sequel to organize passage to the limit.

Consider the equality

Lo t 1
0/0/Q/LSU(w,y,T)u(x,y,T)dxdydT:0/O/Q/f(x,y,T)u(x,y,T)dxdydT (2.5)

where t € (0, T] Integrating by parts, using conditions . and - -, we
conclude that ({2.5)) implies the equality

1
1
5// (z,y,t)dxdy + - // *(1,y,7 dydT—l—/// 2dal:dyah'
0
1

t o1 t t o1
+€///uidxdyd7' = ///fuda:dydT— ///chdxdydT
00 Q 00 Q

0 0

¢ 1
1
—1+8//u(x,07' (/N1 u(z,y, T )dy) dxdr
0
u(z,1,7) (/ No(y)u(x,y, T )dy) dxdr. (2.6)

Estimate the last two summands on the right hand-side of [21] using Holder’s inequality and
also the inequality

1 1
2,y 7) 5/u (z,y,7)dy + ¢(0) /u2xy, )dy, (2.7)
0 0
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in which y* is one of the numbers 0 or 1, § is an arbitrary positive number (see [15]). Now,
estimating the first summand on the right-hand side of (2.6 with the use of Young’s inequal-
ity, choosing § small, and utilizing Gronwall’s lemma, we infer that a solution u(z,y,t) to

the boundary value problem ([2.1)), (1.2)), (1.3), (2.2)—(2.4) satisfies the first a priori estimate

1

1
// (x,y,t dxdy—l—//a (1,y,71 dydT—i—/// 2daz:alydT
0 Q

0

t o1
—I—e///uid:rdydT < Kl/fgdxdydt, (2.8)
0 0 Q Q

in which ¢t € [0,7], K, is a constant defined by the functions c(z,y,t), N1(y), Na(y) and also
by the number T'.
At the next step, consider the equality

t

t 1 1
—///Lsu(q:,y,r)um(x,y,T)dxdydT:—///f T, Y, T)Uge (z, y, T)dxdydr, (2.9)
00 Q 0 O

0

where again ¢t € (0, 7. It is not hard to transform this equality to the form

1
%//u (x,y,t)dzdy + = // 2(0,y,7 dydT—{—///uxydxdydT
0
t o1 t o1 t o1
+&?///uixdxdyd7':///fumdxdydr—///cuidxdydT
00 Q 00 Q 00 Q

t 1

t 1
1
=[] [t = [ frete0 (/ N1<y>ux<x,y,7>dy> i
0O 0 Q 0 )
1 1
‘f‘l_’_g//uz(x;].;'r) (/N2<?J)Ua:(x,y,7)dy) drdr
0 O 0

Using Hélder’s inequality once again and inequality (2.7) but for the function w,(z,y*, 1),
applying Young’s inequality and Gronwall’s lemma, finally, reckoning with estimate (2.8)), it is
not hard to show that equality (2.9)) implies the estimate

1 1

// (x,y,t da:dy+//a 200,y,7 dydT—i-///uxyda:dydT

0 0

t 1
+6///uixdxdyd7' < K, /(f2 + fA)dzdydt, (2.10)
0 0 Q Q

where the constant K is defined only by the functions c(z,y,t), Ni(y), N2(y) and also by
the number 7.
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For obtaining the following estimate uniform in €, consider the equality

t 1 t 1
/ / / Lou(z, g, 7)ur (2, y, 7)dedydr = / / / F @y, T (2, y, 7)dedydr,
0 0 © 0 0

Transform this equality to the form

t

1
/// uidrdydr + - // (x,y,t)dxdy :///fqumdydT
00 Q
t o1 . t 1
_///cuquxdydT—l—H//u(x,O T (/ Yur(x,y, 7 )dy) dxdr
00 Q 0

0 Q

1
th(/Nl a;y,)dy)da:
0
¢ 1
%//’U,(JJ,LT) (/ Ng(y)uT(x,y,T)dy> dxdr
0 0
1
112 u(z, 1,t) (/N1 u(z,y, )dy) dx. (2.11)

Estlmatlng each summand on the rlght hand side of (2.11)) using Holder’s and Young s inequal-
ities and (| applylng Gronwall’s lemma, and reckonlng with estimates and (§ - we
see that equahty 2.11]) implies the a priori estimate

£ 1 1 1

1
///uidmdydT—i— 5//uf/(x,y,t)dxdy+6//u§(m,y,i)dxdy < K5 /(f2 + f2)dxdydt,
00 O 0 0 0 0 Q

(2.12)
where K3 is a constant defined only by the functions ¢(z, y, t), N1(y), Nao(y) and also by the num-
ber T'.

The last estimate uniform in e, namely, the estimate of the function u,,(z,y,t) in Ly(Q),
obviously follows from estimates , , and .

Let {€,,}5°_, be a sequence of positive numbers such that ¢,, — 0 as m — oo. The above-
obtained estimates, the reflexivity of a Hilbert space, and the embedding theorems [22, [15]
24] mean that there exist a sequence {mg}?, of naturals and a function u(x,y,t) for which
the following convergences hold as k — oo:

U, (2,9, 1) — u(z,y,t) weakly in Vj and almost everywhere in Q,

Emy Umre (T, Y, 1) — 0 weakly in Lo(Q),

Uy (2,0,1) = uy(x,0,t) weakly in Lo(2 x (0,7)),

(0,7)),
)
).

U,y (2, 1, 1) = uy(x, 1, 1) weakly in Lo(£2
Emy Umyy (2, 0,t) — 0 weakly in Lo(2 x (0,7)),

X
X

0,7
Emp Umyy (T, 1,1) — 0 weakly in Lo(2 x (0,T
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These convergences imply that the limit function u(x,y,t) is a desired solution to Boundary
Value Problem II.
The uniqueness of solutions to Boundary Value Problem II in Vj obviously follows from
estimate [28], which is valid also for € = 0.
The theorem is completely proved. O
3. SOLVABILITY OF BOUNDARY VALUE PROBLEMS I AND III

The idea of proving the solvability of Boundary Value Problem I is in general quite analogous
to the idea of proving the solvability of Boundary Value Problem II.
We put

Ro(y, ) = y[Na(z) — Ni(2)] + Ni(2),

Mo = (1= [ylNaty) = Nl (1 = [ Natdy) = [uMitay [Naty) - Nty

Further, from the given function v(y), define the function w(y):

1
/Ry,
0

If the condition My # 0 is fulfilled then it is not hard to express v(y) through w(y), and this is
the case considered in [16]. Below we will examine the case admitting the equality My = 0.

In what follows, we will study the simplified situation c(x,y,t) = c(z,t); the situation with
a general c¢(x,y,t) will be commented on at the end of the article.

Theorem 3.1. Suppose the fulfillment of the condition
a(t) € C*([0,T7)), a(t) >ap >0 for tel0,T];

c(z,y,t) = c(x,t), clx,t) € C(QAx[0,T]), ecfz,t)eC(Qx][0,T));
Ni(y) € W5([0,1]),  Na(y) € Wy([0,1]).

Then fOC any function f(l',t) such that f(.??,y,t) € LZ(Q); ft(xay>t) € L2(Q): f(x>y70> =0
forx € Q, y € [0,1], Boundary Value Problem I has a solution u(x,y,t) in the space Vg, and
this solution is unique.

Proof. We once again use the regularization method.
Given a positive number ¢, consider the problem: Find a function u(x,y,t) that is a solution

in @ to equation (2.1)) and satisfies conditions (|1.2)), (1.3, (2.2), and also the conditions
1

(1+e)u(zx,0,t) = /Nl(y)u(x,y,t)dy, (x,t) € QA x (0,T), (3.1)

1

(1+ e)ule, 1,1) = /Ng(y)u(x,y,t)dy, (2,8) € Q x (0,T), (3.2)

0
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For fixed (sufficiently small) ¢, if f(x,y,t) € Lo(Q) and the hypotheses of the theorem are
fulfilled then this problem has a solution u(x,y,t) such that u(z,y,t) € Vo, tze(z,y,t) € Lo(Q)
(see [12] and [16]). Moreover, since f,(z,y,t) € Lo(Q) and f(x,y,0) = 0 for (z,y) € Q x [0,1],
we can pass to the problem formally differentiated with respect to ¢t and infer that the solution
u(x,y,t) satisfies the memberships u;(z,y,t) € Vo and ug.(z, y, t) E LQ(Q). We show that

the functions wu(z,y,t), i.e., the solutions to problem ([2.1)), , , , ,

satisfy the desired a priori estimates uniform in e.
We put

'lU(l’7y, )—U(I’ ya /R() y, Jf z t)d

g(z,y,t) = f(z,y,1) /Ro (y, 2) f(z, 2, t)dz.

The function w(z,y,t) satisfies the condition
1 ~
wy + a(t)w, — eWgy — Wyy + cw = g — iTs /Ro(y, 2)w,.(z, 2, t)dz (3.3)

in the cylinder @, conditions ([1.2)), (1.3]), (2.2), and also the condition
w(z,0,t) =w(x,1,t) =0, (x,t)€ Qx(0,7). (3.4)
Transform the lass summand in (3.3]) by integration by parts:

1
/ 2w, (z, 2, t)dz = —
+e€
0

+ % []?(y, Dw.(x,1,t) — Ry, 0)w,(z, 0, 75)} : (3.5)

Multiply equation written down in the variables z,y,7 by the function w(z,y,7) —
Wy, (2, y, ) and then mtegrate the result over the domain Q x (0,1) x (0,t). After using condi-

tlons . . and (3.4), taking into account representation (3.5)), applying (2.7) and

Gronwall’s lemma, it is not hard to obtain the estimate

1 t 1
// (z,y,t) +w (96 Y, )]dwdy+e///wxydxdyd7
0 Q 0 0

Q

t o1
+///w§ydxdyd7' < K4/f2dccdydt, (3.6)
0 0 Q Q

where K} is a constant defined only by the functions ¢(x, y,t), N1(y), N2(y) and also by the num-
ber T

Due to the equality wy,(z,y,t) = wyy(z,y,t), from (3.6) we have the following estimate
for u(x,y,t):

(ya Z)’UJZ(.I‘, 2, t)dZ

t 1

///uzydardydT < K4/f2d1’dydt, (3.7)
0 0 Q

Q
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Let us return to equation (2.1). After multiplying this equation by the function w(z,y,7)
and integrating, reckoning with (3.7), we obtain the second a priori estimate

1 t o1 t o1
//uQ(x,y,t)dxdy+6///u§dxdyd7’+///u§dmdyd7’ < K5/f2dxdydt, (3.8)
0 Q 00 Q 00 O Q

where K3 is a constant defined only by the functions c(z, y, t), N1(y), Na(y) and also by the num-
ber T'.

Now, passing to problem ({2.1)), (1.2]), (1.3)), (2.2), (3.1)), (3.2) differentiated with respect to t,

repeating the above actions, we obtain the estimates

1
//wt (z,y,t) + wi(z,y, )]dxdy—ke///w cdxdydr
0

+ / /1 / w, drdydr < / (f* + f7)dzdydt, (3.9)
0 O

Q
t o1
///wzdexdydT < KG/(f2 + f2)dxdydt, (3.10)
00 Q Q
1 ¢ 1 ¢l
//uf x,y,t) dxdy%—e///udexdydT—i—///udexdydT < K7/(f2+ft2)dxdyd7',
0 Q 00 Q 00 O Q
(3.11)

where K¢ and K, are constants defined only by the functions ¢(z,y,t), Ni(y), Nao(y) and also
by the number 7.

The last estimates — estimates for the derivatives of u(x,y,t) with respect to x — are easy
to obtain after multiplying by the function u, — cu,, and integrating (with the use of
the condition a(t) > ag > 0).

The above-proven estimates are sufficient for proving the solvability of Boundary Value Prob-
lem I. Again using the reflexivity of a Hilbert space and the embedding theorems, it is not hard
to demonstrate (see the proof of Theorem {.1] . ) that there exist sequences {smk}k , of positive
numbers and {u,, (z,y,t)}72, of solutions to the boundary value problem (2.1)), (1.2)), (L.3),
- B.1), B.2) with e = &, such that ,,, — 0, L, u — Lu, and the limit function u(z, y, t)
is a desired solution to Boundary Value Problem I.

The uniqueness of solutions to Boundary Value Problem I in V} follows from inequality ,
which holds also for £ = 0.

The theorem is proved. U

Theorem 3.2. Suppose the fulfillment of all the hypotheses of Theorem [2.3. Then for any

Junction f(.fC,y,t) such that f(l',y,t) S L2(Q)7 ft<x7y7t) S L2(Q)7 f(xay70) =0 forz € Q,
€ [0,1], Boundary Value Problem III has a solution u(x,y,t) in Vo, and this solution is
unique.

The proof of this theorem is carried out by analogy with the proof of Theorem with

the only difference that the function Ro(y,z) = yNy(z) + Ny(z) is used instead of the func-
tion Ry(y, z).
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4. COMMENTS AND APPENDICES

The results obtained in the article mean, on the one hand, that conditions [16], which give the solv-
ability of problems with integral conditions for ultraparabolic equations, can be substantially weakened
in some cases, and on the other hand, that the conditions of the present article may also contain some
additional smoothness requirements on the input data.

Some of the obtained results can obviously be strengthened. For example, in Boundary Value
Problems IT and III, conditions , and can be replaced by the conditions of Boundary
Value Problem III; namely, by the corresponding conditions

1
uy(x,0,t) + o1 (z, t)u(z,0,t) = /Nl(y)u(x,y,t)dy,
0

1

uy(z,1,t) + oa(z, t)u(z, 1,t) = /Ng(y)u(m,y,t)dy.

The essence of the results on the existence and uniqueness of regular solutions will not change.
The function a in (1.1)) may also depend on other variables; equation may contain also the sum-
mand b(z,y, t)u,.

Other generalizations are also possible.

5. FUNDING

The work was carried out in the framework of the State Task to the Sobolev Institute of Mathematics
(Project FWNF-2022-0008).
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1. INTRODUCTION

Capacity of condensers is one of the important concepts of the potential theory and it has been
extensively studied by many researchers. In the works of A. Sadullaev and B. Abdullaev [7],
[1], Z. Blocki [2], S. Dinev, S. Kolodziej [3] the concept of condenser capacity were introduced,
in the class of m-subharmonic functions, where extensive research was conducted, leading to
significant results.

Recall that m- subharmonic functions in the domain D C C” is defined using the operators

(ddw)* A" % 1<k<n, (1.1)

where d = 9+ 0, d° = 64;1.5 and 3 = dd°|z|* = L3 dz; A dz; is standard canonical (1,1) form in
i=1

C™. Then % p" = dV,, is volume form in C". Operator (1.1)) gives the Laplace operator for k =1

and the Monge-Ampere operator for k& = n. The operator (1.1]) is called the complex Hessians

operator, as it can be shown for v € C?*(D) that
(dd°u)™ A 7% = kl(n — k) Hy(u) 8",

where

Hy(u) = > AjrAja * e Ay

1<ji1<ja2<...<jx<n

is the Hessian of dimension k of the eigenvalue vector A = (A1, g, ..., \,,) of the matrix

0%u

T == 5,l=1,2,... n.
(u],l)7 uj7l 82’]8217 Js y Ly eeey 1V

Below, we outline the definition of subharmonic function and highlight its key concepts.

Definition 1.1. Twice smooth function u(z) € C?(D) is called m-subharmonic, u (z) €
shy, (D), if the conditions

(ddw)"AB"F >0, Vk=1,2,..,n—m+1

holds at each point z € D.
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Z. Blocki proved that for all twice differentiable m-subharmonic functions u, vy, va, ..., Vp_m

it is true
ddu A ddvy A ddva A ... A dd v,y A BT > 0. (1.2)
Moreover, if a twice differentiable function u satisfies (1.2)) for all twice differentiable m-
subharmonic functions vy, vy, ..., v,_p, then u is necessarily m-subharmonic function [2]. Using

this, we can define m-subharmonic functions in the class of the upper semicontinuous functions.

Definition 1.2. A function u(z) € L} (D) is called m-subharmonic in the domain D C
Cn", if it is upper semicontinuous and for any twice differentiable m-subharmonic functions
V1, V2, ..., Un_m, the current

dd®u A ddvy A ddvs A ... A ddvp—_pm A f™71
defined as
[ddu A ddvy A ddvy A ... A ddvy_p A B™ (W) =
= /u A ddvy A ddvy A ... A ddVp_p, A BT A ddw, w e FO(D)

is positive, i.e.
/u A ddvy A ddvy A ... N ddVy_p A BT Addw >0, Yw € FO(D), w>0.

Class of m-subharmonic functions we denote as sh,,(D). It is clear, that
psh = shy C shy C sh,, C ... C sh, = sh. (1.3)
Definition 1.3. A set E C D is called m-polar in D C C" if there exist a function u(z) €
shm (D), u(z) /& — oo, such that u|, = —o0.

(1.3) follows , that a m-polar set is polar in the sense of the classical potential theory, so that
for m-polar set £ C D the Hausdorf measure Hy, 240 (E) = 0.

Definition 1.4. A domain D C C" is called m-regular if there exists a m-subharmonic function

p € shy, (D) such that p|, < 0, lirngp(z) =0,ie. D={z¢€C":p(z) <0} It is called
z—

strongly m-regular if the function p € sh,,(D*)(C?*(D™) and is strongly m-subharmonic in

D%, where D% is a neighborhood of the closure D.

The well-known comparison principle is one of the important inequalities between m-
subharmonic functions and the integrals of their Hessians [7]. Since we have made extensive
use of the comparison principle in our work, we present it.

Theorem 1.5. If u,v € shy, (D) Lis.(D) and the set F'={z € D :u(z) <v(z)} CC D, then

loc
/(ddcu)k ABPE > /(ddcv)k AR 1<k<n—m+1. (1.4)
F F

2. m-SUBHARMONIC MEASURE AND THE CAPACITY OF A CONDENSER (K, D).

The m-subharmonic measure is defined as an extremal function in the class of m-subharmonic
(shy,) functions. Let £ C D be a subset of the domain D C C". For the sake of simplicity, we
assume that D is a bounded and strongly m-regular domain, We denote by U(F, D) the class
of all functions u € shy, (D), such that u|, < —1, u|, <0 and we define

w(z, E,D) =sup{u(z): u(z) eU(E,D)}.
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Definition 2.1. The regularization w*(z, £, D) = lim w(w, F, D) is called the m-subharmonic
w—rz

measure (P,,— measure) of £ with respect to D (see [7], [1]).
Let D C C" be a domain and K C D a compact.

Definition 2.2. A point 2° € K is said to be globally m-regular if w*(2°, K, D) = —1. Tt is said
to be locally m-regular if for any neighborhood B # @, 2° € B C C", the intersection K (] B is
globally m-regular at the point 2°, i.e. w*(z°, K B, D) = —1. If all points of a compact set K
are globally (or locally) m-regular, then the compact set K is called to be globally (or locally)
m-regular compact.

m-capacity of the condenser (K, D) is introduced as follows, using the operator
(dd°u)™"™ " A gL,
Definition 2.3. Let K be a compact subset of D C C". The following quantity

Con(K, D) = inf {/ (ddu)" "™ A B s w € shy(D)[)C(D), uly < 1, lim u(z) >0 }

z—0D
D

is called the m-capacity of the condenser (K, D).

Note that, for m-regular compact K C D the m-capacity of the condenser is equal
(K, D) = / (dd°w* (2, K, D))"+ A gm=1 — / (dd°w* (=, K, D))"+ A gm=1,
K D
Moreover, external capacity C% (F, D) = 0 if and only if E is m-polar set in D.

3. WEIGHTED m-SUBHARMONIC MEASURE.

(m, 1)-subharmonic measure and its properties. Let D C C" be a strongly m-regular
domain, E C D be any fixed set and ¢(z) be a bounded and negative function in £. We denote
by U(E, D, ) the class of all functions u(z) € sh,,(D), such that

ulp < Ylg, ulp <O0.
Using this family of functions, we define
w(z, B, D) = sup{u(z) : u(z) e U(E, D, 9)}.
Definition 3.1. The regularization

w*(z, B, D,v¥) = lim w(w, E, D,v)
w—z

is called weighted (m,1)) —subharmonic measure (P, »y—measure) of the set £ with respect
to D.

Note that w*(z, E,D,—1) (¢» = —1), coincides with the m-subharmonic measure of the
potential theory in the class of u(z) € shy,(D), i.e. w*(z, E,D,—1) =w*(z, E, D).

As one can see from the definition [3.1] the function w*(z, E, D, ) is m-subharmonic in D.
Ifo< leel{j@/J(Z), then w*(z, E, D,v) = 0, Vz € D. Therefore, in this paper, we will consider
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the special case, where sup(z) < 0 is satisfied. The weighted (m,)-subharmonic measure
z€E
satisfies the properties m-subharmonic measure and the inequality

—infy(z) - w' (2, B, D) < w'(2, B, D, ) < —suph(2) - ' (2, B, D) (3.1)

zeE z€E

holds for any set £ C D and for all z € D (see [3]).
(m, ¥)— regularity of compacts. Let the function ¢(z) be extended to the domain D as
a function from the class U(FE, D, ) i.e. if there is a function

¥ € sh(D), |5 = ¥l ¥, <0, (3.2)
then it is obvious w(z, E, D, 1) > 1)(2), Yz € D and

w(z, B, DY) =14(z),Vz € E. (3.3)
However, if condition (3.2)) is not satisfied, then, in general, equality (3.3) does not hold, a
priori, it may happen that w(z, E, D, 1) < 9 (z) at some points z € E (see [3]).
Below we assume that the condition (3.3) satisfied. We also assume, that D C C" is a
strongly m-regular domain and K C D is a compact.

Definition 3.2. A point 2° € K is said to be globally (m, ¢)-regular if w* (2%, K, D, ) = (z°).
It is said to be locally (m,1)-regular if for any neighborhood B, z° € B C C", the intersection
K (N B is globally (m, 1)-regular at the point 2°, i.e. w*(2°, KN B, D, 1) = ¢(2°). If all points
of a compact set K are globally (or locally) (m,1)—regular, then the compact set K is called
a globally (or locally) (m,)—regular compact.

Now we present some important theorems on the (m,v)-regularity of a compact K.

Theorem 3.3. Let K be (m,)-reqular compact set and ¥ (z) be continuous in the compact K.
Then
w (2, K,D,v) = w(z, K,D,¢) € C(D)

for any z € D.
Theorem 3.4. Let ¢ € C(K) and condition (3.3) be satisfied, i.e.

w(z, K, D) = 1(2),¥z € K.

A fized point 2% e K C C" is locally (m,)-reqular if and only if it is locally m-reqular,
w*(2°, KN B,D)=-1VB=DB("r), r>0.

Theorem 3.5. Let the function (z) be continuous in the compact K and extended to
U(K, D,) as a strictly m-subharmonic function in some neighbourhood D+ D D of the closure
D, i.e, there exists a function 1 such tha,t it 1s strictly m-subharmonic in the domain D and

7,[)|K w|K,w|D < 0. Then a fized point z2° € K C D is locally (m,)-reqular if and only if it
is globally (m,)-reqular.

Theorem [3.3] Theorem and Theorem mentioned above were proven in our previous
works (see [5], [6]).
From the Theorem [3.4 and the Theorem [3.5] we obtain several important corollaries.

Corollary 3.6. If the compact set K C D is globally (m,v)- reqular, where the function 1(z) is
extended to U(K, D, 1) as a strictly m-subharmonic function in some neighbourhood D+ > D
of closure D, then K 1is locally m-reqular.
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Corollary 3.7. If 1 and v, are continuous in the compact K and extended to U(K, D, 1) and
U(K, D, 1)) as strictly m-subharmonic functions in some neighbourhood D+ D D of closure D,
respectively, then the point 2° € K C D is (m, ) —regular if and only if it is (m, 1) —reqular.

Corollary 3.8. If the compact set K C D s globally (m,)-reqular, where 1)(z) is continuous
in the compact K and extended to U(K, D,v) as a strictly m-subharmonic function in some
neighbourhood D* D> D of closure D, then K is not m-polar at each of its point. It means that
for any 2° € K and for any neighborhood B C D, z° € B the intersection E = B K is not
m-polar.

Maximality of (m, v )-subharmonic measures. Maximal functions are one of the impor-
tant concepts of the potential theory and they are analog of harmonic functions in the class of
m-subharmonic functions. We remember,

Definition 3.9. A function u € sh,,(D) is called maximal in the domain D C C™ if it satisfies

the dominance principle within the class of m-subharmonic functions, i.e., if Yo € sh,, (D) :
lim (u(z) —wv(z)) >0, then u(z) > v(z), Vz € D (see [7]).

z—0D

Let B(0,1) C C" be a ball and ¢(£) be a continuous function defined on the boundary 0B.
Construct the function

w(z) = sup{u(z) : vweU(p,B)}

using the class of U(p, B) = {u € sh,(D)NC(D) : ul,z < ¢}. Z. Blocki in [2] proved that
the function w(z) is continuous and maximal, w € sh,,(B)(C(B), w|,5 = ¢. Moreover, the
operator (dd“w)""™ " A g1 = 0. We will prove an analog of this theorem on the maximality
of the (m,1)-subharmonic measure.

Theorem 3.10. Let K C D be (m,))-reqular compact set and (z) be a continuous function
in the compact set K. Then, the P ) —measure is mazimal in the open set D\K, i.e.,

(dd°w*(z, K, D, )" " A g™t = 0.

Proof. According to Theorem w(z, K,D,¢) = w'(z, K, D,v) € C(D) for any z € D. We
fix a ball B CC D\K and construct the following function

0(z) = sup{u(z) : u € sh(B) () C(B), ulyy <& (K, D, )|y}

Then v € shy,(B)()C(B) and it is maximal in the ball B, i.e., (dd°v)" """ A g™~1 = 0. Since
v(z) = w*(z, K, D, ), Vz € OB and it is maximal in B, then

v(z) > w*(z, K, D), Yz € B.
Let us define the following function

_ Jw*(2,K,D,v), z€ D\B
w(z)_{v(z), 2z € B.

It can be easily seen that according to the above definition we have w(z) € sh,, (D) C(D)
and w(z) € U(K, D,v). As a result,

w(z) <w*(z,K,D,), Vz € D.

Consequently, we have v(z) = w'(z, K, D, 0), V= € B and (ddw (2, K, D, )" A G =0
in B. From the arbitrariness of the ball B C D\ K, we can conclude that

(dd°w*(z, K, D,))" "™ A"t =0
in the open set D\ K. O
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4. THE WEIGHTED CAPACITY P, (E, D,¢) AND (m,)-CAPACITY C,,(K,D,1) OF A
CONDENSER (K, D).

We introduce the weighted capacity value P,,(F, D, 1) and (m,¢)-capacity of the condenser
(K, D) using the weighted P, »y—measure.
Let E C D be a set and 9(z) be a bounded, negative and continuous function on E. As

mentioned above, we consider the case sup ¢(z) < 0 in constructing the function w*(z, E, D, ).
z€E

Definition 4.1. The quantity

Pm(E, D) = —/w*(LE,D,w)dv
D

is called the P, 4)—capacity of the set £/ with respect to D.

Similarly, P, (E, D) capacity (case 1(z) = —1) the function P,,(E, D,¢) > 0 and it satisfies
monotonicity, countable subadditivity. Moreover, P,,(E, D, ) = 0 if and only if £ is a m-polar
set.

Definition 4.2. Let K be a compact subset of a strongly m-regular domain D C C". Then
the following quantity

Cn(K,D,v) = inf {/ (dd°w)""™ " A B w € shy, (D) ﬂC(D),u!K < Y|, Im u(z) > O}
z—0D
D

is called (m,v)-capacity of the condenser (K, D).

Note that, if v = —1, then the weighted (m,)-capacity C,,(K, D, 1) coincides with
Cn(K,D), Cn(K,D,—1)=C,(K,D).

In the study of weighted (m,)-capacity C,,(K, D,1) for simplicity, we assume that the
weight function ¢ is continuous, ¥(z) € C(F), although many of the properties proved below
remain valid for the general case of 1(z).

The (m,v)-capacity C,,(K, D,1) has the following properties.

Proposition 4.3. a) if K1 C Ky C D, then C,,,(Ky, D,v) < Cy,(Ky, D, ).
b) wal S ¢27 then Cm(KJ Dﬂh) Z Cm(K7D7¢2)

The proof of the monotonicity properties of the condenser C,, (K, D, ) follows easily from
its definition.

Proposition 4.4. If K C D is a (m,)-reqular compact, then

(K, D) = / (dd°w* (=, K, D, )"+ p gm1.
K

Proof. w*(z, K, D, 1) € shy,, (D) C(D) and according to Theorem [3.10}

/ (dd°w*(z, I, D, )" " A g > O (K, D, ).
K

Conversely, Ve, 0 < 28 < —max ¥ (2) and for any function
ze

u € shy(D)[C(D), ul <9l lim u(z) >0,

z—0D
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theset F'={z € D :u(z) < (1+ maff/)(z)) ~w*(z, K, D,¢) — e} CC D is open. Therefore,

zEK

according to the comparison principle (Theorem [L.5),

[tz s _E [ G e K Doy A
- maxq/}(z) ) b )

F zEK F

Since K C F and (dd‘w*(z, K, D))" "™ A g7~ = 0 in D\ K, it follows that

2¢ nom+l ¢ % n—m+1 m—1 __
(th) '/(ddw(%K,D,KD)) ANB™T =
o 2¢e nemAl c % n—m+1 m—1
—(1+m) '/(ddw(zyK,Dﬂlj)) AP <L
zeK F
< [ (dd°w)""" A g < [ (ddeu)™ T A gL
/ /

The arbitrariness of € > 0 implies that

/ (dd°w*(z, K, D,))" ™ A gt < / (ddu)™" ! A gt

K D

and

/ (dd°w*(z, K, D, )" " A g7 < O (K, D, ).
K

Proposition 4.5. For any compact K C D,
Co(K, D, ) = inf{C,,(E,D,v)): E> K},

where 1 € C(E), z/;\K = |, and E is (m, z/NJ)—regular compact in the domain D.

Proof. For any ¢ > 0, there exists a function u(z) with v € sh,(D)C(D),u|, <
Y|y, im u(z) > 0 such that the following inequality

z—0D

/ (dd°w)"™ A BT — O (K, D, ) < e

D

holds. Since the function (z) is continuous on the compact set K, according to Whitney’s
theorem [8], there exists some continuous function ¢(z) in D such that |, = |.. Then,
U=1{z¢eD: uz) <(z) +e}is open, U D K. We take a (m,1))—regular compact E such
that £: K C E CC U and consider the open set

2¢e ~
={zeD: ulz — ) w*(z D —
F={z¢ ()<(1+r?g¢(z)) (z,E,D,1p) — ¢}
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where 0 < 2¢ < —max U(2). Tt is not difficult to check that E ¢ F cC D. Applying the
z€E

comparison principle again we have

Con(E, D, 1)) :/(ddc “(z,E,D,¢))" m A B =
E
/ (ddw* (2, B,D, )" " AL <
F
1 c, \n—m-+1 m—1
S 1 2 n—m-+1 : (dd u) /\5 S
(1+ gleagzzxz)) A
1
S 1 2e n—m+1/(ddcu)n_m+1/\ﬁm_1 <
( Izneaglﬂ(Z)) D
1
< ( PR (C(K, D) +¢).
max 3 (z)

Thus,
Co(K, D, ) < Co(E, D, 1) < !

(14 —2 —)”—m—H (Cn(K, D, ¢) +¢).
gleaglﬁ(Z)

The arbitrariness of € > 0 implies that

Con(K,D, ) = inf{C(E,D,): EDK}.

Proposition 4.6. If Kis a (m,)-reqular compact, then

Cy (K, D, ) sup{/(ddcu)nm+1ABm1 cu € shy, (D)ﬂC’(D), VYl < ulp, ulp < 0}.

K

Proof. Since C,, (K, D, ) = [ (dd°w* (z, K, D,))""™ " A gm-!

K
le =w' (sza Dyw”Kv w” (Z7K7D’,¢)|D <0,

it follows that

Co (K, D,1) < sup {/(alalcu)"Wrl AB™ L u € Shy, (D)ﬂC(D), Yl < ulg, ulp < O}.

K

On the other hand, for any function
u € shy, (D)[\C (D), ¥l < uly, ul, <0,Vz € D,

we will construct a function v such that

v(z) =max{(1+¢e)w* (2, K,D,¥), u(z)}, € >0.
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Then we have
< = i = 0.
v € shp (D)ﬂC(D), Ul S vl vlp <0, vk = ulg, leIaan (2) =0
Let us now consider the following open set
F={zeD: (1+e)w*(z,K,D,¢)+e* <v(2)},

where 0 < € < —mz}gczp (z). It is easy to check that K C FF CC D.
zE

Thus, according to the comparison principle and Theorem |3.10}

(1™ [ fddow (s K D) A gt =

K

:a+@“W“/wfw@JcawW”mAﬁw4z
F

> / (dd°v)" "™t A gt > / (dd°v)" "™ A gL = / (ddu)™ ™ A gL,
F K K
The arbitrariness of € > 0 implies that

/(ddcw* (Z,K,D,lp))n_m—’—l /\Bm—l > /(ddcu)n—m-i-l /\/Bm_l'

K K

Definition 4.7. Let U be an open subset of D. The quantity
Cm(Ua D7 ¢) = Sup{cm(Kv D7 w> P K - U}

is called (m,)- capacity of the open set U.

It follows from the definition of the (m, 1)) — capacity of the open set U and from proposition
that C,,, (U, D, ) = sup{C,, (K, D,¢): K C U}, where K is a (m, ) —regular compact.
The monotonicity properties mentioned above for the compact K C D also hold for an open
set U. The proof methods used for the corresponding properties in [7] can be applied to prove
propositions below.

Proposition 4.8. If U C D is an open set, then

aAuaw>sw{/u&m“MAan%uemmwwwow»¢U<uwub<o}

U

= sup {/ (ddu)" "™ A ™Y u € shy, (D) ﬂC’OO (D), Y|y < uly, ulp < 0} :
U
Proposition 4.9. For any increasing sequence of open sets U; C Ujy1 C D, j € N, we have

J

j—o0
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Now, we will define the (m, 1)) —external capacity of an arbitrary set £ C D by using the
capacity of open sets.

Definition 4.10. The quantity
Cr(E,D,y) =inf{C,(U,D,y): UDE}

is called the (m,1)-external capacity of the set £ C D, where U C D is an open set in D.

Proposition 4.11. (m, ) —external capacity is countably subadditive, i.e.
C;:w <UEJ>D7'¢> = ZC;@<EJaDaw)a Ej C D7 Vj e N.
J J

In [4], it is shown that for ¢ € F and E CC D, there exist positive constants ¢; and ¢y such
that the relation

1

ca1C (E, DY) < P (E,D,vY) < co(Ch (E, D, 1)))n=m+T
holds. Where

F=F (D)= {gp € shy, (D) : V2 € D, 3 aneighbourhood U 5 2%, Jp; € sh,, (D) ﬂLOO (D),

n—m+1

lim ¢;(2)=0,Vj €N, ¢; \ypon U, sup/ (dd°p;) A B < —l—oo} )
J

z—0D
D

From this, for ¢» € F (D) and E CC D, we obtain the important result: C, (E,D,y) = 0 if
and only if E is m-polar.

The last fact, that the weighted external capacity C! (E, D,¢) = 0 if and only if E is
m-polar, also follows from the following inequality.

Theorem 4.12. The following inequality holds:

n—m-+1 n—m+1
(-nvee)  CED2CEDY 2 (-wi()  CEDYECD
ZE zeE
(4.1)

Proof. From the definition of the (m, ) —external capacity, it suffices to prove the inequality

(4.1)) for (m, 1)) —regular compact sets.
Since D C C" is a strongly m-regular domain, there exists a function p € sh,, (D) C? (D)

such that p|, < 0 and lilng p (z) = 0. According to inequality (3.1]), for any € > 0 the following
z—
holds:

—infy (2)-w* (2, E,D)+2ep(2) <w* (2, E,D,¢)+ep(z) < —sup (2)-w* (2, E, D), Vz € D.

zeE z2EE

The functions w* (z, E, D), p(z) and w* (z, E, D,1) can be extended to a domain G DD D
such that the following inequality holds for the extended functions:

—inf (=)@ (2, B, D)+265 (=) = & (2, B, D, ) +ep (2) = —sup (2)-&" (2, B, D), Vz € G\D,

z€FE z€EE
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where, @* (2, E, D), p(z) and @*(z, E, D,1) are, respectively, the m-subharmonic and con-
tinuous extensions of the functions w* (2, £, D), p(z) and w*(z, E, D,v) to the domain G.
Applying the comparison principe, we obtain:

[ (om0 s2ep0)] " et

z€E

- / (dd° (w* (2, B, D,v) +ep(2)))" " A g

D

> / [ddo (—supw(z)w* (z,E,D))]an/\Bml.

zelR
D

It is known that the integrals

zeE

/ {ddc (— inf ¢ ()" (2, B, D) + 22p @)]"’”“ A gt

and

[ 14 @ B Do) e () A

can be expressed as,

zeE

n—m-+1
(— inf ¢ (z)) / [dd°w* (z, B, D))" "™ A gt 420y
D

and

/ [dd°w* (z, B, D, )]" "™ A Bt 4 eC,
D
where C and Cy are positive constants. According to Theorem [3.10

n—m-+1
(—infw (z)) / [dd°w* (2, E, D" "™ A ™1 4 2Cy >
E

> / (dd°w” (2, E, D, )" "™ A g7 4 Cy >
E

zeE

n—m-+1
> (— sup ¢ (z)) / [dd°w* (z, E, D))" ™" A pmt,
B

Since € > 0 is arbitrary, we conclude that

n—m-+1 n—m-+1
(-nfee)  CED2CEDY 2 (-wi()  CL(ED).VECD

z€E zeE

U
Corollary 4.13. C! (E, D,v¢) =0 if and only if E is m-polar.

Indeed, it is known that the external capacity C? (E, D) = 0 if and only if E is m-polar set
in D. From inequality (4.1]), it follows that Corollary holds.
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1. Statement of the problem and the criterion for its Fredholm property. Let the
domain D be bounded by a simple smooth contour I and n(t) = ny(t) + ina(t) be the inward
normal to I" at the point ¢. It is assumed that the contour I' belongs to the class C*" with some
0 < v < 1. The latter means that the function n(t) with respect to the arc length parameter
on I' belongs to the class C*.

Consider in this domain the fourth-order elliptic equation

o*u o*u 0*u 0*u o*u Z 3

- - - - P R 11
Oyt P a28x38y a33x28y2 a4(‘3a:(9y3 + s Ozt 0y I (1)

i+5<3

with coefficients a; € R and a;; € C*(D), 0 < u < v, and the right-hand side f° € C#(D). Its
solution is sought in the class of functions u € C*(D) N C*#(D), in particular, the main part
of the differential expression

84u_a84u_a o*u . I*u . Iu Y Pu
oyt Tlort O30y 020y 0xdyP T 9xidyi

i+5<3

belongs to the class C*(D). The ellipticity condition is that the characteristic polynomial
(a4 agz + a2 + ay2’) = (2 — 1) (2 — ) (2 — 1) (2 — D) (1.2)

has no real roots. In particular, two cases are possible (i) and (ii), when in the upper half-
plane, respectively, there are two different roots vy, v5 of this polynomial and when there is one
multiple root v.

For equation (1.1) the boundary value problem is posed

r + s +

where 0 < r < s < 3, the symbol + means the boundary value on I' and the normal derivative
of the r — th order is understood as the expression

(o)
nlax ngay u.
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For r = 0 it is natural to call it the generalized Dirichlet problem, and for » > 0 — the generalized
Neumann problem. All six possible boundary conditions can be divided into two groups, the
first of which is determined by the s — r < 2 condition, and the second group consists of one

problem
OBu\ "
U+ = fl; (%) = fQ. (14)

In the general case of 2/— order equations of the problem type (1.3) from the Fredholm
property point of view were studied in [3]. The calculation of the index of problem (1.4) for the
case | = 2 of the fourth-order equation was carried out in [4]. In this paper, we consider similar
questions for problem (1.3), including the special case of problem (1.4), where, compared to [4],
the calculation of the index of the latter problem is carried out in more detail and in a slightly
different way.

Let the contour I' be oriented so that when moving in the positive direction, the region D
remains on the left. Let e(t) = ey (t) + iea(t) be the unit tangent vector to I' at the point t,
directed in the positive direction. In particular, it is related to the normal vector n by the
relations ny = —es, ny = e;. When the variable ¢ changes on the contour I', the vectors e(t)
and n(t) = ie(t) run through the unit circle on the complex plane, which we denote by T.

As shown in [3], problem (1.1), (1.3) is Fredholm equivalent to the problem defined by the

boundary condition
Pu \ T Pu \T
() =0 (g =0

i.e. they have the Fredholm property simultaneously and their indices coincide. In accordance
with this, the functions

hile, z) = (e1 + €22)* "(—ex + €12)",  hale, 2) = (e1 + €22)* 5(—ez + €12)* (1.5)

of the variables z € C and e € T. Following [3], using these functions, respectively for the
two cases (i) and (i7) of roots of the characteristic polynomial (1.2), we compose matrices -
functions

. hi(e,v1) hi(e, s . hi(e,v) hi(e,v
(@) Gole) = (o) e ) Gt = (o) e ) e

where differentiation is taken with respect to the variable z. In terms of these matrices, the main
result of [3] regarding the Fredholm property of the problem and its index can be formulated
as follows.

Theorem 1. Problem (1.1), (1.8) is Fredholm in the class C**(D) N C*(D) if and only if

det Gy(e) #0, e€T, (1.7)
and if this condition is satisfied, e index & is given by the formula
e = —2Ind rG + 8, (1.8)

where G(t) = Gle(t)], t € I' and Ind G is the Cauchy index — the increment of the continuous
branch argdet G on the contour ' (in the positive direction) divided by 27.

The following lemma about the Cauchy index, intuitively obvious, was used in [3, 4] without
proof.

Lemma 1. Let a complez-valued function ag(e) be invertible on T and a(t) = aole(t)]. Then

[arg a]r = [arg aqlT, (1.9)
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where the increment on the unit circle is taken in accordance with its counterclockwise traversal.
Proof. Consider the conformal mapping « of the unit disk Dy onto the domain D, subject

to the condition
a'(0) = —i. (1.10)

Under the accepted assumptions regarding the smoothness of the contour I', we can use Kel-
logg’s theorem [2], according to which the derivative o/ is continuous in the closed disk Dy
and is everywhere different from zero. The function ¢ = a(u) implements a homeomorphism of
T — I' with preservation of orientation, so that

larg a|r = [argblr, b=aoa. (1.11)

Under this mapping, the unit tangent vector e(t), t € I', goes to

In particular,

We set

o/ (ru)

er(u) = ag {iu|a’(ru)|] , ueT, 0<r<I1.

Obviously, the function ¢, depends continuously on r and, therefore,

larg co|T = [arg c1]r.

By (1.10), the function ¢, coincides with ag and by definition ¢; = b, so that, taking into account
(1.11), the previous equality becomes (1.9).

Using Lemma 1, Theorem 1 can be given the following more explicit form.

Theorem 2. In the case (i) for s —r <2, problem (1.1), (1.8) is Fredholm and its index is
zero. For s —r = 3, this problem, i.e. problem (1.4) is Fredholm if and only if v} # v3 and the
polynomial

P(Z) = (CIVQ - Vl)ZQ + (1 - Q)(Vll/z - 1)2 +1o—qry, q= ezm/:a, (1-12)

has no real roots and its index

o= 8(2— k), (1.13)

where k is the number of roots of the polynomial P in the upper half-plane.

In case (ii), problem (1.1), (1.3) is always Fredholm and its index is zero.

Proof for two possible cases of roots of the characteristic polynomial (1.2) we will carry out
separately.

(1) According to (1.6)

det Go(e) = hu(e, v1)hi (e, 1) [(%) (e,11) — (h—l) <e,y2)] .

1

In the notation
—eg +e12

1.14
e+ esz ( )

w(e, z) =
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we can write functions (1.5) as

hile,v) = (e; +vea)*w"(e,v), ha(e,v) = (&1 + vey) w®(e,v),

so that
det Go(e) = (e1 + 1/162)3(61 + 1/262)3907"(6, v)w' (e, o)W (e, 1) — w® (e, 14)]. (1.15)
Obviously,
n _on _ (va — 1)[(e1 + viea) (e + vaea)] Y, n=1,
w"(e, va) —w"(e,m) = { (s — v)ho(e)[(e1 + vres) (€1 + aea)] 2, n =2, (1.16)

with function hg(e) = [(—ez + v2e1)(e1 + vie2) + (—ea + v1e1)(e1 + vaez)]. Explicitly

vy —1
hole) = (11 + 1) (2e1e5( + €] —€3), (= —r, (1.17)
v+
and Im ¢ > 0. Therefore, for r — s < 2, condition (1.7) is satisfied.
As for the case r = 0, s = 3, corresponding to problem (1.4), then in accordance with the
identity a® — b% = (a — b)(a — gb)(a — ¢~'b), where ¢ = €*>™/3 we have equality

wi(e,vy) — w(e,v1) = (o — v1)hy(e)h_(e)[(er + v1ea)(er + vae)] ® (1.18)
with functions hy (€) = [(—ea+19e1) (€1 +vi€2) — ¢ (—ea+1v1€1)(e1 +1e3)]. Since w?(e, v) = 13
for e = 1, the condition v} # v is necessary for the invertibility of function (1.15) on the unit
circle.
It is easy to verify that

ho(e) =g "h(ie), ha(e) = P(esfer) (1.19)

with the polynomial P from (1.12). Consequently, (1.7) reduces to the condition h, (e) # 0, e €
T, which in turn is equivalent to the fact that the polynomial P has no zeros on the real axis.
Note that since h,(e) # 0 for e = 1 and e = i, both coefficients qvs — 141 and vy — gy of the
polynomial P are nonzero.

Turning to the index formula, we first note that the Cauchy index

Ind(e; + vey) = 1. (1.20)

Indeed, the left-hand side of this equality depends continuously on v in the upper half-plane,
remaining an integer. Therefore it does not depend on v and is equal to 1 for v = 1.
It is further asserted that
Indw(e,v) =0, Indhy=2. (1.21)

Indeed, since Imw(e,v) = |e; + ves| 2 Im v, the function w takes its values in the upper half-
plane, where a continuous branch of the argument can be chosen. As a result, we obtain the
first equality. By virtue of (1.17) in the second equality hy can be replaced by the function
ho(e) = 2e1es( + €2 — €2, which is everywhere non-zero on T. In addition, Ind hy depends
continuously on v, remaining an integer. Since hg(e) = (e; + ies)? for vy = vy = 4, the second
equality in (1.21) follows from this.

From (1.15), (1.16) and (1.20), (1.21) it follows immediately that for s —r < 2 the Cauchy
index Ind Gy = 4. Together with Lemma 1 and (1.8), we conclude that the index of the problem
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g = 0. Similarly, for s —r = 3, from (1.15) and (1.18), taking into account the first relation in
(1.19), we deduce that
Ind Gy = Ind by + Indh_ = 2Ind h,. (1.21)

The function A" is even, so that
Ind’ﬂ‘h+ = 2Ind'ﬂ‘0h+, (122)

where T is a right semicircle. The transformation e — es/e; implements a homeomorphism
of this semicircle onto the entire line R, and going around it counterclockwise corresponds to
the positive direction on the line. Since t> 4+ 1 = (ey/e;)? 4+ 1 = e; %, we can rewrite the second
equality in (1.19) in the form A (e) = R(t) with the rational function R(t) = (> + 1)"1P(t).
By the argument principle [I] from here

Indpoh, = IndgR =k — 1,

where k is the number of zeros of the polynomial P(z) in the half-plane Im z > 0. Taking into
account (1.21), (1.22) from here Ind Gy = 4(k — 1), which together with Lemma 1 and (1.8)
leads to the index formula (1.13) of problem (1.4).

(1) According to (1.6), in this case

/
det Go(e) = hi(e,v) (h—2> (e,v).
1
Substituting here the expressions
hi(e,v) = (e1 + ves)w"(e,v), hy/hy =W,

taking into account the derivative w'(e,2) = (e; + e22)™2 of function (1.14), we obtain the
equality
det Go(e) = (s —7)(e1 + vey)'w* (e, v).
It shows that condition (1.7) is satisfied and Ind Gy = 4, which, taking into account Lemma 1
and (1.8), leads to the index & = 0 of problem (1.1), (1.3).
Note that due to the condition ¥ # v3 the coefficients qvo — vy and vy —quy of the polynomial
P are nonzero and its roots are given by the formulas

A (g— 1) —1)F i\/c_]\/S(VWQ —1)2 +4(v? + v + 13)
2(qva — 1)

Y

where it is taken into account that ¢* + ¢+ 1 = 0. Since \/g = e™/3, ¢ — 1 = i,/3q, hence

L V31— ) £ /3Bnive — 1) + 4(WE + vivs + 13)
ot = v , . (1.23)
2i(em/B3yy — e~Ti/31y)

Let P = P, and, accordingly, denote the roots of (1.23) by 2. Let the polynomial P, be
constructed similarly with respect to h_, i.e. h_(e) = e2Py(ez/ey). This polynomial is obtained
from (1.12) by replacing ¢ with ¢~ . Tt is easy to see that it is related to P, by the relations

2P(=1/z) = qP3y(2) = —Pi(2),

where P, is obtained from (1.12) by permuting the roots vy, v5. These relations show that the
roots z5 of the polynomial P, are obtained from (1.23) by this permutation, i.e.

S V3(1 — i) + /3Bnve — )2+ 407 + vy + 13)
2 2i(em/31y — e=Ti/31,)

Y
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and go to zljE under the transformation z — —1/z, which takes the upper half-plane onto itself.
It is easy to see that in the notation of Lemma 1 in [4] the sets {27, 25} and {af, a5} coincide,
more precisely, 2i° = a3, 25 = aym. Therefore, the number 2(2 — k) in Theorem 2 coincides
with the number n of Lemma 1 in [4]. Accordingly, Theorem 2 agrees with Theorem 1 in [4].

In addition, Theorem 2 in [4] for some special pairs v, 15 gives an explicit description of the
Fredholm property of problem (1.4) and its index.

Theorem 3 [4].  Let in the notation (1.2) the pair v1,vs belong to one of the following
types:

1| = [1a] =1, (41)
Vi =1ip1, Vo =109, (i2)
m =v, V2:_1/V7 (13)

and accordingly
v — o] — V3, (i)1,
0= |pr—paol = V3(1+ pipa), ()2, (1.24)
4Imv — |v|* — 1, (1)3.

Then the Fredholm property of problem (1.1), (1.4) is equivalent to the condition § # 0 and its
index e =0 for 6 <0 and & =8 for d > 0.

As shown by the following lemma, in this theorem with respect to (i3) one should replace
0 in (1.24) with —d. For pairs (i;) and (i) the proof of this theorem in [4] is established by
direct calculations. In the case of (i3) it is based on Theorem 3 from [5], which is the reason
for the error mentioned.

Lemma 2. Let vy = v, vy = —1/v, where Imv >0 and v # i.

Then the Fredholm property of problem (1.1), (1.4) is equivalent to the condition

§=1+|v)>—4lmv #0 (1.25)

and its index is given by the formula

0, 0<0,
ae:{8,5>0. (126)

Proof. It is easy to verify that function (1.14) has the property
w(e,—=1/v) =—1/w(e,v).
Therefore, in the case under consideration s — r = 3, equality (1.5) becomes

(€1 + eav)3(—ey + eav)?
v3w3(e, v)

det Gy(e) = [wi(e,v) +1]. (1.27)

We denote by I', the image of the circle T under the mapping e — w(e,v). Since w(e,v)

coincides with
(t) V= t
i 14+ vt’

for t = ey/eq, the curve T', coincides with the image of the line R under the fractional-linear
transformation v and is a circle located in the upper half-plane.
With respect to the roots ¢, = e(™+2m5)/6 (0 < s < 5, of the sixth power from —1 we can

write
WOe,v) +1= H5 O[w(e, v) — (.

s=

(1.28)
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In particular, the condition (s ¢ T',, 0 < s < 5, is necessary and sufficient for the invertibility
of the matrix (.

Transformation (1.28) is involutive in the sense that the equality { = v(z) is equivalent to
z = v((). Therefore, the point (5 does not lie on the circle T', if and only if

2Imr — (1 2)Im ¢,
Im~((s) = - ’1(+—ZC|SV||2 fme

£0. (1.29)

For three points from the set
gs = 4+, €:|:7rz'/6’ 6:|:57ri/6’

lying in the lower half-plane, and for ¢ = ¢ this condition is certainly satisfied. For points
¢ = emi/6 e5mi/6 it is equivalent to the inequality 4Imv — (1 + |v|?) # 0, i.e. condition (1.25).
Let this condition be satisfied. From (1.27) taking into account (1.20), (1.21) we have:

MmdGy =6+ %[arg(w(e, V) — )l (1.30)

The fractional-linear transformation (1.28) takes the upper half-plane to the exterior of the
circle I',, since
2Imv — (|v)* + 1)

< 0.
1+ ap

Im~(i) =

Therefore, when going around the unit circle T counterclockwise, the point w(e, v) goes around
I'), twice clockwise. Consequently, the increment

[arg(w(e, v) — Co)]r = [arg(v(t) — ¢s)]r = —2[arg(z — ()r, -
Note further that the clockwise increment

o —277, lf CS inSide 1_‘l/a
larg(z — ¢)lr, = { 0 otherwise.

Substituting these expressions into (1.30), we arrive at the equality Ind Gy = 6 — 2r, where r
is the number of points (, lying inside the circle I',. Accordingly, the index of the problem
e =4(r—1).

Expression (1.29) for the imaginary part of () shows that » = 1 for 4Imy > 1 + |v|? and
r = 3 for 4Imv < 1+ |v|?). Therefore, the equality & = 4(r — 1) goes over to the index formula
(1.26).

Comparing the expressions for the index in Theorem 2 and Lemma 2, we come to the conclu-
sion that for |v — 2| < v/3 both roots of (1.24) lie in the upper half-plane, and for |v — 2| > /3
they lie on both sides of the real line.

Note that for vy = v, vy = —1/v, formulas (1.23) can be rewritten as
2
v omisV +vv3+1
2+ = +ie A i (1.31)
Assuming u;, = ie™/3, uy = —ie*™/3, we obtain
24 uv3+1 + +u
. v 3+ _ (v £+ u2)(v £ ug)

(v —uy)(v + uy) l(l/—ul)(y+u1)'
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Obviously, the sets d-u;, Fus, and £y form all six roots of the equation 26 = —1. As in the
general situation (1.23), a direct check of the signs of the imaginary part of the numbers (1.31)
is difficult.

According to Theorem 3, for the three types of pairs (v, 12) specified in it, the index of the
problem takes the values 0.8. On the other hand, according to Theorem 2, the value & = 16
is also possible, when both roots of the polynomial P lie in the lower half-plane. It is also
realized, for example, for v; =i, 1o =i + 2. In other words, for the equation

0u 0?u 0%u
A —2 = f°
<8y2 0xy + 58m2) /

problem (1.4) is Fredholm and its index is & = 16.
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solution to the problem is proved using the theory of singular integral equations, Wiener-Hopf
equations and Fredholm equations of the second kind.

Keywords: Gellerstedt equation, Bitsadze-Samarskii condition, Wiener-Hopf equation, and
Fredholm equation, singular coefficients.

MSC (2020): 35M10, 35M12.

1. STATEMENT OF THE BSF PROBLEM (BITSADZE-SAMARSKY, FRANKL).

Let D = DT|JD~ I -be an unbounded mixed domain on the complex plane C' = {z =
x + iy}, where: DT -is the half-plane y > 0, D~ -is a finite domain of the half-plane y < 0,
bounded by the characteristics of the equation

. m « Bo
(signy)|y|™ gy + tyy + Ml—i%ux + ?uy =0, (1.1)

emanating from the points A(—1,0), B(1,0) and the segment AB of the straight line y = 0. By
Cp and C respectively, we denote the intersection points of the characteristics AC and BC with
the characteristics emanating from the point E(c,0), where ¢ € I = (—1,1)— is the interval on
the axis y = 0.

In equation (1.1)) it is assumed that m, oy and [y are some real numbers satisfying the
conditions m > 0, |ag| < (m+2)/2, —m/2 < [y < 1.

Note that the constructive, functional and differential properties of solutions of equation
depend significantly on the numerical parameters oy and Sy at the lower terms of .
On the plane of parameters oy and 3y the triangle is considered AjB;C bounded by straght
lines [§]

AXCE B+ ag = —m/2, BiCL < By —ap = —m/2, ALBL: By = 1,

and depending on the location of the point P(ap, ) in this triangle, problems for equation
are formulated and studied.

Let us consider the case when P(ay, By) € AE;CiBS U E;Cy, where Ef = E(0,1).

In [9] the problem with Bitsadze-Samarskii condition [I] on the boundary characteristic
AC and parallel to it internal characteristic EC\ was investigated in a finite domain. In the
present paper the problem is investigated in an unbounded domain, where Bitsadze-Samarskii
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condition is specified on the part ACj of the boundary characteristic AC' and parallel to it
internal characteristic £CY, i.e. the part COC of the boundary characteristic AC is freed from
Bitsadze-Samarskii condition and this missing nonlocal condition is replaced by an analogue of
Frankl condition [3],[4], [7], [10], [IT] on the degeneration segment AB [9]. On the segment AB
of the parabolic degeneration line the general conjugation condition of V. I. Zhegalov [22], G.
Karatoprakliev [6] is specified.

In the problem with the Bitsadze-Samarskii condition on the boundary characteristic AC
and parallel to it internal characteristic EC|y was investigeted in a finite domain. In the present
paper the the problem is investigated in an unbounded domain, where Bitsadze-Samarskii
condition is specified on the part ACy of the boundary characteristic AC' and parallel internal
characteristic £C; This means that the segment CyC' of the boundary characteristic AC' is
excluded from the Bitsadze-Samarskii condition, and the missing non-local condition is replaced
by an analogue of the Frankl condition [3], [4], [7], [10], [I1] on the degeneration segment AB
[9]. On the segmentAB of the parabolic degeneration line, a general conjugation condition by
V.I. Zhegalov [22], and G. Karatoprakliev [6] is imposed.

Let D}, -be a bounded region obtained by cutting off a portion of the domain D* with an
arc of a normal curve og having endpoints at the points Ap = Ar(—R,0), Br = Br(R,0).
The arc o is defined as follows:

opia? +Am+2) =R —R<x <R, 0<y<((m+2)R/2)Y"?.

This construction forms a finite subdomain bounded by the arc o providing a controlled and
restricted portion of the original unbounded domain D™.

We introduce the following notations: I = {(z,y) : —1 <z < 1, y = 0} the open interval on
the line y = 0, I; = {(z,9) : —oo <z < —1, y =0} the semi-infinite interval extending to the
left on the line y = 0, Iy = {(x,y) : 1 <z < +o00, y = 0} the semi-infinite interval extending
to the right on the line y = 0, Define the domain Dpg as follows Dz = DiUD~UI, Dg.
Here, Dpg is a subdomain of the unbounded region D. It combines the bounded domain D},
the region D, and the interval I, forming a comprehensive subdomain for further analysis.

We introduce the linear functions p(x) = axz — b and ¢(z) = a — bz, which map the interval
[—1, 1] onto the segments [—1,c| and [c, 1] respectively. These functions satisfy the conditions:
p(—=1)=—1, p(1) =¢, q(—=1) =1, q(1) = ¢, The coefficients a and b are determined as follows:
a=(14¢)/2, b= (1—-c)/2 This mapping approach is based on the works [10, 11] and is used
to construct appropriate transformations within the defined intervals.

BSF Problem. Find a function u(x,y) satisfying the following properties:

1) The function u(z,y) is continuous in any subdomain Dg of the unbounded domain
D ,except on the segment AB = {(z,0) : —1 < z < 1} where it may have finite one-sided limits;

2)The function u(z,y) belongs to the space C?(DT) and satisfies equation in this
region;

3) The function u(x,y) is a generalized solution of class Ry [20], [21] in the domain D~.

4) On the degeneration interval I, the following general conjugation condition holds [6], [22].

u(z, —0) = a1 (z)u(z, +0) + as(z), = € [-1,1], (1.2)
ou ou
; Bo " _ ; po
yhm_o( Y) 2y bi(z) yhrEOy o + by(x), xz €1, (1.3)

Moreover, the limits in ((1.3)) at x = 41 may have singularities of an order lower than

1—a—f, where a = mH2Tm) | g mi2ael o500 550, a+f<l.
5) Equality

lim u(z,y) =0, (1.4)

R—o00
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holds, where R? = 22 + 4(m + 2)~ 2y +2;
6) The function u(x,y) satisfies the following boundary conditions:

u(x,y)‘yzo =gi(r), Voel;, i=1,2 (1.5)
o1+ 2D 0 (p(2))] = (1 — ) DPulf” (a(e))] + ¥(2), z€ -1, (L6)
u(p(z), —0) —v(q(x),+0) = f(z), z€[-1,1]; (1.7)

1-p

.1 are fractional-order

where g9, g1 are some constants such that p2 + p? # 0; D:ﬁ, and D
differential operators [22],

9(&]0) = 5 1 (1 + l’()) , Xg € [—1,0],

is the affix of the intersection point of the characteristic ACy C AC with the characteristic
emerging from the point My(xo,0), o € [—1,¢].

I’O—]__?/|:(m+2) :|2/(m+2)

To+c m+ 2
6 (o) 0; y r I (50— ©)
is the affix of the intersection point of the characteristic EC with the characteristic emerging
from the point My(zo,0), zo € [c, 1].

The functions ¢;(x), @o(x), ¥(x), and f(z) are given and satisfy the following condi-
tions: ¢1(—1) = 0, p2(1) = 0, pi(—00) = 0, wa(+00) = 0, f(1) = 0; P(z) € C[-1,1] N
Cl(-1,1), f(z)eC[-1,1]NnCY(-1,1)

The functions ¢;(x) are continuously differentiable on any intervals [—N, —1] and [1, N] and
satisfy the inequality for sufficiently large |x|:

2/(m+2)
:| ) ZTo € [Ca 1]7

loi(z)| < M|z|™%, 6y = const > 0
where dy is a positive constant.
The Bitsadze-Samarskii condition is set on the part ACy (where 6 (p(z)) € ACy), the
boundary characteristic AC, and the internal characteristic EC; (where 6* (¢(z)) € EC}).
The condition (where —1 < p(z) < ¢, ¢ < ¢g(x) <1)is an analog of the Frankl condition
on the segments [—1, ¢] and [c, 1] of the degeneration line AB.
Let’s introduce the following notations:

Bo du

(@) = u(e.~0). v (x) = im (~y)* (18)
(2) = u(z, +0), v(z) = lim yP (1.9)

y—+0 a_y7

According to notations ((1.10) and (1.11)), the gluing conditions (1.2)), (1.3}, and Frankl’s

condition take the following forms:
7 (2) = a1 (2)7(x) + az(z), z € [—1,1], (1.10)
v (z) = bi(z)v(z) + bo(z), x € (—1,1)/{c}, (1.11)

T (p(x)) =7 (q(x)) = f(x), = € [-1,1]. (1.12)
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2. UNIQUENESS OF THE SOLUTION TO THE BSF PROBLEM

The solution of equation (({1.1])) in the region D~ satisfying the modified Cauchy initial data:

u(w,—0) =7 (z),x € I; lim (—y)™ b O

Jim, a =v (z), v €1,

is given by the Darboux formula [20]:

1

2t m—+2

— - —y) 2 | (1=t 1 4+t) tat

o) = [ 7 [ 20 - g e
1

+72(—y)1‘ﬁ°/1 ) {%L i(_y)w} (1= (L +)dt,

m 4+ 2
I(atp)21——8 I'(2—a—p)20t8-1
where 71 = =T rE 0 72 = T A-p)r G-l 15"

By virtue of the formula Darboux and boundry condition ((1.7])), we obtain the following
form

poa' v (p(x)) — mb' v (g(z)) =

= D557 (p(x)) — Dy P (q())] + Vo(x), z €T, (2.1)
a+p-1 _ m at+p-1 , _ .
where y = (52) 1 HRGEIG, Bo(o) = (#52)  eplg

Based on conditions ({1.10) and ([1.11)), the relation (2.1)) can be written as
poa’ = Py (p(a))v (p(x)) — mb' =i (q(x))v (q(x)) =

=7 [ D5 (p(@)7 (p(2) — Dy an(a(@))7 (a(@))] + V(@) @€ (<1,1), (22)

where

Uy (2) = —poa' = Pla(p(a))+1b' = b (p(2)) +y (10 DL g (p(w)) = Dy as(q ()14 Wo ()

The relation ([2.2)) is the first functional relationship between the unknown functions 7(x)
and v(z) introduced on the interval (—1, 1) of the axis y = 0 from the region D~.
Uniqueness of the solution to the BSF problem.

Theorem 2.1. Let ¢1(x) =0, po(z) =0, () =0, f(z) =0
fo >0, pp <0, aj(x) >0, by(x) >0, (2.3)

then the solution u(z,y) of the BSF problem attains its greatest positive value (GPV) and least
negative value (LNV) in the region E;—; on the curve Gg.

Proof. By virtue of the Hopf principle [2], the solution u(x, y) does not attain its GPV (greatest
positive value) or LNV (least negative value) at interior points (o, yo) of the region D}. Sup-
pose that the function u(x,y) attains its GPV in the region DE at some interior point (zg,0)
of the segment AB.

Here, we separately consider two possible cases for the location of the point zy.
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1. Let zg € (—1, ¢, ©g = p(&). Then, by virtue of the corresponding homogeneous condition
(1.8) (¢ f(x) =0), the solution u(x,y) attains its greatest positive value (GPV) at two points

(p(&),0) and (g(&),0) . Consequently, at these points v (p(&o)) < 0, v (q(&)) < 0 [20].
From this, in view of (2.3)), it follows that

p0a' = Pby (p(€0) v (p(&)) — b Pb1(q(é0))v (¢(&0)) < 0, & € (=1, 1), (2:4)

On the other hand, it is well known that at the point of the positive maximum of the function
7(x), for fractional differentiation operators, the inequalities Di_lf;_ﬁ a1 (p(z))7 (p(x)) |omay >

0, Di;a_ﬁal(q(m))T (¢(x)) |z=z, > 0 hold. Then, by virtue of (2.3)

oD ar (p(2))7 (p(2)) omgo — 11 Dai™ P an (a())7 (4(2)) la=go > 0.

From this, we conclude that the left-hand side of the corresponding homogeneous relation
2:2) (c Ui(z) =0) is strictly positive, which contradicts inequality (2.4). Therefore, zo =
p(&) ¢ (—1,c].

2. Let xy € [¢,1), 29 = q(no). By arguments similar to those in the case of zy € (—1,¢|, we
conclude that xy = q(ng) ¢ [c, 1).

Thus, the solution u(x,y), satisfying the conditions of Theorem 2.1, does not attain its
greatest positive value (GPV) at interior points of the interval (—1,1) along the axis y = 0.

By virtue of the corresponding homogeneous boundary  conditions  ({1.5)
(c p1(x) =0, wo(x) =0), the function u(x,y) does not attain its GPV at points of the
segments [—R, —1] U [1, R] either. Consequently, from the previous reasoning, it follows that
(z0,y0) € Tr.

Similarly, as above, it can also be shown that the point (zg,yo), where the solution u(z,y)
attains its least negative value (LNV) in the region D}, belongs to og, i.e., (zo,%) € Or.
Theorem 2.1 is proved. O

From Theorem 2.1, it follows:
Corollary 2.1 The solution u(x,y), satisfying the conditions of Theorem 2.1, is identically

. L=+
zero in the region D .

Proof. The solution to the BSF problem, under the conditions of Theorem 2.1, attains its GPV

and LNV in the region E; at points of the normal curve g. By virtue of (1.4)), for any ¢ > 0,
there exists Ry = Ry(e) such that for R > Ry(¢e), the inequality |u(x,y)| < e, (z,y) € og holds.
Consequently, by Theorem 2.1,

lu(z,y)| < e, V(z,y) € Dp. (2.5)

From this, due to the arbitrariness of £, as R — +o0, we conclude that u(z,y) = 0 in the
region Dt U I; UT U I,. Corollary 2.1 is proved. (]

Corollary 2.2. The BSF problem, under the conditions of Theorem 2.1, has at most one
solution.

Proof. By virtue of Corollary 2.1, taking into account the conjugation condition (|1.2)), (1.3]),
we have

limou(x,y) =0, Vo el; lim (—y)ﬁog—u =0, z el (2.6)
Y

Yy—r— y——0

Now, in the region D, reconstructing the solution u(z,y) using the Darboux formula with
zero data (2.6), we obtain that u(z,y) = 0 also in the region D . Corollary 2.2 is proved. [

Thus, the uniqueness of the solution to the BSF problem is established.
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3. EXISTENCE OF THE SOLUTION BSF PROBLEM.
Theorem 3.1. The BSF problem, under the conditions (2.3) and

_)\7.(.2\/5 a274a0 b174a0

Novasin(or) |Opraghr ~ Mgsehr | < (3.1)

where
Ao = [io [we_b‘)” cot(2aom) — €*™I'(2a0)T(1 — 2ag) — yoI'(1 — 2@0)] +
+p1 [me®™ cot(2agm) — e T (2a0)T(1 — 2a0) + YoI'(1 — 2a) cos(2aom)] # 0,

A= — (,uoe_bo” — 11€%™ + piyo (F(an))A) /o, a1(z) = ay = const and by(z) = by = const,
15 uniquely solvable.

Let us show that the set of numerical parameters of the BSF problem satisfying inequality
(3.1) is nonempty. Indeed, assuming in ([3.1]) that p; = —a? 4%0+° we obtain

4 ptAoghom | <1 (3.2)

)\7.‘.2\/501274(1070.5 efboﬂ'
~ Xosin(om) {'LLO bi+o

if 2—4ap—0.5 >0 (i.e., fy < me), then for sufficiently close values of the numerical parameter

¢ to minus one, the factor q?~4%0-05 = (%)2_4%_0'5 in (3.2) will be sufficiently small, and the
inequality (3.2)), i.e., (3.1]), will hold for such values of the parameter c.

3.1. Derivation of a singular integral equation with non-Fredholm operators in
the non-characteristic part of the equation with respect to the unknown function
71 ().

The solution to the Dirichlet problem in the half-plane y > 0, satisfying the condition

u(z, +0) = 7(z), x € (—00, +00), (3.3)
is given by the formula [15]
+oo
) = ka1 = o)y [ @))%

t—=x

) dt, —oo < x < 400, y >0, (3.4)
T'o

X exp (—Qboarcsin

1—2ag < m .
where k?gzﬁ (%ﬁ) %, r%z(x—t)Q—F%,an:a-l—@ 0 = ag + by, by =
ag
m+2"°

We can write the following relationship between the unknown functions 7(x) and v(z)

1

U(z) = —ho(1 — i) "2 / #(0) {m—_t exp <—2b0 arcsin t_—g”)] di+

2 |z — t|2—2a0 |t — x|

+ &(z), z € (—1,1), (3.5)
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where

B m+2 (. [ Tbdt e [ ()t
®(z) = —ks(1 = fo)— (eb /m—eb /m)

—00

Note that relation (3.5]) holds for the entire interval I = (—1,1).
By virtue of (3.F), eliminating v (p(z)) and v (¢(z)) from relation (2.2)), we obtain

—poka(1 — 50)7”; 2a1*2a051 /1 7'(t) {W exp (—2190 arcsin %)] dt+

k(1 — 50)m 21200y, /_11 7 (t) {mq)@w exp ( 2D arcsin qE ;M dt =

— 5 [0 D727 (p(x)) — DL arr (q(a))] + Ta(a), @ € (~1,1), (3.6)

where
Uy(x) = Wy (x) — 7 [ D5 az(p(x)) — Dy 1*  az(q(x))] — poa' ~>by @ (p(x)) +

Fu1b" b @ (q(x)) — poa' "> by(p(x)) 4+ b by (gq()).

Taking into account the inequalities —1 < p(z) < ¢, ¢ < g(z) < 1, the first and second
integrals of the integro-differential equation (3.6)) are respectively split into three integrals over
the intervals (—1,p(x)), (p(z),c), (¢,1) and (—1,¢), (¢,q(x)), (¢(x),1), and we rewrite it as

(z) c

! /
o 1—2ag bom T (t)dt 1—2ag —bom / T (t)dt
poa e /fmm—w*%w*“w ‘ (t— pla)) 2
-1 p(x)
[ [
T T
+,U0(1,1_2a06 / + u/lb1—2aoeb07r/
pla)) (a(a) — =
Y a / (t)d
1—2ag _bow T 1—2ag _—bom ' o
bR /(ﬂ@—¢P4% b e /‘ ~q(@) 1%0‘
c (I(x)
Yo [o D% ar (p(x)) — Dy * art (q(x))] + Vs(x), = € (—1,1), (3.7)
o 2 20U ( )
where 7o = sy V() = gns ;0 (m 2)°

a1bikz(1—Po)(m
In the integralé of over the intervals (—1,p(x)), (p(x),c), (—1,¢), by making the sub-
stitution of the integration variable t = p(s), and in the integrals over the intervals (c,¢(x)),
(q(x),1), (c,1), by making the substitution ¢ = ¢(s), while taking into account the relation
at (p(z)) = =br~"(q(z)) + f (x) equation ([3.7) is rewritten in the form

T

- ( e

—1 -1

€T 1 , T 1 ,
. T 1-2a9 —bom dt / br (q(s))ds B
(/ x _ t 2a9 / S 1 2a0 ) + Hoa (& (/ (I‘ _ t)2a0 (1 —at — b8>1—2a0

—1 -1
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x 1
_ dt br' (q(s))ds
o bl 2ag bom / / —
b e ( (z — )20 | (1—bt — as)i—20

—1 -1

= %0 (1 = 2a0) [ D*Y, DI 0T ((2)) — m DY, Dyy ™7 (g(2))] +
+ Uy(x), v € (—1,1). (3.8)

By virtue of the following easily provable identities

ot [ e
2 ot [ — etz [ (1)
[t - [ ()
[t - [ () e

we rewrite equation (3.8)) in the form

1 1 1
1+ 2\ 2% 7 (t)dt 71(s)ds 71(s)ds
Y =\ | —F X —
(@) /(1+t) t—=x 1/1—ax—bs+ 2/1—bx—as+

+ Rym] + Us(2),x € (—1,1), (3.9)

where 7 (z) = 7(¢q(x)),

/0

Ao = — >(ugeb0” — e ™) + wetg(2aom) (poe ™ — pye™™)+

sin(2agm
+yom (1 — 2a0)cos((1 — 2ag)7),

—bom _ bom _ I'1—-2
\ = Hoc pe - Yora L aO), A= —poe "/ Xo, g = €™/ g,
0
142 1—2a <1>1—2a0 71(8)ds n
1+a—0bs a 1 —ax —bs

( 1+ )1_2a°_<1)1—2a01 71(s)ds
1+b—as b 1—br—as’

-a regular operator, Us(z) = Wy(z)/ Ao -is a known function.
The equation ([3.9) is a singular integral equation with a non-Fredholm operator on the right-
hand side of the equation, because, due to the equality a + b = 1, these kernels have isolated

1

Ri[n] = )\1(1121)0/

1
+ Nyl 200 /

-1
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singularities of the first order at the point (x,s) = (1,1) and therefore they are singled out
separately.

3.2. Derivation and Analysis of the Wiener-Hopf Integral Equation.

Temporarily considering the right-hand side of equation as a known function, we write
it in the form of the singular integral equation

1

(@) —)\/ (1 ”)12&0 ndt _ o v (<11, (3.10)

1+t t—x
where
[ n(s)d [ n(s)d
B T1(8)ds T1(s)ds B
o(z) _Al/—l_ax_bs +/\2/—1_bx_as R[]+ Us(a), 2 € (=1,1).  (3.11)
=1 21

He following holds:

Theorem 3.2. If the function g(x) € L,(—1,1), p > 1, satisfies the Holder condition for
x € (=1,1), then for the solution 1 (z) of equation (3.10) in the class of functions H(—1,1),
the formula

1

g(x) A / 142729070 71— 2\ g(t)dt

= A2

n@) =1 e e | \T 1—t) t—z (3.12)
S

is valid, where 6 = arctg(Ar)/m.

The method of proving Theorem 3.2 is identical to the method described [2I]. Substituting
the expression for g(x) from (3.11]) into (3.12)) we obtain

1

1
1—-2a0—6(1 _ .\6
@)=y [ A [ Alrg R,
1+X72 ) 1—ax—bs 1+X72) 1—br—as 1+ A\2q2
-1 -1
1 1(1 t>5+2 1 by A dt
+ )00 ! 2
d .
< f mtses | (1— ) (1—at—bs+1—bt—as)t—x+
- ]
+ Ro[r] + Wg(x),x € (—1,1), (3.13)
where
1
1 A\ 14+ 1—2a9—48 1— 7 5R1[7'1]
RQ[Tl]_le[Tl]+l+)\27r2/<1+t) <1—t) .

1
regular operator,

1

1 A T4+ 2\'72070 /1 — 2\ Us(t)dt
Ue(r) = ——— T
o(%) = T e 5($)+1+)\27r2/(1+t) (1—75) t—x

-1

known function.
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By evaluating the inner integral in equation (3.13), we rewrite this equation in the form

(3.14).
o= ()
sz)\n/\(gjr) bla#/l G :i)é 1 jlé?isas + R3] + ¥e(x), = € (—1,1), (3.14)
where
wint =i iy () ] () T

-1

1
)\)\2 b172a0 /
T
sin(dm) a®

-1

< 1+a )1—2%—5_1] 71(s)ds

1+a+bs 1—bx —as

-regular operator.

The equation ([3.14]) with respect to the unknown function 7 (z) is not a Fredholm equation
because the kernels of this equation have isolated singularities of the first order at the point
(z,s) = (1,1). Considering the equalities

l—br—as=b1l—z)+a(l—3s), 1—ar—bs=a(l—21z)+b(1l-2s)

in (3.14), we make the change of variables x = 1 —2e¢7¥, s =1 — 2¢* and introduce the
notations p(y) = e~ ®5=vr (1 — 2e7),

a
ke—e/2 4 er/2 = e=z/2 4 ke/2 b

Kol) = VI (e + oo s )

Nj = M 0 s — Mam b0 e write equation ([3.15) in the form [5], [12], [13], [16], [18],

sin(dm) sin(dm)
IT4.
o) = = / Koly — p(t)dt = Ralp] + Ue(y), y € 0. +00), (3.15)

where Rs[p] = e~ (5= R [p]— regular operator, ¥;(y) = e~ (=¥ (y)— known function.

Equation is a Wiener-Hopf integral equation [5].

The function Ky(z) has an exponential order of decay at infinity, and Ky(z) € C[0, +00).
Consequently, Ko(z) € Lo N H, [16,c.12]. [16,c.56].

The Fredholm theorems for convolution-type integral equations are applicable only when the
index of these equations is zero. The index of equation is the index of the expression
1 — K(x) taken with the opposite sign: x = —Ind(1 — K"(z)) [5], where

+00
A A .
A —ixt 1 9 it
K l’ ’_271' / K d / {et/z + keft/g + ket/z n 6t/2}6 dt. (316)

— 00
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It is well known [20] that

—+00 . .
e—zxtdt ﬂ.ezazlnk

kell? + e 2 Vkch(rz)

—00

By virtue of equality (3.17) from the representation ([3.16|) it is easy to obtain that

nroy . TAL+ A5)cos(xlnk) Z,W(AT — A3)sin(zink)
Kie) = Vkeh(mz) Vkeh(mz) ' (3.18)

By virtue of the condition ({3.1]) of Theorem 3.1 we obtain

(3.17)

TN +A) A ()\ ql—2a0 L b‘2“0> B
VE VEsin(om) pies P
“\2vb a2 4a0 pl—4ao
- 3 Ho 1+6 Jbor Ha dpo—bom 1’ <319)
Aov/asin(dm) | blHoebo a’e~bo

Due to the inequality (3.19), the inequality Re(1l — K (x)) > 0 follows from (3.18]), and
moreover, ReK (z) = O (Chém) for sufficiently large |z|.

Note that if 2 = x + iy is a complex variable, then its argument arg z = arctan (%) when
Re(z) =z > 0.
Thus, according to [5], taking into account ReK (+oo) =0, ImK (+oo) = 0, we obtain that

400

X = ~nd(1 ~ K(2)) = - [ara(l ~ K@)~ =~ [mtan — g))]

—00

T 1

A~

i.e., the change in the argument of the expression 1 — K (z) on the real axis, expressed in full
rotations, is zero, meaning the index xy = 0. Therefore, equation is uniquely reduced to
the Fredholm integral equation of the second kind [19], whose unique solvability follows from
the uniqueness of the solution to the BSF problem.

Thus, Theorem 3.1 is proven.

0 0
= —— |arctan — — arctan—| = 0,
2 1

REFERENCES

[1] Bitsadze, A. V.; On some simplest generalizations of linear elliptic boundary value problems. Doklady AN
SSSR.. 1969. Vol. 185, No. 4. pp. 739-740.

[2] Bitsadze, A. V.; Some classes of partial differential equations. Moscow, 1981. 448 p.

[3] Devingtal, Yu. V.; On the existence and uniqueness of a solution to one of F. I. Frankl’s problems. Izvestiya
VUZ. Mathematics. 1958. Vol. 2, No. 3. pp. 39-51.

[4] Frankl, F. I.; The flow around profiles with a local supersonic zone ending with a straight shock wave.
Applied Mathematics and Mechanics. 1956. Vol. 20, No. 2. pp. 196-202.

[5] Gakhov, F. D., Chersky, Yu. I.; Convolution-type equations. Moscow, 1978.

[6] Karatoprakliev, G. D.; On a generalization of the Tricomi problem. // Doklady AN SSSR. 1964. Vol. 158.
pp. 271-274.

[7] Lin Jian-bin.; On some Frankl problems. Vestnik of Leningrad State University. Mathematics, Mechanics,
Astronomy. 1961. Vol. 3, No. 13. pp. 28-39.



184 Mirsaburov M., Turayev R. N, Mirzayev F. S.

8]

Mirsaburov, M., Turaev, R. N.; A problem in an unbounded domain with the Bitsadze-Samarsky condition
on a part of the boundary characteristic and its parallel internal characteristic for the Gellerstedt equation
with singular coefficients. Differential Equations. 2024. Vol. 60, No. 8. pp. 1074-1086.

Mirsaburov, M., Bobomurodov U.; A problem with the Frankl and Bitsadze-Samarsky conditions on the
degeneration line and on parallel characteristics for the Gellerstedt equation with a singular coefficient.
Differential Equations. 2012. Vol. 48, No. 11. pp. 730-737.

Mirsaburov M.; Problem with analogs of the Franklcondition on a characteristic and the degeneration
segment for an equation of mixed type with a singular coefficient. Differential Equations. 2017. No. 53. pp.
773-783.

Mirsaburov, M.; A problem with a missing shift condition for the Gellerstedt equation with a singular
coefficient. Izvestiya VUZ. Mathematics. 2018. No. 5. pp. 52-63.

Mirsaburov, M.; Boundary problem for a class of mixed-type equations with the Bitsadze-Samarsky con-
dition on parallel characteristics. Differential Equations. 2001. Vol. 37, No. 9. pp. 1281-1284.

Mirsaburov, M., Begaliev, O., Khurramov, N. Kh.; On a generalization of the Tricomi problem. Differential
Equations. 2019. Vol. 55, No. 8. pp. 1117-1126.

Mirsaburova, G. M. A problem with an analogue of the Bitsadze-Samarsky condition for a class of degen-
erate hyperbolic equations // Izvestiya VUZ. Mathematics. — 2022. — No. 6. — pp. 54-59.

Mirsaburova, U. M.; A problem with a shift on internal characteristics in an unbounded domain for the
Gellerstedt equation with a singular coefficient. Izvestiya VUZ. Mathematics. 2022. No. 9. pp. 70-82.

Polosin, A. A.; On the unique solvability of the Tricomi problem for a special domain. Differential Equations.
1996. Vol. 32, No. 3. pp. 394-401.

Prudnikov, A. P., Brychkov, Yu. A., Marichev, O. I.; Integrals and series. Moscow: Nauka, 1981. 800 p.

Ruziyev, M. Kh.; Boundary problem for a mixed-type equation with singular coefficients. Izvestiya VUZ.
Mathematics. 2022. No. 7. pp. 18-29.

Sabitov, K. B.; Functional, differential, and integral equations. Moscow: Vysshaya Shkola, 2005.

Salakhitdinov, M. S., Mirsaburov, M.; Nonlocal problems for mixed-type equations with singular coeffi-
cients. Tashkent: University, 2005. 224 p.

Smirnov, M. M.; Mixed-type equations. Moscow, 1985. 304 p.

Zhegalov, V. I.; Boundary problem for a mixed-type equation with boundary conditions on the transition
line. Kazan University Scientific Notes. 1962. Vol. 122, No. 3. pp. 3-16.

Mirsaburov M.,
Termez State University, Termez, Uzbekistan.
email: mirsaburov@mail.ru

Turayev R. N.,
Termez State University, Termez, Uzbekistan.
email: rasul.turaev@mail.ru

Mirzayev F. S.,
Termez State University, Termez, Uzbekistan.
email: fayzullamirzayev95@mail.com



Forward Problems for Fractional Wave equation 185

Uzbek Mathematical Journal

2025, Volume 69, Issue 2, pp.

DOI: 10.29229 /uzmj.2025-2-17

Forward Problems for Fractional Wave equation
Mukhiddinova O., Abdullayeva F.

Dedicated to the 80 th birthday of Academician Shavkat Arifdzhanovich Alimov
and the 70 th birthday of Professor Ravshan Radjabovich Ashurov

Abstract. We study a forward problem for a fractional wave equation involving the Rie-
mannLiouville fractional derivative, where the elliptic part is given by the Laplace operator.
The equation is considered in an arbitrary multidimensional domain with a sufficiently smooth
boundary. By employing the Fourier method, we establish theorems on the existence and
uniqueness of the classical solution to the forward problem.

Keywords: Forward problems; Direct problems; Fractional Wave equation; Fourier method;

Classical solution; Sobolev spaces.
MSC (2020): 35R11, 74525.

1. INTRODUCTION

The study of fractional partial differential equations has garnered significant attention in recent
years due to their applicability in modeling anomalous diffusion, viscoelasticity, and other complex
physical phenomena. Among various types of fractional derivatives, the Riemann-Liouville derivative
is particularly important, though more intricate to handle due to its non-local and singular kernel. In
this section, we review several key contributions in the field that are closely related to our study.

The time fractional string vibration equation that we have presented, involving the RiemannLiou-
ville fractional derivative of order 1 < p < 2, has been the subject of various research studies. Re-
searchers have explored both the direct problem, solving the equation for a given fractional order.

Trifce Sandev and Zivorad Tomovski [12] studied a general time-fractional wave equation for a
vibrating string. They obtained solutions in terms of MittagLeffler-type functions and a complete set of
eigenfunctions of the SturmLiouville problem. Their approach utilized the Caputo fractional derivative
and employed the separation of variables methods and the Laplace transform. Their work provides
insights into modeling processes in complex or viscoelastic media. Allen et al. [2] consider a boundary
value problem involving both the Riemann-Liouville and the AtanganaBaleanu fractional derivatives.
They obtain analytic solutions in the form of infinite series by employing the Laplace transform. While
the problem formulation differs from ours, their analytical approach provides valuable insight into the
structure of fractional models with mixed derivatives.

Ashurov and Fayziev [3] address an inverse problem related to determining the order of the Riemann-
Liouville derivative in a time-fractional wave equation. Their study is formulated in an abstract Hilbert
space setting and relies on the operator-theoretic framework. Although our research focuses on direct
problems, the theoretical implications of inverse problems contribute significantly to understanding
solution behavior with respect to fractional order sensitivity. In [8] , Kian and Yamamoto study a
class of semilinear fractional wave equations with Caputo derivatives. They establish existence and
uniqueness results for weak solutions, and explore the regularity properties under different assumptions
on the nonlinearity and source term. While our work focuses on the RiemannLiouville derivative
and classical solutions, this study provides an important comparative reference for different types of
fractional operators.

Our study differs in several crucial aspects: we consider the classical solution of a linear time-
fractional wave equation with Riemann-Liouville derivative of order 1 < p < 2, in a general N-
dimensional domain with sufficiently smooth boundary. We rigorously establish existence and unique-
ness theorems using the Fourier method, which allows for precise spectral analysis of the Laplace
operator. Such a formulation not only extends the classical theory but also emphasizes the role of
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the Riemann-Liouville derivative in higher-dimensional settings, which has been comparatively less
explored in the literature.

2. FORMULATION OF THE PROBLEM

Consider the time-fractional wave equation with the Riemann-Liouville fractional derivative of order
1<p<2:
u(x,t) — Au(z,t) = f(z,t), 0<t<T, x€QCRY (2.1)

with the following initial conditions

limd? " (2,t) = @ (2), Hmd! " (e,1) = (x), =€ (2.2)

and boundary condition
u(x,t)|y0 =0 (2.3)

N 2
where ¢(x), ¥(x) and f(z,t) are given smooth functions, A = Y ;25 is the Laplace operator.
k=1 "k
The fractional integration of order p of a function f defined in [0,00) in the Riemann - Liouville
sense is defined by the formula

A = F(lp) [e=rrswar >0,

provided the right-hand side exists. Here, I'(p) is Euler’s gamma function. Using this definition, one
can define the Riemann - Liouville fractional derivative of order p, k — 1 < p < k, k € N, as (see, for
example, [11], p. 14)
dk
Of(t) = —I""f(t).
() = ST A ()

Definition 2.1. A function t>~Pu(x,t) € C(Q x [0,T]) with the properties
(1) 9 "ula,t), O Pu(x,t) € C(Qx [0,T]),
(2) Oulz,t),  Du(z,t) € C(Qx (0,T]),

and satisfying conditions (2.1])-(2.3|) is called the classical solution of the forward problem ({2.1))-
3.

We will apply the Fourier method, which will lead us to consider the following spectral problem

{ — Do(x) = M(z), we; (2.4)

v(z)],, = 0.

Since the boundary 0f is sufficiently smooth, then this problem has a complete in Lo(£2) set of
orthonormal eigenfunctions {vx(z)}, k > 1, and a countable set of positive eigenvalues {\.}, (see, e.g.
[6] - [I0]). It is convenient to assume that 0 < A\; < Ag -+ — +00.

We note right away that the method proposed here, based on the Fourier method, is applicable
to equation ([2.1)) with an arbitrary elliptic differential operator A(z, D), if only the corresponding
spectral problem has a complete system of orthonormal eigenfunctions in Ly ().

3. PRELIMINARIES

In this section, we formulate the lemma from the book by Krasnoselskii et al. (see, e.g., [9]),
the fundamental result of V.A. Ilyin (see, e.g.,[7]) on the convergence of the Fourier coefficients
and recall some properties of the Mittag-Leffler function.

Let Q be an arbitrary N-dimensional domain with a sufficiently smooth boundary 0f2.
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Let A stand for the operator acting in Ly(Q2) as Ag(x) = —Ag(z) in the domain of definition
D(A) = {g € C*(Q) : g(x) = 0,2 € 9Q}. We denote the self-adjoint extension of A in Ly()
by A.

In order to formulate the indicated lemma, it is necessary to introduce the power of the
operator A.

Let o be an arbitrary real number. The power of operator A, acting in Lo(£2) is defined as:

AUg<x) :Z)\ngvk(m)a gk = (gavk’)a
k=1
and the domain of definition has the form

D(A%) = {g € Ly() : Y _ \|gl* < o0}.
k=1

For elements of D(A?) we introduce the norm

[e.e]

lgllz = > N lanl® = 1A gIP?,

k=1

where || - || is the norm of Lo(£2).
The following lemma plays an essential role in our reasoning (see, e.g., [9], p. 453).

Lemma 3.1. Let 0 > %. Then operator A= continuously maps the space Ly(Q) into C(Q),
and moreover, the following estimate holds

1A~ glle@) < Cllgllza)-

When proving the existence of solutions to forward problem, it is necessary to study the
convergence of series of the form:

> N
DNl > (3.1)
k=1

where hy, is the Fourier coefficient of function h(z). In the case of integers 7, the conditions
for the convergence of such series in terms of the membership of the function h(z) in classical
Sobolev spaces W3 (£2) were obtained in the work of V.A. Tlin (see, e.g.,[7]). To formulate these
conditions, we introduce the class W3 (Q) as the closure in the W} (Q) norm of the set of all
functions that are continuously differentiable in (2 and vanish near the boundary of (2.

So, if function h(x) satisfies the conditions

[F1+1

h(z) € Wo2 Q) and h(z), Ah(z), ..., Al5] € Wi(Q), (3.2)

then the number series (3.1) (we can take 7 = & + 1 if N is even, and 7 = & if N is odd)
converges.

4. MAIN RESULTS
We search for the solution of problem ([2.1)-(2.3)) using the Fourier method on the form of
the following series:

u(w,t) = 3wty () (4.1)
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We substitute (4.1)) into equation (2.1)):

78 (Z uj(t)vj(x)) A <Z Uj(t)vj($)> = ij(t)vj(l')-

From this, we obtain the equality

o0

[0Fw;(t) + Aju;(t) ij Jv;(z

j=1

Therefore
O ui(t) + Ay (t) = f;(). (4.2)

According to problem (2.1)), we obtain the following problem

O u;(t) + Ajuy(t) = £3(1);
limy 0 0 ", (1) = @ (4.3)
limtﬁo 85727@' (t) = %’;

where the Fourier coeflicients of the functions f(x,t), ¢(z) end 1 (x) are denoted by f;(t),

©;, end 1;, respectively, in accordance with the system of eigenfunctions {v;(x)}. Thus, the
solution of problem (4.3)) has the following form (see, for example, [4], p. 173):

uj(t) = @it E, ,(=M\t?) + WitP 2 E, , 1 (= M\t?) + / it =B, (=\EP)dE. (4.4)

Then, substituting expression (4.4)) into (4.1]), we obtain the following formal solution:

NE

u(z,t) = [SOjtpilEp,p(_)‘jtp) + Pt (= Mt7) + (4.5)

1

<.
Il

t

T / F5(t — )& B, ) (~\;€7)de] v (w),

where E,,,(z) is the Mittag-Leffler function, which has the following form:

=y ——— (4.6)
e~ I( pk‘ +u)’
and the estimate:
0< By~ <2 t>0 (4.7)
P — 14+t ' '
We will also use the following formula
t
/ VB, (“AEP)E = 17 B,y (—\P). (4.8)

0
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Theorem 4.1. Assume that (3.2)) holds under the condition T > %, let p(x) and y(z) functions
satzsfy conditions | . ) Moreover, let f(x,t) as a function of x satzsfy condztzons 1.’ for all

€ [0,T]. Then there exists a unique solution of the forward problem and this
classical solution has the representation

= 5 [t By (= Agt?) + 517 2By, 1 (—At7) + /f (t = )1 B, p(—\y€)dE] vy (),
7=1

(4.9)
where @;, 1; and f;(t) are the Fourier coefficients of functions ¢(x), ¥ (z) f(x,t) respectly.
5. PROOF OF THE UNIQUENESS OF THE SOLUTION.

Let uy (z,t) and us (z,t) be solutions that satisfy the given conditions of the problem. We
need to prove that uy (x,t) = us (z, 1), i.e., u(z,t) = uy (x,t)—us (x,t) = 0. Since the considered
problem is linear, we arrive at the following problem for the function wu (z,t):

Hu(r,t) — Au(z,t) =0, 0<t<T, z€QCRN
ulpg = 0,

linéafflu(x,t)zo, hm&p u(xz,t)=0, €

H

Let w(x,t) be a classical solution of the problem (2.2)) — (2.3)). We consider the following

function:
w; (£) = /Qu (2, 8)v; (z) da (5.1)

here, v;(x) is an arbitrary eigenfunction corresponding to the eigenvalue A; of the problem
(4.4). According to the definition of a classical solution, the equation (4.5) can be written as
follows:

Hw;j (t) = / u (z,t)vj (z)de = / Au (z,t)v; (x) dx
Q Q
or
dw; (t) = / Au (z,t)v; (x)dx = —)\j/ (z,t)v; (x)de = —N\w; (1), t>0.
Q Q
The Cauchy problem for the function w; (¢) takes the following form:

(9fwj (t) + )\kwj (t) = O, t> O,
im P L — imaP 2 —
%gr&@t wi (t) =0, 11_{%@ wi (t) = 0.

This problem has a unique solution. Thus, the function defined by equation (|5.1)) is identically
equal to zero: w; (t) = 0 (see, e.g.,[5]). Since the set of eigenfunctions {v;} forms a complete
system in Lo (2), and for all z € 2, ¢ > 0, we have u (z,t) = 0.

6. PROOF OF THE EXISTENCE OF A SOLUTION.
Expressing solution (3.14) in the form u(x,t) = S; + Sy + 53,

= @it" T By o (=t )vi(2),

Jj=1

= Wt Ey p 1 (=t )v(2),
j=1
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- Ei:l (/Ot filt=¢) 'fp_lEp,p(—/\jfp)d§> v; ().

We define the partial sums of S; as S}’ and examine the convergence of each of these sums.
First, we examine the convergence of the sum:

- zn:%tplEp,p(_)‘jtp)Uj(x)- (6.1)

j=1

According to the Krosnoselskii lemma, we transition from the norm in the space C(f2) to the
norm in the space Ly(€2), and using Parseval’s inquality, we obtain the following:

| — ASHIE@ = Il - AZSojtp_lEp,p(—/\jtp)Uj(x)||2C(Q) =
=1
= [|A” Z% B, (=Xt v (2) M AT [ <

2 n

n B o _ (e 2
Z%’tﬂ YE, (=Mt )v (@) AT H < Z |pst° 1Ep,p(_)‘jtp)vj(x)>‘j+l} =

j=1 L2 () =1

n 02 2 n CQ 2
<C 4P et < o gl T2\l
= 1; 73 1+ At = 1; 73 L+t 9| =

C & -
< 722 [ AT17, > 0.
=1

N :
According to the Il'ins result, if ¢ € W2[2]+1(Q) and o, Ap, ..., A7 € WJ(RQ), then the series

21 ‘gpj)\?f will converge, where 7 = % + ¢, and € > 0 is a sufficiently small numbur. Thus,

series (6.1) is convergent. Now, let us consider the sum S%:
= Ut By p 1 (=it )v;(x) (6.2)
j=1

As above, according to the Krasnoselskii lemma, we transition from the norm in the space
C(€2) to the norm in the space Ly(€2), and by Parseval’s inequality, we obtain

I = AS3[E @) —H—AZ% 2By 1 (= Nt")0i (@) [E0) =

= |A77 ) st By (=0t )0y (@) AT @) <

J=1

n - . n - L2
= C1|| Y it By 1 (=Nt vi(2) AT 0) < Cu Y [0t 2By ot (<At )0 () AT <

j=1 j=1
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n 2

& _ Cy _ Cy
P2 s P2 . )\ Hoe
SQZ vit 1+ Mte Y SQZ vit L+ xte 9| =
7=1 7=1
n C 2 n C 2 O n
-2 1+o| __ 2 o| _ 21420
<Ci |t Nt MDY Vit A =32 PN, >0
j=1 j=1 j=1

N .
Thus, according to I'in’s result, if ¢ € W2[7]+1(Q) and ¢, A, ..., A2y € WE(Q), then the

n
series »_ \%]2)\%’ will be convergent. Thus, as we can see, the series (5.2) is convergent. Let
j=1
us check the convergence of the sum S%:

si=3 ([ 50-9 ¢ B-reE) v (63)

I = AS3llew H AZ(/ fit =€) - & By~ Aj&”)d£> vj ()

Q)

o ([ -0 fﬂlEp,p(—Aij)da) (2)

el(9)
According to the Krasnoselskii lemma and Parseval’s inequality, we have

| - ASHIE e H Az( [ na-0-e7 B -re) )|

c(Q)

2

Z 57 ([ 56-9 €7 Buu-xeE) o)

c©)

2
AT+ / [t — €) - €7VE, ,(~ A7) de

Lo(Q2)

SC <

<CZ

Here, we estimate the Mlttag—Lefﬂer function from above by 1 and by applying the Cauchy-
Schwarz inequality, we obtain the following:

oS 2 [ opae [ e Pa
< g /Orfmf )| 5/0!5 e <

X’“/ [t =€) - €7 E, (—\€P)

& 2(0+1) 2 t p—112 2p R 2(o+1) 2
scl/o SN | pt—g)) dé-/o\é 2de < OT / SNt — )| d
j=1 j=1

N :
Thus, according to Il'in’s result, if f € WQ[Q]H(Q) and f,Af,..,A>f € W), then the
series ) )\E(JH) |£;(t — €)]? is convergent, here 7 =0 + 1 > T4+1
j=1
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Hence, summing up the estimates of all three terms in (3.14), we obtain Au(t) € C(Qx(0,T)).
In addition, equation ([2.1)) implies 07Sp(t) = —ASE(t). Therefore, from the above reasoning,

we

finally have 9/u(t) € C(Q x (0,T7).

A simple calculation shows the fulfillment of the initial conditions 8’ 'u(x,t), 8’ *u(z,t) €
C(Q2 x [0,77).
Thus, Theorem (3.2) is completely proved.
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1. INTRODUCTION

The study of radioactive substance transfer processes in the lithosphere-atmosphere system
is of great importance. On the one hand, such problems arise in ecology and are related to
forecasting the distribution of radioactive substances in the atmosphere [16], 4], on the other
hand, radioactive substances can be indicators of the stress-strain state of the geoenvironment
and affect other geophysical fields [14].

The processes of radioactive substance or emanations transfer are studied within the frame-
work of the theory of the emanation method. According to this theory, the main mechanisms of
radioactive substance transfer are diffusion and convection. Then, using mathematical physics,
diffusion-convection equations with the corresponding initial and boundary conditions are con-
structed. As a rule, these are linear equations that allow finding a solution using integral
transformations. Within the framework of the classical theory of the emanation method, model
equations contain integer derivatives, which in turn limits the application of diffusion-convective
transfer equations [I7, [13]. This is due to the fact that radioactive substances have a limited
diffusion length. Therefore, using classical transport equations, it is impossible to describe
anomalous effects in the values of radioactive substance concentration on the earth’s surface in
the absence of a strong radioactive source at some depth in the ground.

Therefore, a non-classical theory of the emanation method began to develop [9] [10], in the
equations of which fractional derivatives began to be used [7, 5]. Fractional derivatives made
it possible to describe the effect of non-locality (heredity) of the medium, which is associated
with its permeability.

It is known that fractional derivatives describe anomalous transport processes [15]. For
example, the introduction of a fractional derivative with respect to time (non-locality with
respect to time) leads to subdiffusion - a slower process than ordinary diffusion [T}, 2], and a
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fractional derivative with respect to spatial coordinates (non-locality with respect to space)
leads to superdiffusion - a faster process than ordinary diffusion [6].

In this paper, we study the non-stationary process of diffusion-convection of a radioactive
substance in the lithosphere-atmosphere system taking into account non-locality. Non-locality
is taken into account in the upper layer of the lithosphere (soil); in the atmosphere, heredity
effects are absent.

2. STATEMENT OF THE PROBLEM

It is necessary to find the solution A(z,t) in the domain (¢ > 0, —00 < z < 00):

lim A(2,1) =0,
DA(z,1) 0?A(z,t) 0A (z,t)
- D —MNA(z,t 2.1
ot gz TV g, (1), >0 2y
Jim DAz 0) = A2 0)]._gs0-
' B B 0A (z,1)
a—1 B-1 — R S
le)lgio [DgDzO A (Z, t) + UgDZO A (Z’ t):| = Da az oro _|_ Va A (Zy t)|z:0+0 )
TA(z,t
TEEt) = DDA ) + 0y DA (2,1) = VA (2,1) = A), 2 <0,

lim A(z,t) = Aw.

Z—r—00

where DY, DZ’B0 are Riemann-Liouville fractional differentiation operators (1 < a < 2,0 < 8 <
1):

0 0
o 1@ Ay t)dy s 1 d [Ayt)dy
DzOA(27t>_F(Q_Q)EZ/(Z_y)a—laDzOA(Z;t)_F(l_ﬁ)d_z/ (Z—y)ﬁ )

z

where T'(+) is the gamma function and g, is the operator in the sense of Gerasimov-Caputo
18, 3]
0
OVA (z,t) 1 /Ag (2,0)do
0<y<1
(t _ 9)’}/ ) ry Y

ot '(1—7)

z
D,, D, are the diffusion coefficients of matter in the atmosphere and loose sediments, m?/s,
m®/s; A is the decay constant of matter, 1/s; A is the volumetric activity of matter in
radioactive equilibrium with the emanation source at a given depth, Bq/m?; A(z,t) — volumetric
activity of the substance in loose sediments, Bq/m?3, A,,=K Ayp(1-n)/n, where K — substance
emanation coefficient, rel. units; Ay, — specific activity of the emanation source, Bq/kg; p —
density of solid particles of loose sediments, kg/m?; n — porosity of loose sediments.

Remark 2.1. The boundary value problem describes non-local and non-stationary
diffusion-convective transfer of radioactive substance in the lithosphere-atmosphere system.
We will not discuss the derivation of model equations here. We will say that the introduc-
tion of fractional derivatives with respect to time and space to describe the diffusion-convective
transfer in the soil indicates the non-locality of this medium. The non-locality of the medium in
our case is associated with its permeability, which is responsible for the intensity of the transfer
process.
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Remark 2.2. External boundary conditions indicate that at some depth in the soil there is a
source of radioactive substance, and in the atmosphere with height due to turbulent diffusion
there is a sharp decrease in its concentration. Internal boundary conditions — equality of
concentrations and flows at the boundary of the media provide the necessary condition for
gluing solutions.

Remark 2.3. It should be noted that the paper [I1] considered the boundary value problem
for radioactive radon gas under the condition o = 2,8 = 7 = 1. The analytical solution
to the problem was obtained using the Laplace integral equation in terms of integral error
functions. The paper [12] considered the stationary case of the problem , when the partial
derivatives with respect to time on the right-hand side are equal to zero.

3. SOLUTION METHOD

Let us introduce at the characteristic time ¢y both the scale z; and the corresponding dimen-
sionless coordinates 7 = t/tg, & = z/zp. Then the equation ({2.1)) will be written in dimensionless
coordinates as:

DAL, T) - QA& 1) _ 0A(ET) -
_—— = Da a — M ) ) >0 3.1
o G g €r), ¢ (3.1)
IA(E, 7)
orY

- DQD?OA (577—) +@9D§0A (577-) - (/_\A <§77—) _Aoo)7 5 <0
gg%)rio Dgg_QA (57 T) = A (57 7—)|§:0+0 )

A o - 5 OA(S7)
a—1 — ﬁ 1 o 9
Jim | DyDg A€, 7) + 5D A (6,7)] = R
Transfer parameters in the soil and in the atmosphere will also be dimensionless quantities.
We will seek a solution to equation (3.1 in the form of a traveling wave with a velocity of
V. We will make a replacement in (3.1): A(&,7) = f(x), e = -V, W, =V —1,, s = =VT.
Then equation (3.1)) will become the equation:

+ @aA (57 T)|§:0+0 )
£=0+0

2 d _
D. 6{5) W, fdf> M (2)=0, z>s (3.2)
DyDE 1) + 3,02 1)+ VD 3y )~y <0, w s
lim DY (@) = f()]my
lim [DyDS'f (2) +0,D5 1 f (2)] = Dadf—(x) + Vaf ()| —sio -
z—s—0 dx 2540

The solution of the first equation (3.2)) for the atmosphere is known, it can be written as
follows:

2 2

(—r1+\/r%+4rz) ) <r1+\/M)
flx) = Che +Che , 11 =W,/Dy,rs=X/D,. (3.3)

From physical considerations, at  — oo the solution of equation (3.3]) tends to zero. Indeed,
the radon concentration decreases toward the earth’s surface, and in the atmosphere it is close
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to zero. Therefore, the constant C=0 and then the boundary conditions at the soil-atmosphere
boundary are rewritten as follows:

lim Da 2 (.’13‘) :Rng,

r—s—0

lim [DyDs' f (z) + 0,D57" f (2)] = RaCo,

r—s—0

Ry = exp (—s(rl +4/7? +47“2)/2) Ry = —Ry(Dqy(r1 + /73 +4r2)/2+@a)

Let us consider the second equation (3.2)) in more detail. Applying the integral Laplace
transform to it, we obtain the following equation:

CoRop + p*CoRy — Mo,

fp) = p (Dygp™ + VFEpr — ogpf — \)

(3.4)

Let us separately consider the expression: 1 / (Dyp® + Vp? — 0,p° — A). Here the following
cases are possible: v < 8,7 = 3,7 > [ The case when v = 3 leads us to the solution obtained
n [12], but with slightly different coefficients. Let v > § , then we can write

1/(p* —op” —wp’ —b) =p7 /[ (»" — (7 +bp™) /(P = 0))],
a:—V/Dw u:@ﬂ% b=\/D,.

Taking into account the condition |(up”~ +bp™)/(p* ¥ +0)| < 1 it can be written as
follows [7]:

- n - n = ! mbl —1-l—(yv=B)m o— n
Do (T ) T o =30 3T e /(p o)
n=0 o

n=0 [+m=n

According to the work [5], the inverse Laplace transform of this expression for the first term
of the equation ({3.4)) gives:

x(a—'y)n+a—2+l+(’y—ﬁ)m

CR bt
> 22 Z - m!l! i,

n=0 l+m=n

(n+1,1) (Jxav)]
((a—ym+a—-1+1+(y—PF)m,a—7) '

where 10, (x) is the generalized Wright function [B]. Similarly for the second and third terms

of the equation ((3.4)):

F1:1\111|:

a—y)n+o—1+l+(v—B8)m

C2R bl
_ 2 12 Z n: — Fg,

g n=0 l+m=n

(n+1,1)
(a=y)n+a+l+(y—B)m,a—7)

fs (@) = —Aoobi Z

n=0 l+m=n

Fy =, ‘111{

(02°)]

nlﬂmblx(af'y)n+a+l+('yfﬁ)m

F37

mll!



Solution of a nonlocal boundary value problem 197

(02°7)]

(n+1,1)
(a=ym+a+1+14+(y=p)m,a—7)

The solution in this case is a superposition:
f@)=fi(@)+ f2(z) + f3(x). (3.5)

Let’s find the constant Cy. To do this, we use the method proposed in [12]. We write the
equation (3.4)) as follows:

Fy =, ¥y

CoRy (p* + Ra/Rip — Ascb/ (R Co))

— — pr— 36
f(p) Do v — 1P —op — b (3.6)
- —R+ /RZ+4A,.b/(R.Cy) - —R— /R +4A,.b/(R.Cy)
CyR; 2 2
Dyp p* — ppt —op? —b ’
R=R./R,.

Since the denominator of the equation (3.6) p® — up® — op” — b is an infinitely increasing
function, and its values are in the right half-plane, then the equation has a positive root. Let us
denote this root as K, then the denominator of the equation (3.5 can be expanded in powers
of p— K:

o0

pa—upB—UpV—b:Zci(p—K)i (3.7)

=0

Substituting ({3.6]) into (3.5)) we obtain:

[ (R \/R2+4A b/ (R Co) )] [ <R+\/R2+4A b/(R102)>]
p+
f(p) = i -

Dgp io:

(3.8)
In order for f (p) to be analytic in the right half-plane, it is necessary to choose the constant
Cs in such a way that the first bracket in the numerator is canceled with the bracket in the
denominator. This is achieved when
Asb
(K2 + RK)Ry

Cy = (3.9)

Then the solution (3.6)) according to (3.9)) will be written as follows:

T+ \/m
—(§=VT) 5
A be
AG7) = (K2 + RK)R, 620
Ry05 + R0,
A Ab — 0 <0
(&7 = {D (K2R, + KRy) 0] ¢

mpl (é _ VT)(Oé—’Y)n+Oc—2+i+l+(’Y—ﬂ)m

=y > ° — F, (3.10)

n=0 m+l=n
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(n+1,1)
(a—=ym+a—=2+i+1l+(y—F)m,a—7)

Ry = exp (VT<T1 + /7% +4r2>/2) , Ry = —Ry(Dy(ry + /72 +4r2)/2 + Ta),

K is the solution of the equation y* — oy” — uy® —b=0,i=1,2,3.

521‘1’1{

a6~ vy,

Proposition 3.1. Similar considerations can be used for the case v < . The parameters in

will be redefined.

Proposition 3.2. [t can be shown using the methodology of the works [12], that in the case
when o = 2,8 = =1 solution goes over to the classical solution obtained in the article
[11].

4. CONCLUSION

In this paper, an analytical solution was obtained for the problem of non-stationary radon
transfer from loose sediments to the atmospheric surface layer in the anomalous diffusion and
advection mode, which has an explicit form. This solution is expressed through the generalized
Wright function depending on the parameters of the environment «, 3, .

The next stage of the development of the developed model is the study of its solution for
various values of «, 3,7, as well as a comparison of the modeling results with experimental
data.

Another direction of research may be related to solving inverse problems with the aim of
identifying the values of orders of fractional derivatives based on experimental data [2].
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1. INTRODUCTION

Sufficient conditions for the convergence of spectral expansions associated with elliptic oper-
ators have been well studied by many mathematicians [II, 2, [10] 3, 13}, 4. @] 12| 16] [15] 17, [5].
In particular, the convergence of spectral expansions in terms of the eigenfunctions of the
Schrodinger operator can be found in works |1, 2] [10] 3] 13| [4] 9] 12].

In [3] the Schrodinger operator with potential g(x), singular at the point xg, is considered.
In this paper conditions are proved that it is ensure the summability at each point z € Q by
Riesz means of the Fourier series in to eigenfunctions of the Schrodinger operator. For the
Schrodinger operator with smooth potential it is considered in [13], and in [4] for the case of
potentials having a first-order singularity on manifolds of dimension no greater than N — 3. In
[9] the uniform convergence and the convergence in mean of Riesz means of spectral expansions
of the Schrodinger operator with singular potential satisfying the Stummel type condition are
established.

Let © be an arbitrary bounded domain in RY(N > 3) with a C*°-smooth boundary and
let ¢(x) be an arbitrary non-negative function from the class Ly(€2). Consider the Schrodinger

operator
L=—-A+q(x) (1.1)

with domain C5°(Q). In the domain, the operator is symmetric and positive. Let L denote an
arbitrary positive self-adjoint extension of the operator L with discrete spectrum. According
to classical theorem of K.O. Friedrichs [16], [15], such a self-adjoint extension exists.

Let denote the sequence 0 < A; < Ay < ... of eigenvalues of the operator L, and {u,}oo,
the complete orthonormal system of the corresponding eigenfunctions in Ly(€2). The spectral
decomposition of an arbitrary function f € Lo(2) has the form

An<A

and their Riesz means of order s are defined by the equality

Esf(z) =) (1 — AT) Frttn ( /A(1 — —> dE, f(z). (1.3)

An <A
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Note that for s = 0 the Riesz means coincides with the partial sums of the series . In the
present paper, we study the behavior of a function f in a neighborhood of the point at which
its spectral expansion or Riesz means are convergent. The problem of convergence of spectral
expansions and their Riesz means at an arbitrary inner point of the domain has been studied
in sufficient detail for arbitrary elliptic operators (see reviews [[I], 2, 10, 3]]).

In this paper, we assume that the potential ¢ is spherically symmetric. Namely, let a €
C*°(0,00) be a non-negative function satisfying

Fla®P () < Ct™t (>0, k=0,1,....[N/2]) (1.4)
for some 7 > 0. If N = 3, then it is assumed that 7 > 1/2. In particular, we have

a(t) < CA™1 (t > 0). (1.5)
The constant C,, depends only on 7. Now assume that the potential ¢ has the form
ey = W=D s

|z — xo|

where zy € (2 is an arbitrary but fixed point.
The average value of order o > 0 of a function f(z) over a ball of radius r centered at point
x is defined as follows:

S:/@) = s | (1—@)alf<x+y>dy, (16)

r2
where

anla) = [ (1=lyP)" " d.
lyl<1

In this section, the main result of the paper is formulated in the following theorem.

Theorem 1.1. Suppose that numbers o > 0 and s > 0 satisfy the condition
s—a < (N-3)/2. (1.7)

Let the expansion of a function f € Ls(£2) at some point xg € Q be summed by Riesz means of
order s:

lim B f(x0) = f(xo). (18)

Then the following equality holds
71}_{1(1) Sy f(xo) = f(o).

Similar theorems are proved for the Laplace and B— elliptic operators in the works [6], [7].
Also in the work [§] for a B— elliptic operator with a Bessel operator in one of the variables it
is proved that if the spectral decomposition of an arbitrary function at some point of a given
hypersurface is summed by Riesz means, then its average value over a hemisphere with the
center at the specified point has generalized smoothness.
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2. RELATIONSHIP BETWEEN BALL MEANS AND RIESZ MEANS.

By integrating the spectral expansion
fla+y) = kauk z+y),
over the ball |y| < r after multiplication by an appropriate factor, we obtain the representation
:kasfuk($+y)- (2.1)
k=1
Next, by definition ((1.5)), we have

SCug(x) = _ / (1 — w)a_l uk(z + y)dy. (2.2)

Next, we will use the following formula for the average value (see [4]):

/un(:v + pf)dd = () {2N/2‘1F(N/2)(pﬂn)l‘N/QJN/zfl(pun) + 4 (p, un)} : (2.3)
0

where [1(p, pin)| < Cpz"w(ppn), w(t) = min(1,t~N)/2) Substituting formula (2.3)) into inte-
gral (2.2]), we obtain the equality

2N/2= 1F N/2
w

Fug(z R / ( ) PN (p, g )dp.
0

According to the well-known formula (see [L1], p.717) for the Bessel function, the first integral
on the right-hand side is equal to the expression 2 'T(a)r™ (ru, )= N2 Jn/o4 01 (ruy), and
the second integral is estimated by rV&(z,r), where &.(z,7) = O(1)u; "

Therefore, the equality is satisfied

Stug(z) = up(x) —————

(1— ”—2) s (R o )N

Srue(x) = BN, a)uy(z) fﬁﬁ;‘;;/;ﬁ“ﬁ) + @), (24

where &, (z,7) = O(1)p, ", B(N, o) = 2"_111(0[)W.
Then from equality (2.1)) and (2.4) we obtain the representation

o JN 24+a—1 7,',Un
Syf(x ka (o r/ +N/2+a I +kauk )&k (7). (2.5)
Let us consider separately each of the two terms on the right-hand side of ({2.5)).

A f( kau JN/Q*“ i) (2.6)

[1 )N/ Fa=1
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and we denote

I f(x kauk )&n(z, 7). (2.7)

Then
Spf(z) = A f(z) + I f(2). (2.8)

Lemma 2.1. Let conditions (1.7)) be satisfied, and let the Fourier coefficients of a function
f € Ly(82) satisfy the condition

Do IfalPAy < o0 (2.9)
n=1

for any positive integer m. Then the relation
o4 N &, 8 i s a—N/2 \/_ s
A f(a) = SATS) Infasass(rV A B3 f(2)dA (2.10)
0

holds for an arbitrary point x € Q and for each r in the interval 0 < r < dis{x,0Q}, where
J,(2) is a Bessel function of the first kind and C'(N, «, s) is some positive constant.

Proof. Condition (2.9) and the uniform convergence of the series
> lun(@)PAL7, 8> N2 (2.11)
n=0

on any compact set K C €2 imply the uniform convergence of the spectral expansion of the
function f on compact sets and, in particular, the boundedness of the Riesz means F3 f(z) of
arbitrary order at any point x € 2. Let us consider the integral on the right side of equality
(2.10)):

_ / (VA N2 T e (N ELf (2)dM (2.12)
0
According to the well known estimates for Bessel functions (see [I8], chapter 7)

J,(2) =0(2"), J,(2)=0(z"Y?, (2.13)

valid for v > —1/2 and z > 0, the integral
[ Vaenaltlt+

is converges for all @« > 0 and s > 0 satisfying the condition 1 +s — a — N/2 < —1/2. This

condition obviously coincides with . It follows directly from this that the integral

for any function f € Ly(€2) converges absolutely and uniformly on any compact set K C €.
For any A > 0, we introduce the partial integral

A
= / (VAP N2 onga (PN B f(z)dA. (2.14)
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It is clear that

lim Ix(r) = I(r). (2.15)
A—o0
We set
0 = a®, if a>0,
10, if a<0
and transform the partial integral (2.14) with regard of definition (1.3)) as follows:
A
A \°
Ia(r) = /(\/X)N/2+a+sJN/2+a+5(r\/X) Z (1 — 7) fotin(z)dX\ =
0 An<A

An<A

— [N (VRS O M) Fatn ()X =

= [ Y (VR A = A) Fat (@)l

0 n=1
By changing the order of integration and summation, we obtain the relation
- A
L) =3 fatn(z) / (A= A (VA 0N (V)
n=1 0

Note that in the case when A\, < A, the integration under the sign of the sum is essentially
performed over the interval A\, < A < A. Further, in the case when A\, > A, the integrals are
equal to 0. Therefore,

A
L) = 3 fuin() / (A= A (V)N I (VN (2.16)
An<A v

Making the change of variables z = A/\,, and using the inequality A, < A, we obtain
A
/ A = M) (VA 2 Ty g s (PVA) AN =
An
A/An

= N (V) e / (2= 1’ (V2) " v jarars(rv/Anz)dz,

1
Next, using the formula (see [11], p. 717)

Vi _ Jy_s—1(a)
. S.,—v/2 _ s+l v—s—1
/(z 1)°27"2J,(av/z)dz = 2°7'T(s + 1)—@8+1 :

1
where s —v/2 — 1/4 < 0, we obtain the relation

AfAn

[ =1 Rz =

1
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JN/2+0¢—1(T \% /\n)

=2 (s 4+ 1) — — L(r, \n),
)
where
La(r, A,) = / (2= DP(VE) N2 I a1/ A2) d.
A/ An

As a result, from equality (2.16]) we obtain

—s— ']N/2+a71(71\/ )\n)
Ia(r) = 25710 (s + 1)pN/2Ha=s=2 frtin(x) —
)\;A (ry/ N )N/ 2t

— 37 faun(@) (VAN Ly (r, M), (2.17)

An<A
Let’s enter a number,

EZ%[(N—:;)/Ha—s] -0,

which is positive due to condition (1.7). Then

s d )\ns—l/4
‘LA(Ta )‘n)‘ < C()‘nil/4 / - = As

Zl+s
A/An

Let us take an arbitrary sufficiently large natural number m and apply the Cauchy-Bunyakovsky

inequality. Then
> Fuun(@) (VAL (A =

An<A
1/2 1/2
_ O(l) (Z |fn|2)\im> (Z ’un(m)|2)\2—a+1/2+2—1/2—2m> )
A An<A An<A

From condition ([2.9) it follows that for sufficiently large values of m, both factors in brackets
are bounded by A > 0. Therefore, as A tends to +o00, from (2.15)) and (2.17) we obtain:

IN/2ta-1 (rvAn)
(r\/)\_n)N/Haq :

I(r) = 2°HD (s + 1)p /2 Hams—2 Z Jntn ()
n=1

Comparing this equality with (2.6)), we obtain:

B(N,«)

TN s+2—a—N/QI
251 (s + 1) (r).

AL f(x)

From here, taking into account the definition of the integral I(r), the required equality
follows with the constant C' = 27*"'B(N,«)/T'(s + 1). The proof of Lemma 2.1 is
complete

[l
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The following lemmas are related to the necessity to remove the constraint (2.9), which
substantially restricts the class of considered functions. To this end, we introduce the function

h) =Y fae M un(y), ye€Q, h>0. (2.18)

The Riesz means of the spectral expansion of this function have the form

B = Y (1) e o) (2.19)

An <A

Lemma 2.2. Let f € Ly(Q) and let conditions be satisfied. If at some point x € €
the value E f(x) is bounded by A\ > 0, then equality (2.10) is satisfied uniformly in r on any
compact subset of the interval 0 < r < dis{x,dQ}.

Proof. The proof of Lemma 2.2 is given in [6]. O

The following statement is used in the proof.

Proposition 2.3. For each s > 0, there exists a function ¥s(t, h, \) satisfying the estimate

A
[t bovle < ox, (2.20)

0

uniformly with respect to h, 0 < h <1, for all A > 0 and such that

E5F(z,h) = E5 f(z)e ™™ + Ai /A t5ahg(t, hy \) B3 f (x)dL. (2.21)
0

The validity of this statement follows from the results of work [5].

Lemma 2.4. Let f € Ly(Q2) and let conditions (1.7) be satisfied. If equality (1.8)) is satisfied

at some point x € €2, then

lim Ay f(x) = f(x). (2.22)

r—0

Proof. According to Lemmas 2.1 and 2.2, equalities (2.10) hold for the function f € Ly(£2). In
equalities ([2.10]), after replacing the variable ¢ = v\, we obtain the equality

Aaf( ) N a, s /ts aiN/2JN/2+a+s(t)Ets2/r2f(l')dt
0

At each fixed point the equality (1.8)) is satisfied. Due to the boundedness of |E?, Jr2 flz)| <
M (z) and the convergence of the integral under conditions

o0

/ts_a_N/2|JN/2+a+s(t)|dt <0

0

using Lebesgue’s theorem, we obtain equality ([2.22]). O
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Since L is an arbitrary positive self-adjoint extension of the operator L, then for any o > 0
the operator L is an integral operator
/ Go(z,y)u(y)dy,

whose kernel G, (z,y) has the following expansion in a Fourier series in eigenfunctions:
IS QRGO TAT)
n=1 A7

For a negative degree self-adjoint extension of the operator under consideration, the following
estimate is obtained:

Lemma 2.5. Let 0 > N/4. Then for any f € La(Q2) and on each compact set K C Q we have
the estimate

1277 fll iy < CEOfllzate)
Proof. See [3]. O

Corollary 2.6. For any o > N/4 the estimate
Z\un P\ <C(K), z€K, (2.23)

1s satisfied uniformly on each compact subset K C ().

Proof. The proof of the corollary follows from the following estimate

> fun(@)P < CE)RNT, p> 1.

VAn—ul<1

Then

= |un () ? o 2

> b > ¥ sraniel DLEMD RN IOl

n=1 k=1 g</An<k+1 " k=1 kE<vAn<k+1

40
<C(E) Y K (k+1 / TN
k=1 1

The integral converges for o > N/4. d

Corollary 2.7. For the quantity I f(x) introduced by equality (?7?), for any T > N/4 the
estimate

17 f(2)] < CUE) Lo (2.24)

18 satisfied uniformly on each compact subset K C ().

Lemma 2.8. Let f € Ly(Q2) then

lim |55 f(2) = AR f(2)] = 0. (2.25)



208 Pirmatov Sh

Proof. According to Corollary 2.7 of lemma 2.5, for any function f € Ly(£2) the estimate (2.24)
is satisfied. We show that this estimate implies the equality

}1%{11}0 I f(x) =0. (2.26)

This equality obviously holds if f € C3°(Q2). Since C§°(2) is dense in Ly(€2), then for any
e > 0 there exist functions f; € C§°(Q2) and fo € Lo(f2) such that f = f1 + fo and

Il f2ll L) < €.

In this case, from ([2.24]) we obtain
[Trf ()] < [Tpfi(@)] + [T fa(2)] < [ fi(2)] + Ce.

. [OL <

and due to the arbitrariness of £ > 0, the required equality (2.26)) follows from here, which,
according to relation (2.8)), means the fulfillment of equality (2.25]). O

The proof of the theorem follows directly from lemmas 2.4 and 2.8.
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Abstract. This is a work in progress with my coauthor Barbara Keyfitz, Professor of
Mathematics in Ohio State University. In this paper some boundary-value problems (BVPs)
for partial differential equations are discussed. The situation is rather surprising and there is no
general understanding even more than sixty years after Murray Protter (Berkeley) formulated
them. These are multidimensional analogues of classical BVPs on the plane and intuitively
the initial expectations was that their properties would be similar. Unexpectedly, it turned
out that unlike the two-dimensional variants, the Protter problems are not well-posed. The
generalized solution is uniquely determined, but it may have a strong singularity at an isolated
boundary point even for the wave equation with infinitely smooth right-hand side. In this paper
will be introduced a new BVP which will be nonlocal and in some sence is a "regularizer” for
the probably strongly overdetermined original Protter-Morawetz problem for the 3-D Tricomi
equation. Let note also that we put a long list of bibliography inside.

Keywords: ill-posed problems, regularization methods, boundary-value problems, nonlocal
problems, mixed type equations

MSC (2020): 35M12, 35M30, 35L02, 35Q35

1. GUDERLEY-MORAWETZ PROBLEM IN R?

Consider the two dimensional problem for the Gellerstedt equation
t‘t’mflum — Uy — 0 in Q,

u=0 onoU AlCl U AQCQ,

where m > 0, €2 is a mixed type domain in the plane.

., /\ .

F1GURE 2. The domain for Guderley-Morawetz problem
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In the Guderley-Morawetz problem one takes a simply bounded open and connected set
(containing the origin, say) and removes the solid characteristic cone with vertex at the origin
(look to Fig. . The curves A;C; and A,C5 are characteristic.

When t < 0 the equation is elliptic and describes subsonic flows, while for ¢ > 0 the equation is
hyperbolic that corresponds to supersonic flows. The topic was extensively studied in the 1950s
and 1960s with the development of supersonic aircrafts. The need of practical applications, as
for efficient airplane design (a connection first established by Frankl), was the driving force
and many prominent scientists from USSR and USA (especially from the Courant Institute)
were involved in the research. In particular the Guderley-Morawetz problem models flows
around airfoils. More explanations about this statement of the problem one could find in L.
Bers [5], Some results for existence of week solution and uniqueness for a strong solution in
weighted Sobolev spaces you can find in C. Morawetz [24]. Finally, a common result about
"week solutions are strong ones” was proved by P. Lax and R. Phillips [22].

An historic survey from Canthleen Morawetz one could find in [25]. Let also mention here
that according to Cathleen Morawetz, another very interesting domain from the physical point
of view is with the closed line from the hyperbolic part of the domain... The answer of this
question is still open.

2. PROTTER-MORAWETZ MULTIDIMENSIONAL PROBLEM

M.K. Protter [35] proposed a multidimensional analogue to the two-dimensional Guderley-
Morawetz problem for the Gellerstedt equation of hyperbolic-elliptic type.

Lu = )t (Upyey + Upgey) — Ue =0 in ©Q,

A

F1GURE 3. The domain for Protter-Morawetz problem

Remark 2.1. Actually, if on the left picture in Fig [3] the curve ¢ is symmetric according to
the t-axes, the right picture will come after rotation the left one around t-axes.

Later, A.K.Azis and M. Schneider [3] proved the uniqueness of quasi-regular solutions. A.V.
Bitsadze in [4] studied the existence of the solution in the axis-symmetric case. A lot of
publications in 1960s and and 1970s — USA, USSR, Germany. The next step came in 1957,
when appeared a result shows that the multidimensional case is quite different from 2-D case.
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In that example for the Protter’s problem in the hyperbolic part of the domain only have been
shown the infinite dimensions of the cokernel of Protter problem.

To explain more precise the situation in the Mixed type equations, we will show it on the
case of the wave equation in next Sections, which statement have been given also by M. Protter
[35].

3. PROTTER PROBLEMS FOR THE (341)-D WAVE EQUATION

Consider the wave equation in R*
uxlzcl + u.rQCCQ + uac3ac3 — Uy = f(xv t)

with points (z,t) = (21, 22, z3,t), in the domain

Q={(x,t) : 0<t<1/2, t <[22+ 23+22<1—1t}

FIGURE 4. The domain for Protter problem

The boundary of €2 consists of two characteristic parts — the cones
Y={0<t<1/2, |x|=1-1t},
Yo={0<t<1/2, |z| =t}
and a non-characteristic part — the ball
Yo={t=0, |z| <1},

centered at the origin O : . = 0,t = 0.
Consider the following Protter problems for the inhomogeneous wave equation:
Problem P1. Find a solution of the wave equation in €2 which satisfies the boundary conditions

U|EO = 07 Ulgl = 0

Problem P1*. Find a solution of the wave equation in €2 which satisfies the adjoint boundary
conditions
u|20 = 0, ’U,lg2 =0.
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3.1. Solutions of the homogeneous adjoint problem.

P. Garabedian [12] proved uniqueness of a classical solution of Protter problem. What about
existence? Protter’s advice: use of the Asgeirsson principle. Very short time later appears the
following very surprising result:

Theorem 3.1 (Tong Kwang Chang [47]). There are infinite number of linearly independent
classical solutions to the homogeneous problem P1*.

Let us mention, that such result is true for the case of Gellerstedt and Keldish equations also
(see [13], [15], [14], [29], [30]).

If v(x,t) is a classical solution to the homogeneous adjoint problem P1*, then a necessary
condition for the existence of classical solution for the Problem P1 is the orthogonality of the
right-hand side function f to the function v:

(f,v) = (0Ou,v) = (u,3dv) = 0.

To avoid such infinite number of necessary conditions, Popivanov and Schneider introduced
generalized solutions for the problem P1, eventually with a singularity at the origin O.

Definition 3.2 ([36]). A function u = u(x,t) is called a generalized solution of the problem
P1in Q. if:

1) u e CY(Q\O), ulsno = 0,uls, =0, and
2) the identity

/(utwt — Uy Wy — Uy Way — UgyWey — fw)dzdt =0

Q
for all w € C*(Q2) such that w = 0 on ¥y and in a neighborhood of Y.

Let mention here a series of paper by S. Aldashev since 1990: singular solutions for
hyperbolic and mixed-type equations.

The obvious question: how to solve Problem P1 with right-hand side function f = v(x,t)
— a solution of the homogeneous Problem P1*?
Popivanov and Schneider [37, 38]:

e Uniqueness

e For each n € N there exists a right-hand side function f € C™(€Q), for which the
generalized solution has a strong power-type singularity like |z|~".

e This singularity is isolated at the vertex O and does not propagate along the
bi-characteristics at the light characteristic cone.

e Khe Kan Cher [I8, [19, 20]: new solutions of the homogenous adjoint problem P1*.
e S. Aldashev: some singular solutions

e Korean mathematicians Jong Duek Jeon et al. [16], Jong Bae Choi, Jong Yeoul Park
[17]: singular solutions with power-type singularity without mentioning any orthog-
onality conditions.

e N.P, T. Popov [32]: the influence of the orthogonality conditions for the right-hand side
function, on the singularity of the generalized solution of Problem P1.

e The exact asymptotic behaviour [34], [6], [33].



214 Popivanov N.

3.2. Solutions with exponential growth.

If only finite number of the orthogonality conditions are not fulfilled, the generalized solution
has power-type singularity Natural question: are there solutions with stronger singularity in
the case when the right-hand side is not orthogonal to infinite number of the solutions of
the homogeneous adjoint problem? We are able to construct an infinitely smooth in Q right-
hand side function f(z,t), such that the corresponding generalized solution has exponential
singularity.

Theorem 3.3 (Popivanov, Popov, Witt, [33]). There exists a function f € C*(Q) and a
positive number 6 < 1/2, such that the unique generalized solution u(x,t) = u(x1, g, x3,t) €
CHQ\O) of the problem P1 for the wave equation with right-hand function f, satisfies the

estimates
u(0,0,t,t) > exp(t™!) for t€(0,6),

and for some constant C'
u(a,t)] < Cexp(2la|™)  for (x,t) € Q.

4. STUDY OF SINGULARITY

_According to the previous results, the generalized solution of the Problem P1 is smooth in
2\ O and has possible singularity only at O. To explain better such behavior we are looking
for an extension problem:

Problem E. Extend the generalized solution of Problem P1, as a solution of the wave
equation with smooth right-hand side function inside of the light cone .

We hope this extension will give more information about possible singularity at O. This some-
times is possible, sometimes not!

4.1. Polynomial growth of the generalized solution at the vertex O. Actually, this
happens if only finitely many of these orthogonality conditions are violated. In this case the
generalized solutions are smooth up to the light cone, while the data, being conormal with
respect to the light cone X, help us to extend the general solution of Protter problem across
the light cone to a solution of the wave equation. Using the microlocal technique it is possible
to build such kind of solution u in the frame of distribution theory. In this case the properties
of the new solution u inside of the cone X5 looks almost the same: they are smooth inside X,
but with some singularity on X5, the order of which might be calculated. This is a work in
progress.

4.2. The case of exponential growth solution at the vertex O. Actually, in this case the
solution in the Section 4 above is found as a superposition of polynomially growing generalized
solutions. The latter are smooth up to the light cone, while the data being conormal with
respect to the light cone X5, could be extended across the light cone to a solution of the wave
equation. The order of conormality increases as more terms are added to the right side, that
violate the orthogonality conditions. Eventually, it yields the strong exponential singularity.
Actually, this exponential singularity is only on some directions on the light cone ¥y (which is
obvious on the visualization), but to build such extension across the light cone to a solution of
the wave equation will be not possible in the frame of the distribution theory in the common
case.

The obvious question is: How to proceed in such cases?
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5. NONLOCAL STATEMENT OF THE PROBLEM

Now, we will introduce a new nonlocal Problem B, following our joint with David Edmunds
(Sussex University, UK) paper [0]. Let also mention here that before our join result for the
Tricomi equation, the author had published a series of papers (see [39], [42] ), with this approach
for the case of wave equation and for the Tricomi equation.

A key point in the present work is that we make progress by relating the Gellerstedt equation
to a first-order system — but to a particular system derived artificially and equipped with
boundary conditions that make it well-posed, and inequivalent to the original problem.

Let K : R — R be of class C! and such that tK(t) > 0 for t # 0 and K'(t) > 0,t € R. An
obvious example is K(t)=t, which choise leading directly to the Tricomi equation.

Denote by G = G U .Sy U G_ a bounded simply connected region, where

G, = {(1’1,332,15) eR*:0<t<d, /Ot@dr <p<1_/0t\/md7},

with Qde\/K(T)del; So is the disc Sp ={z:t=0, 0 < p <1} and
G.={reR*:0<p<1, g(p)<t<0}

We assume that the rotating surface I' = { 0 < p < 1,¢ = g(p) } is C?, lies in the half space
{t < 0} and meets the plane {t = 0} at the curve {p =1, t =0}, i.e. g € C?[0,1], g(p) <0,
0<p<1,g(1)=0,4(0)=g"(0)=0.

Let consider in GG the so called Gellerstedt equation

Lu = K(t) (umxl + U:ch:rz) — Uy = K(t) {pil (pul?)p + p72u9090} — Ut = f(;l', t)’ (51>

where f is a given function. Note that the surfaces

51:{ogtgd,p:p/ot\/mch},sgz{ogtgd,p:/ot\/mczr}

are characteristics of (5.1). The equation (5.1)) is of changing type in G: it is elliptic in G_,
hyperbolic in GG, and parabolic on Sj.
Problem P. Find a solution of (5.1)) in G, which satisfies the condition

u=0 on S;UIT. (5.2)
Problem P*. Find a solution of (5.1) in G, with
u=0 on S;UI. (5.3)

There are two well known models for changing type equations: the Tricomi equation (with
K(t) = t), and Lavrent’ev - Bitsadze equation (K(t) = sgnt). Bitsadze and Didenko in-
vestigated for both the axially symmetric cases of Problem P. Didenko proved the existence
of solutions, but in a function space with a degenerating weight function on {t = 0}. Some
uniqueness results for quasi - regular solutions for both cases were obtained by Aziz, Schneider
[3] and Karatoprakliev [2I] . The Protter problems have also been investigated by Salzman,
Schneider, Papadakis, Aldashev, Sorokina, Popivanov, Schneider and others (see [1], [2], [31],
[44], [45]). Sorokina [45] got some interesting results, which we will discuss in Section 5. Let
fix that for now there are no general existence results for the Problem P in G.

Note. What is the situation for Protter Problem P now:
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(i) The Problem P has at most one quasi-regular solution (see [3])

(ii) We do not know any kind of general solvability results for some wide class of right - hand
side functions f.

(iili) We do not know whether or not there exists any nontrivial solution to the adjoint
Problem P* (like infinite number of solutions for the Problem P1*).

(iv) We have a feeling that the Problem P is also strongly overdetermined. That is the reason
to look for another Problem, which can give us more information about the Problems P and
pP*.

(v) Instead of considering the ill-posed Problems P1 and P1* in G, Edmunds, Popivanov
[9] studied for the Gellersteadt equation an appropriate new problem in G. This nonlocal
regularization of the Problem P1 connects points from G, with points on the characteristic
cone S;. The new problem is such that its solutions are free of singularities on Sy and in some
sense it is a regularizer of the ill-posed Problem P1. In our case of changing type equation we
look for some new equation, instead of .

Key: We actually do not have any information about well-posedness or ill-posedness of
the Protter Problem P. There are many different ways to proceed in such situation (let say
for "regularization of such improperly posed problems”) see site [9]. Now, we suggest some
approach, formulating a new BVP, named B (with a nonlocal operator) for which we show
that it is well-posed. Finally, the solution of the original Protter Problem P will coincide with
the solution of the well posed Problem B for a wide class of right-hand side functions f(x,t).
The results for this nonlocal Problem B will give some more information even for the adjoint
Problem P*.

Now, having this situation in mind (with regard to the work on ill-posed problems), with
the same reason as in [9] we investigate some non-local problems in the domain G. To explain
them, let o be a small positive parameter. Given a point (tg, po, o) € G, we consider the
curve t = Cop~® —a(1+a)"1p, p = ¢ through this point, i.e. with Cy = topg +a(1+a) g™
(look to the Fig. 5| below). Now let (pa (to, o), ¢a (to, po)) be the point of intersection of two

curves ,
= K(r)dr, t=C, @ _a(l+a) .
P /0\/ (7) 0P ( )P

For enough small, but fixed, positive parameter « this construction connect one arbitrary fixed
point (tg, po, o) € G+ with a unique determined point on the cone 5.

S5 S
7 (p(L ). g (6.P)

e ~s (£.p) G+

Ty

G

FI1GURE 5. Nonlocal equation
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Let note that in the case of Tricomi equation (i.e. K(t) = t) is enough a < 1/3. In the
elliptic part G_ the condition on I is:

E1. There exists a positive number «a;, for which
py' (p) + ar(p+ [g9(p)]) > 0, (5-4)

a1 (1 +|K(dy)|) <2, where d; := min{g(p) : 0 < p < 1}. (5.5)

Instead of studying Problem P we now consider

Problem B. Find a solution w(t, p, ¢) of the equation
(Lw)(ta Ps 90) - pizK(t)wWP (pa (t7 p) ) Qo (ta p) 790) = f(t7 Ps (,0) in G+,

(Lw)(t, p.p) = f(t,p, )  in G-,
which satisfies the boundary conditions ([5.2)), i.e.
w=0 on S;UT.

(5.6)

Remark 5.1. Since this point we will working with Tricomy equation, i.e. with K(t) = t.
Note that in this case it is enough 0 < o < 1/3. Obviously, the condition (5.4) is satisfied if

g'(p) = 0.

Remark 5.2. Note, that the equation is not a standard one. Actually, we save the
equation in its elliptic part G_ of the domain G, but modify it in the hyperbolic part
G4 to the non-local equation (5.6), not of WDO type, for which the classification does not
apply. Finally, the equation (/5.6 has continuous coefficients in GG. More precisely, the equation
is non-local in the hyperbolic part G, of the domain G, because it involves points with
coordinates (¢, p, ) and (pa (t,p),qa (t, p), ). We remark here merely that in our non-local
Problem B, in the additional term

p72K(t)w%@ (pa (ta p) ) Qo (ta P) ) 90)

of , the point (pa, ¢a, ) lies just on the characteristic cone Sy, where the singularity at the
point (0,0,0) appears in the ‘generalized solution’ of the original Problem P1. The derivative
Wy, 1s tangential to Sy at that point. Also, the equation (5.6)) is local and elliptic in G, local
and parabolic on {t = 0} and nonlocal in G, \S,. Finally, on the characteristic cone Sy it is

Liul|s, = K(t)p™ (Pup), —uw = f

i.e. obviously it is local there, but not hyperbolic. Let mention also here that such kind
equations in Russian literature are known as "loaded equations” (see for example [28], [26], [27]

6. RESULTS ON THE NONLOCAL PROBLEM

Following the work of Morawetz [24] in the two-dimensional case and Sorokina [45] in the
multi-dimensional case, we introduce the weighted Sobolev space

N 1/2
W3 = {w: ol = ([ @+t 47 (2 +a)) o) < oo}, (6.1

where r = /2% + 23 + t2. (The weight in Sorokina is different.)
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Definition 6.1. A function w(t, p, ¢) is called a generalized solution of Problem B if: (a) w,

Ow — 0w 0wt
o Ly(G), (b) w € Wy (G-); \/Fa_pv Vrp Er € Ly(G4), where

w(t, p, ) = w(t, p, ) —w (o (t,p), Ga(t,p),0); (6.2)

(¢) w=0 on S UT; (d) for any function v € C* := {v € C*(G) : v =0 on Sy UT and in some
neighborhood of (0,0,0)}, the equality

/ (G_w@ - K(t)a—w@ - fv) pdpdpdt
G

ot ot dp Op
(6.3)
(t) Ow Ov / K (t) Ow! 81)
— — —pdpdpdt — =0
/G_ p* Opdp c+ PP 0y 030

holds.

Theorem 6.2. Suppose that the positive parameter o is enough small and the surface I' is
such that the conditions and are satisfied. Then for any f € Lo (G), there exists a
generalized solution of problem B. This generalized solution is at most one and satisfies the a
priori estimate

r Ow'
loll o+ Wl + il + IR+ 55 H s, 6

La(G) La(G)

where the constant C, depends on «, but not on f and w.

Let formulate a result for infinite smoothness of the generalized solution of Problem B with
respect to .

Theorem 6.3. Suppose that the conditions from Theorem are satisfied. Let f € Lo(Q)

o
and ¢ € N be such that Ik f € Lo(G) fork=1,... L. Then there exists a unique generalized

solution w of Problem B with

OFw —~ o1y Ity
8_g0k S W2 (G) (k? =0,...0— 1), W c LQ(G) \/_a a 7 S LQ(G+) (65)
and
fi ' 0w H Y it zf: o f
el + < (C, — 6.6
k=0 W G) ataSOZ apagp L2 G+ =0 agﬁk LQ(G) ( )

Corollary 6.4. Suppose that the conditions from Theorem are satisfied. Let f € Lo(G)
0 —~
and 8_f € Ly(G). Then there exists a unique generalized solution w € W}(G) of Problem B

~ <
Wl < C (Hf“LQ@ + HfgoHLQ(G))

and the a priori estimate

holds.
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The natural question is: what are the connections between original Protter Problem P and
the new nonlocal Problem B? Assume that a solution us of the Problem P is such, that it is a
solution of the special Problem P (introduced by Didenko ), now called

Problem P,. Find a solution u of Problem P, which satisfy the extra condition du/0p = 0
on Ss.

We prove that in this case the generalized solution uy (if it exists for this function f) coincides
with the solution wy of the Problem B (which always exists if f € L), i.e. uf = wy. Accordingly
we can say that Problem B is a "non-local regularizer” of the Problems P, and P. Using the
results about Problem B we prove that the solution us of Problem P, depends continuously on
f. Thus the non-local Problem B (for which Theorem holds, ensuring uniqueness, existence
and differentiability with respect to ) is, so to speak, a ‘regular continuation’ of the strongly
over-determined Problem P,. In this sense, we may regard Problem B to be a ‘non-local
regularization’ of Problems P and P,. All this suggests the following procedure for tackling the
probably ill-posed Problem P. For a given function f € Ly(G) we first try to solve the nonlocal
Problem B. To do that, it is possible first to find the solution 4 = (u, ug,u3) (which always
exists) of the local problem for the corresponding system of PDEs (connected to the Problem
B) and then to determine a solution w; of Problem B by integration of us(t, p, ). Then we
check the value of (wy), on the characteristic cone Sy and if that value is very close to zero, we
might conclude that the solution wu; of the Problem P exists and is very close to the function
wy already found.

Remark 6.5. For a treatment of the famous Hadamard’s example about the strongly overde-
termined Cauchy problem, Eskin and Vishik changed (see Eskin [10]) the Poisson equation
Ayu = f by Ayu+ G(v) = f, where G(v) is a potential with unknown density v and A,
is a slightly modified Laplas operator A,,. In an appropriate Sobolev space they established
existence and uniqueness results about the pair of functions (u, v); the addition of the potential
G(v) removed the overdeterminacy. In our approach we modify the equation to (5.6)), but
our additional term depends only on the function w, not on some new function.
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1. INTRODUCTION

Consider the equation

8@
(0 — &) ) = fGow (11)
where 6871 = Dg, is the Riemann-Liouville fractional derivative of order o with the origin at the

point y = 0 (see the definition below); o € (0,1); and A, is the Laplace operator with respect to

x = (ry,...,2,) € R", ie.
n 2

A, = —_—
; ox3

The equation , which coincides with the diffusion equation for o = 1 and is called the fractional
diffusion equation in the case 0 < a < 1, has been actively studied in recent decades. These studies
began in [23, 22] (15 11]. Since then, a large number of works have appeared devoted to the study of
various problems for fractional diffusion equations, and various approaches to their solution have been
developed. Brief overviews of works on this topic are given in [I8, [19]. More detailed and complete
surveys can be found in the article [I3] and monographs [20] 14, [16].

In the last few years, interest in the study of inverse problems for fractional-order equations in which
the order of fractional differentiation is unknown has increased greatly. The study of such problems for
the fractional diffusion equation was apparently begun in the works of [10, 12]. Today this scientific
direction has an extensive bibliography. Detailed surveys of the results obtained in this direction can
be found in [17, 3] 2].

For such problems, overdetermination conditions for finding the unknown order « play an important
role. In the first works on inverse problems with unknown order, the overdetermination conditions
were time-oriented, i.e. conditions that use use behavior of the sought solution along the time variable
at a fixed point in space.

In the works [4] [I], spatially oriented overdetermination conditions were first proposed, i.e. condi-
tions information about the sought solution at a fixed point in time. This approach is currently being
actively developed [5], 6 [7, 8, 9, 3].
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The aim of this paper is to discuss new spatially oriented overdetermination conditions for the
equation (1.1)). First, we prove an integral identity relating solutions of the Cauchy problem for the
equation ((1.1)) to entire harmonic functions. As a consequence of this identity, we obtain relations
between the sought solution and the unknown order of the equation, from which the latter can be
uniquely determined. Based on these relations, we present three overdetermination conditions gener-
ated by the obtained integral identity.

The article is structured as follows. In Section [2] we give the definitions of the fractional integral and
derivative, recall some facts concerning the solvability of the Cauchy problem for the equation ,
and prove some auxiliary statements about the properties of its solutions. In Section [3| an integral
identity is proved that connects solutions of the Cauchy problem and entire harmonic functions, and
its corollaries are given. The formulation and proof of the main results of the article are given in
Section [d] Here we formulate theorems on the solvability of inverse problems with overdetermination
conditions generated by the proven integral identity. Section [5| contains conclusions and comments on
the results obtained.

2. PRELIMINARIES

2.1. Integrals and derivatives of fractional order. The Riemann-Liouville fractional integral of
order B (B < 0) with respect to y, and with origin at y = 0 is defined as follows

1 Y
D? gy :/ g(t)(y — t) P 1dti. 2.1
o) = =5 | 90w 1) (2.1)
The Riemann—Liouville fractional derivative has the form
dm m
Dgyg(y) = e 9(y)-

Here > 0, m € N and is chosen to satisfy the inclusion § € (m — 1,m]. It is also assumed that

Dg,9(y) = 9(y).

2.2. Cauchy problem and fundamental solution. We consider the equation (|1.1) in an infinite
layer and use the following notation:

Q=R"x (0,7), Qo =R"x][0,T).

Definition 2.1. A function u(x,y) is called a regular solution of the equation (1.1)) in the domain
Qif y'~u(z,y) € C(Qo), DG, 'u(z,y) € Ch(Q), u(z,y) € C2(Q), and u(z,y) satisfies the equation
[T1) in .

The Cauchy problem for the equation (|1.1]) is formulated as follows: find a reqular solution of
(1.1) in Q that satisfies the initial condition

: a—1 _ n
1111_1)1(1) Dg,  u(w,y) = 7(x) (r € R"). (2.2)
The fundamental solution of (1.1]) can be written as [21]

—n, 150 a(2_pn)— -5 o
Conl(z,y) =2""m 2 y2 "1 fa (|l‘|y Q;n—17§(2—n))

where
2

f5 (2 €,0) = r(f / 6 (=B,0;—2t) (2 =1)*"dt, if >0,
2

, if =0,

B € (0,1),

and
(o)
ok

¢(§ﬂ7;2):;m
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is the Wright function [24].

The two lemmas below reveal the question of solvability and uniqueness of problems and
(proofs can be found in [21]).

In what follows, the set of functions growing (decreasing) no faster than exp (p|x|?) as |z| — oo is
denoted by £(p,q) (p € R, ¢ > 0), or more precisely

|z|=r

E(p,q) = {g(ﬂf) : lim exp (—pr?) sup |g(z)| = 0} : (2.3)

Lemma 2.2. Let 7(z) € C (R"), y' *f(x,y) € C(Q), and

rwee(pgts) s e (g )

2—« y€[0,T] 2

for some >0 and p < 2*7& (%)ﬁ, and let y* =" f(z,y) be locally Holder continuous with respect to

x in Qq. Then the function
y
u(e,y) = [ ()T (e—s) dst [ [ fs0Tun (o sy —1) dsat
n 0 Rn

is a reqular solution of the problem (1.1) and (2.2]).
Lemma 2.3. The problem (1.1)) and (2.2) has at most one solution in the class of functions satisfying

sup y' “u(z,y) € & (a ) for some o > 0. (2.4)

y€[0,T7] 22—«
Now let us recall the estimates for the function I', , (z,y) and its derivatives, which we will use
later. The proof of these estimates can be found in [21].
In what follows, the letter C' denotes positive constants that are different in different cases, and if
necessary, the parameters on which they may depend are indicated in parentheses; e.g. C' = C(a, 3, ...).

Lemma 2.4. Let ( €R and 3 = 5. Then

| D6, T (2.)| < CyP &1y, (laly™) BJaly ™, o), (2.5)

9 —Bn—C— — —
%DéyFa,n (fﬂ’y)‘ < Claply™"" M pan (J2ly ™) E(lzly ™", 0),

0? e _ B
o DL 0)| <y, (oly™) Bllaly,0), (b =12, 0e0m),
k

for any o € (0,00), where oy = (1 — B)B3%/1=P) and

1, n < 3,

E(Z,O') :exp <_O-Z1/(17B))’ ’Y’n,(z) g |1nZ|—|—1’ ’]’L:4’

A n > 5,
B n, if ¢ eNuU{0}, [ n+2,  for (eNU{0} or n=1,
P=V n+2, if ¢ ¢ NuU{0}, “\ n+4, for (¢NU{0} and n>2.

Here C = C(n,a,0), and o can be chosen (by choosing C) as close as desired to oy.
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2.3. Auxiliary assertions. Here we prove auxiliary statements necessary for the further exposition.
In what follows, by H we denote the set of entire harmonic functions, i.e.

= {v(z) e C*(R") : Ayv(z) =0, ze€R"}.

Lemma 2.5. Let v(z) € HNE(o,p) for some o >0 and p < 52-. Then

Y
/n v($) Lo (z—s,y) ds = F(a)v(:p), (2.6)

for every y € (0,%0), where yo = § (22_—2)27 if p= 52, and yo = oo else.

Proof. First, we note that the conditions imposed on v(x) and the estimate ([2.5) guarantee the con-

vergence of the integral in (2.6]).
Let h(z,y) is a solution of the problem

(Dgy —A,) h(z,y) =0, 31112% Dgy_lh(x, y) = v(x) (x € R™). (2.7)
Lemma [2.2] gives that
h(w.y) = [ 0(5) Ta (&= 5.5) ds 23

is a solution of ([2.7)).

At the same time, given that
Dg,y* =0 and D(‘)’“y_lyo‘_1 =T'(w),

direct computation shows that the function

M%wzyawﬂ (2:9)

satisfies . Combining Lemmaﬂ and equalities ([2.8]) and ( . ) proves O

In what follows g * h denote the Fourier convolution of the functions g and h, i.e.
(g h) (z) = / g(s)h(x — s) ds.

Lemma 2.6. Let g(x) € C (R") N E(—a,p), h(x) € C(R")NE(—=b,q), a>0,b>0,0<p<gq. Then

(9*h)(z) € E(=c,p), (2.10)
for every c < a if p < ¢; and ¢ < min{a, b} if p=gq.
Proof. According to ([2.3), we have

P
lgxh| <C e~ lz=sl’=blsl” gg < eiah‘r‘f‘sw —lsl* s,
Rn Rn

By (4.7) we obtain

[ee]
— — —p|P q
sup |[g*xh| < C gnlemalzmrlt b gy —
|z|=r 0

T 9]

—arP _ P_pyd P 1 —azP—_psd —arP

:CG ar / Zn 1eaz bz dZ+C€ar / Zn 16 azP—bz dZSC(].‘I*T’”)@ ar .
0

T

This proves ([2.10)). O
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Lemma 2.7. Let 7(z) € C(R")NE (—a,p) for some a >0, p < 2. Then

/n 7(8) Tan (x —s,y) ds € E(—c,p),

for every y € (0,T); and ¢ < a if p < ﬁ, and ¢ < min{a, a(a) 23@} ifp= 2.

2 2T 2—«

Proof. The inclusion (2.11]) follows from the estimate (2.5) and Lemma [2.6]
Lemma 2.8. Let

Yy f(z,y) € C (Do), sup y' " f(z,y) € E(—a,p),
y€[0,T

for some a >0, p < ﬁ, and > 0. Then

Y
/ F(5,6) Dan (x — 5,y — £) dsdt € E(—c, p),
0 R™

for every y € (0,T); and c < a if p < 52, and ¢ < min{a,ﬂ (%)ﬁ} if p= 2.

2—a’ 2

Proof. Let g(x) = sup,com ¥y *f(z,y). By 2.1) and (2.12) we get

2—a

y
/ f(s,) Tan(x—s,y—1)ds dt’ <C 9(8) Doy Tan (v — s,y) ds.
0o Jre

R
From here, taking into account ({2.5) and Lemma , we obtain (2.13)).

3. INTEGRAL IDENTITY

(2.11)

(2.12)

(2.13)

Here we prove an integral identity that relates solutions of the Cauchy problem for equation
(1.1) to entire harmonic functions, and can be interpreted as a conservation law for solutions

of (1), 2.

Next, for a pair of functions g(z) and h(z) such that g(x)h(x) € L (R"), we set

(9,h) := /n g(x) h(z)dx.

In the case where one of the functions depends on two variables, say h = h(z,y), we write

(1)) = [ gla) hla.y) da,

assuming that g(z)h(z,y) € L(R™) (as a function of x for each y for which the integral is

considered).

Theorem 3.1. Let

7(x) €C(R") NE(~a,p), ¥ "flz,y) €C(Q), sup y'™"f(z,y) €E(~ap),

y€[0,7T]

2 .
2—a’

for somea > 0,0 <p<
Let also

a, if p<
o

v(z) e HNE (¢, p) for some ¢ < {

min {a, 25 ()77}, if p=5%

and y* " f(x,y) be locally Holder continuous with respect to x.
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and u(x,y) be a solution of the problem (1.1) and (2.2) satisfying (2.4)).
Then v(z)u(x,y) € L (R™) for every y € (0,T) as function of x, and

(v,u) (y) = Iy‘(a) (v,7) + (v, D5 f) () 0<y<T). (3.1)

Proof. By Lemmas|2.2] 2.3 and 2.8 we get u(z,y) € £(—¢,p). On account of the restriction
on the growth of v(x), it follows from this inclusion that v(x)u(z,y) € L (R™). The conditions

on 7(z) and f(x,y) allow us to apply Fubini’s theorem, so we obtain

/n v(x)u(z,y) de = /n 7(s) /n v(z)lon (z —s,y) deds+

y
—1—/ f(s, ) / v(x)lan (z— s,y —1t) dedsdt.
0 R’VL n
Taking into account Lemma we get (3.1). a

Corollary 3.2. Let the conditions of Theorem|[3.1] be fulfilled and let

w(y) i= (v.u= D5 f) () = [ o(@) [ulay) - D5 fla,y)] do (32)

Then
1) the function w(y) does not change sign on (0,T), namely,

sign w(y) = sign (v, 7) Vy e (0,7T); (3.3)

in particular, if w(yy) = 0 for some yo € (0,T) then w(y) = 0; and w(y) =0 only if (v,7) =0;

2)

w(y) € C*(0,T); (3.4)
3) if moreover (v,7) # 0, then
EZ@T)) = lzi?; Yy € (0,7); (3.5)
M (M) vimeo.), (3:6)
and
Z((;J)) S ; L vye). (3.7)

Proof. According to the notation (3.2]), the relations (3.3), (3.4), (3.5) and (3.6) are simple

consequences of the formula (3.1)).
Next, from (3.3 it follows that 2 - if (v,7) # 0. Taking the logarithmic derivative of

(v,7)

both parts of (3.5)), we obtain (3.7)). O
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4. ORDER DETERMINATION INVERSE PROBLEMS

The equalities (3.5)), (3.6) and (3.7) allow us to pose inverse problems for the equation (|1.1))
in which the order of the fractional derivative, «, is unknown and must be determined.
Let us give a general formulation of inverse problems that we consider here: find a pair

{u(z,y), a}, where u(z,y) is a reqular solution of the problem (1.1)), (2.2), and o € (0,1), the
order of the fractional derivative in (1.1)), satisfies the overdetermination condition

F(u,a) =d, (4.1)

where F(-,a) is a given functional, and d is a given real number.
Below we present three forms of the functional F'(-, &) that can be used as overdetermination
conditions in (4.1)).

4.1. One-point condition. First, let us study some properties of the function (see also [4] 3])

tzfl
H(z,t) = . 4.2
0= 1 (4.2
In what follows, for any positive t we set
n(t) :=sup H(z,t) and ©(t) == U (Int), (4.3)

2>0

where ¥(z) = 11:’((22)) is the digamma function. From the properties of the functions I'(z) and

U(z) it follows that both quantities 7(t) and ¢(z) are defined correctly and uniquely for any
t>0.

Lemma 4.1. For each fixed t > 0, the equation
H(z,t) =d, (4.4)

inz € Ry = (0,00), has exactly two distinct solutions if 0 < d < n(t); it has a unique solutions
if d =n(t); and it has no solutions if d > n(t).

Proof. On accounts of the definiition (4.2)), it is easy to check that

H(z,t) >0 (z,t>0); :151_I>r(1) H(z,t) = le)rglo H(z,t)=0 (t > 0), (4.5)
%H(z,t) = H(z,t)[Int — ¥(2)].

By (4.3), this equality gives that
0
sign 8_H(Z’ t) = sign (¢(t) — 2).
z

It follows that the function H(z,t), as a function of z for each positive ¢, monotonically increases
on the interval 0 < z < ¢(t), reaches a maximum at the point z = ¢(t), i.e.,

n(t) = H(e(t), 1), (4.6)

and monotonically decreases for z > ¢(t). This proves the statement of the lemma. O

Remark 4.2. Note that the equality H(1,¢) = 1, which is valid for any ¢t > 0, shows that
n(t) > 1. Moreover, from (4.3)), (4.6]), and the equality W(1) = —~, it follows that n(t) = 1 if
and only if £ = ™7, where v = —I"(1) is Euler’s constant.
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Lemma 4.3. Lett >0, d € (0,n(t)], z1(t) and 22(t) be solutions of (4.4)), and z,(t) < za(2).
1) If0<d <1 then
0 < z(t) <1< zt).

2) If 1 <d < n(t) then
0<z(t) <z(t)<1 for 0<t<e™,
and
1< z1(t) < 2(t) for t>e7.
Moreover, z,(t) = z(t) if and only if d = n(t), and (21(t) — 1)(22(t) — 1) = 0 if and only if d = 1.
Proof. Taking into account Remark Lemma [4.3] follows from Lemma [4.1 O
Theorem 4.4. Let

7'($) eC (Rn) né (—(I,p) ) yl_'uf(x7 y) eC (QO) ) sSup yl_uf(l'a y) €& (_avp) )

y€[0,T]

for some a >0, 0 <p<1; and y** f(x,y) be locally Holder continuous with respect to x.

Let also v(z) € HNE (¢,p) for some ¢ < a and u(z,y) be a solution of the problem and
satisfying (2.4); (v,7) #0, and yo € (0,T).

1) If0 < d <1 ord=n(yy) with yo < e, then the inverse problem (L.1), [2.2)), and with
the overdetermination condition
(U, u— D(;yaf) (yO)

(v,7)

F(u,«a) = =d, (4.7)

has a unique solution.

2) If 1 < d < n(yy) and yo < e 7, then the inverse problem (L.1)), (2.2), and (4.1) with the
overdetermination condition (4.7), has exactly two solutions.

Proof. The conditions of the theorem guarantee the existence of a unique solution of the problem

(1.1)), (2.2)) for any o € (0,1). It remains to determine « satisfying condition (4.1)) with F'(u, «) given
by (4.7

7). By , this question is equivalent to the solvability of the equation
H(a,y) = d.
The solvability of this equation under the conditions imposed on y, and d follows from Lemma[4.3] O
4.2. Two-point condition. As follows from Theorem the overdetermination condition given by
does not always guarantee a unique determination of « for small values of 3. Here we consider

the overdetermination condition that allows us to uniquely determine «, but requires observation data
specified at two points in time.

Theorem 4.5. Let the conditions of Theorem|4.4) imposed on 7(x), f(xz,t), v(z) and u(z,y) be fulfilled,
(v,7) #0,0 <y, <ys <T. Then the problem (1.1)), (2.2)), and (4.1) with overdetermination condition

F(u,a) = (v, u= Do, f) (1) =d, (4.8)

(v,u — Doy f) (y2)
has a unique solution if and only if 1 < d < ya/y;.

Proof. Recall that the condition (v, 7) # 0 guarantees that (v, u — Do_yaf) (y) # 0 for any y € (0,7).
Further, by virtue of (3.6]), (4.1) and (4.8)), to determine « it is sufficient to solve the equation

a—1
)"
Y2

Ind
Iny, —Iny,’
which belongs to (0,1) if and only if 1 < d < y2/y;. dJ

This equation has a unique solution

a=1+
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4.3. Condition in terms of logarithmic derivative. Here we will consider another type of overde-
termination condition. It is generated by the equality (3.7)) and is given using the logarithmic deriva-
tive.

Theorem 4.6. Let the conditions of Theoreml[].4|imposed on (), f(z,t), v(z) and u(z,y) be fulfilled,
(v,7) #0, 0 < yo < T. Then the inverse problem (L.1)), (2.2), and (4.1) with overdetermination

condition )

y W Dy,

Flu,a) == (0, u Ofaf ) ) —d, (4.9)
(Uau_DOy f) (y) —y

has a unique solution if and only if 0 < —d < 1/y,.
Proof. By (3.7), (4.1)), and (4.9), o can be uniquely determined from the equality

d— a—1

Yo

That is @« = 1 + dyo, and a € (0,1) if and only if 0 < —dy, < 1. O

5. CONCLUSION

In the paper, we prove the integral identity , which connects a solution of the Cauchy problem
for the fractional diffusion equation with entire harmonic functions. Based on this identity,
we propose three overdetermination conditions for the inverse problem, in which, in addition to the
desired solution, the order of fractional differentiation is also unknown.

The following features of the presented results should be highlighted.

First, the condition (v, 7) # 0 excludes the possibility of considering the discussed problems in the
case of zero initial conditions. However, this is compensated by the wide arbitrariness of the choice of
harmonic function v(x).

Further, the considered conditions, , , and , work in the case of the Riemann-Liouville
derivative. For example, in the case of the Gerasimov-Caputo derivative they are not applicable. It
would be interesting to investigate the question of the existence of similar conditions for other forms
of fractional differentiation.

Also, the proposed overdetermination conditions require the initial function and the right-hand
side to rapidly tend to zero, which also narrows the class of admissible data for the problems under
consideration, and it would also be interesting to expand it.
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1. INTRODUCTION

We consider the problem of recovering the coefficients and the right-hand in a parabolic
equation. Let G be a domain in R™ with boundary I and @ = (0,7") x G. We assume that the
domain G is divided into two open sets G and G-, G- C G, GTUG- = G, Gt NG~ =0,
Denote I'y = 0GT NOG~, Sy = (0,T) x 'y, S = (0,T) x I'. The parabolic equation has the
form

u+ A(t,z, D)yu = f(t,x), (t,z)€ Q, (1.1)

where the function f and the second order elliptic operator A in G* are representable as

— A(t,z, D) = Ay(t,z, D,) jLZ:qZ (t,x,Dy), = folt,z)+ Zfztqu

=1 i=r+1
n

Ai = Z a“z:l(tVr) T + Zak t x axk + CLO
k=1 k=1
The equation ([1.1)) is furnished with the initial and boundary conditions
ultzO = Uy, Bu|5’ = g(ta l‘)7 (12)

_ __ Ou _ n o .
where Bu = u or Bu = 53 +ou = Zz’,j:l iUz, n; +ou and n = (nq,ng, ..., n,) is the outward
unit normal to I', and the transmission conditions

ou™t ou~ n -
aN —(t,x) = N —(t,z), u" (t,x) =u (t,z), (t,x)€ Sy, (1.3)
where
ou” Tt = i § : t(ta) = i (t,z)
ON o z€GE, lxrgacoel“o : dithaiy, U o z€GE, lxrgxoero W T

,J=1
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v = (v1,Vs,...,V,) is the outward unit normal to G~. The overdetermination conditions are
given in the form

/Gu(t,x)gpj(a:)d:n — (), =125 (1.4)

The unknowns in problem (L.1)-(L.4) are a solution u and the functions ¢;(t) (i = 1,2,...,s).
It is possible that there are many connectedness components of the sets I' or I'y with their own
boundary and transmission conditions. To simplify the presentation, we do not specify this
case separately.

Problems of the type — arise when describing heat and mass transfer, diffusion,
filtration processes, in ecology, etc. As an example, we can point out the problems of description
of soil temperature regimes of northern territories, where determining thermophysical and mass
transfer characteristics becomes crucial. These characteristics are typically specified by solving
an associated inverse problem (see [26]). There are few, if any, theoretical results addressing
problems —, in contrast to the large number of articles available in the case of a single
medium. We describe the results obtained in the latter case. We can refer to the monograph
[28] devoted to inverse parabolic problems, and the monographs [5, 14, 20], 22] which contain
the main statements of inverse problems, including those in the parabolic case. It is worth
mentioning the articles [12 13|, 17, [I8] where, in the case n = 1, the thermal conductivity is
determined as a function of time, and existence and uniqueness theorems are obtained. The
additional data used in these articles are the values of a solution at separate points which can
be interior or boundary. The thermal conductivity, being independent on one of the spatial
variables, and some coefficients with the use of the Cauchy data on the lateral surface of the
cylinder and integral data are determined in works [15], [16]. Existence and uniqueness theorems
for solutions, as well as stability estimates, have been obtained. In the monograph [5] (see
also, for example, the results of work [I0] and others) existence and uniqueness theorems for
solutions to coefficient inverse problem with coefficients (including the higher-order coefficients)
independent of certain spatial variables and the overdetermination data on sections of the spatial
domain by planes are established. Due to the specifics of the method, all coefficients also do not
depend on some spatial variables. More complete results are obtained in the articles [29]-[31],
where the well-posedness of inverse problems for determining coefficients is demonstrated in
the case when the solution is given on spatial manifolds or at separate points. Inverse problems
with pointwise data are studied in the articles of A. I. Prilepko and his followers and a number of
interesting problems are studied in [28]. Similar results but under somewhat different conditions
on the data and in other spaces were obtained in articles [32], [33]. Our results are close to
those in [34], where inverse problem of determining the higher-order coefficients in the equation
in the case of an ordinary initial-boundary value problem (not a transmission problem), are
considered.

The numerical solution to problems — and similar ones has been the subject of a
large number of articles. The main numerical methods are based on reducing the problem to
an optimal control problem and minimization of the corresponding objective functional (see
[35, 2, 25, [36]). Various formulations and results can also be found in the articles [11]-[7].
Additionally, there are several articles devoted to various model problems of this type (see
21)).

Let us describe the content of the work. The second section outlines the conditions for the
data of the problem and provides auxiliary results. The third section is devoted to the existence
and uniqueness theorems for solutions to the problem —. We consider the cases when
the unknown coefficients occur into the higher-order part of the equation and when they appear
in the lower-order part.
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2. PRELIMINARIES

Let £ be a Banach space. Denote by L,(G; E) (G is the domain in R™) the space of measur-
able functions defined on G with values in E and a finite norm ||||u(z)| ||z, [37]. The nota-
tions for Sobolev spaces W (G; E), W3 (Q; E), etc. are standard (see [8,19]). If E Ror £ =R"
then we denote the last space simply by W (Q). Definitions of Hlder spaces CP(Q),C*8(9)
can be found, for example, in [23]. By the norm of a vector, we mean the sum of the norms
of coordinates. Given an interval J = (0,7"), denote W”(Q) WS(J L (G)) N Ly(J; W) (G)).
Similarly, W (S) = W3 (J; L,(I')) N Ly, (J; W (I)). Let ( fG x)dz. All considered
spaces and coefficients of equation are assumed to be real. Next we assume that the
parameter p > n + 2 is fixed and

I, T, e C? (2.1)
The definition of a boundary of class C*, s > 1, can be found in |23, Chapter 1]. We introduce
the following notations: Q™ = (0,7) x G, S = (O 7)x Ty, QF = (0,T) x G*, QF = (0,7) x G*,
ST=(0,7) x I
The consistency and smoothness conditions for the data can be written as follows:

uo(w) € Wy =2P(G*), B(0, 2, D)uolr = g(0,), g € W**(S), p>n+2,

0 0
0 (@) = 2 (@), i (2) = v (@) w €Ty (22)
where kg = By = 1 — 1/2p in case Bu = u and kg = 1/2 — 1/2p otherwise;
;€ C(0,T]; Ly(G)), j=0,r+1,....s; (2.3)
vy € CUO0.T]), | wn(o)gi(a)de = 50), 5 < s (2.4)

We assume also that
afj c O(Q%), afj|50 € W;O’QSO(SO) (so=1/2—-1/p), o, afj|5 € W;O’QSO(S), (2.5)
where the latter condition holds if Bu # u;
25 € WP(G) (2/p < By < 1—n/p), ab € C([0,7]: C7(GF)), af € C(0,T]: L(G)),  (2.6)
foralli,j=1,2,...,n, 1=0,1,...,n, k=0,1,...,r, where 5 > 3y. Consider the matrix By

of size s x s, with rows

(A1<O’x)u0(x)790j)v""(AT(va)UO(x)790j)7(fr—&-l(ovx%@j)v'"7<f8(07‘r)’90j)’ ]S S.

We require that

Consider the systems of equations
BOQ_E) = gﬂ) (28)

where

o = (¥1(0) = (Ao (0, 2)uo, 5) = (fo(0,2), 05), -, st (0) — (Ao (0, )uo, 05) — (fo(0, ), 05)) "
In view of . the system ([2.8} . ) has a unique solution ¢y = (qo1,- ., qos)’. Define the coeffi-
cients ap = Y_;_ abqo; and assume that

n

Y an(t, )66 > Soléf* VE € R™, V(t,2) € Q.

p,l=1
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where Jp is a positive constant. In this case the operator —A° = Ay(t,z,D,) +
> oi_1q0iAi(t, z, D) is elliptic and we can consider the problem

w + At 2, Dy)u=f ((t,2) € Q), ulimo = uo(z), Buls =g,
Out ou~

a_N(mvt) = a_N(tax)a

Theorem 2.1. Let the conditions (2.1)), (2.2)), (2.5)) hold and let f € L,(Q). Then there exists
a unique solution u € W*(QT)NW,*(Q™) to the problem ([2.9). The following estimate holds:

ut(t,x) =u (t,x), (t,x) € Sp. (2.9)

lllyszgey + lllsagey < Cllollyz-armger + ltollyz-amgy + 1 flli@]. (210)

If g =0, then the estimate
lullyzage + lulhysomgry < Cllollyz-2rn e, + luollyz-2imgey + I1F @] (2:1)

holds, where the constant C' does not depend on g, f,7 € (0,T].

Proof. The first statement of the theorem is proven in the case of coefficients independent
of t in the book [27, Chapter 6]. In principle, the assertion of the theorem in the case of
arbitrary coefficients follows from the results of this work and standard reasoning, for example,
those used in the work [I]. The case of t-dependent coefficients was considered in the article
[3, Theorem 7.1]. Unfortunately, these results are mainly devoted to the more complicated
case when I' NIy # () and therefore their presentation and formulations are quite cumbersome.
The second assertion and the estimate follow from standard arguments, coinciding, for
example, with those in the articles [33] theorem 2], [32] theorem 1].

3. MAIN RESULTS
We need the following auxiliary lemma.

Lemma 3.1. Let v € W *(QT)NW,*(Q7), p>n+2 and let the condition (2.6) hold. Then
the functions (afvz.0;, 1), (afve,, 1), (afv, 1) are continuous in t after possible modification
on a set of measure O and the following estimates hold

H(afjvzizz’ @j)”C([O,T]) < C(“UHC([OJ];WIf*BO(Gﬂ) + ”U||C([0,T];W3760(G_))>7 (3‘1>

||(afvxjvwl)||0([0,7]) + ||(CL]8U, SOl)HC([O,T]) < C(||U||c([0,T];W5—ﬁ0(G+)) + ”UHC’([O,T];Wg_ﬁO(G*)))' (3'2)
where T € [0,T] is arbitrary and the constant C' does not depend on T.

Proof. Using the Schwarz inequalities we have

|(af}vzﬂz7¢j)| < “Uzixj||W;30(G+)Ha?j@jHWqﬁO(Gﬂ + vaiwj-HW;BO(G—)Hafj@jHWfO(C,v—) <

C(||v||W§—50(G+)||90j||W(fO(G+) + ||U||W5_BO(G7)||90j||WqﬁO(Gf)> <
Culllolyz g + ol o)) (/p+1/a=1). (33)

Here we used the well-known fact that multiplication by the function afj € CH(G%) is a

pointwise multiplier in Wfo(Gi) for By > [y, the inequality [y < % =1- %, and the estimate

HUIMJ'HWP_BO(GJE) < C‘|UHW§_5O(Gi)' (34)
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This inequality is a well-known fact that follows from the following arguments since
Orie, € LIWZ(GF), Lpy(GF)) and 8,5, € L(L,(G*F), W, 2(G¥)), where W, ?(GF) = (WQ(Gi))
(1/p+1/q = 1), then 0,5, € L((W,?(Gi%Lp(Gi))a,pa(Lp(Gi%Wp*Q(Gi))eyp) and, in par-
ticular for fractional s, 0,., € L(W;(GF),W;72(G%)) for s € [0,2] (see[37]). Note that
v € C([0,7); W2=2/?(G*)) for each 7 (for example, this follows from Theorem 4.10.2, Chap-

ter IIT in [4]). In this case v € C([0,7]; W2 P(G*)) for By > 2/p. From (3.3) we obtain the
inequality

||(lejvm,-ml, (:Oj)“C’([O,T]) < Cl(HUHC([O,T};WE*BO(G-F)) + ||U||C([0,T];W3760(G_)))'

The further proof of the continuity of the expression (afjvwcj,gol) is carried out using the

definitions and continuity of the function a¥;. Consider the terms (af, v, p;),(a¥v,,, ¢;). Due to

J
embedding theorems v € C'~ £ 2*7(Qi) In this case v,, € C(QT) N C(Q~) and we have

[(afve, )| < el g llaf s, @llvell L@ < ClIVYl| L) (3.5)

From this we obtain the estimate
(@ e @) leon < Clolleqorma < Collloll, o mpz-saoy HIoll o mr-sey): (3:6)

where we used embedding theorems. Similar estimate is valid for ||(afv, @) c (o) Using the
definitions of continuity, the obtained estimates (3.5)),(3.6) and the condition ({2.6)) it is easy to

prove that (aj;ve,q;, 1), (afva,, ¢1), (agv, o) € C([0,7]).
Theorem 3.2. Let the conditions [2.1)-[2.7) hold. Then on some segment [0, 7o) (1o < T)) there
exists a unique solution (u,qi,qz, . ..,qs) to the problem (LI)-(L4) such that u € W)}2(Q%),
¢ € C([0,7]), j=1,2,...,s

Proof. Let ¢ = (q1,...,qs)7. Find a solution ® to the problem (2.9), where instead of the
function f we take the function fo = fo+ > i—ri1 Ji(t, %)qoi, and the functions g, ug are those in

(L1)-(L.3). By Theorem 1, there exists a solution to the problem (2.9) such that ® € W-2(Q*).
Making a change of variables u = v 4+ ®, we arrive at the problem

Lv = v, + S(jii)v = (A° — A)® + Z filt,2)pi(t), (t,x) € Q, S(ji) = A° + A(j)),  (3.7)

where —A(fi) = 371, pi(t) Ai(t, x, Dy), pailt) = @i(t) — qoss
V|i=o =0, Buv|s = 0; (3.8)

ovt ov~ _
N —(z,t) = ON( x), v (t,x) =v (t,x), (t,z) € Sp; (3.9)

/Gv(t,x)gpj(a:) do = (1) — /Gq>(t,x><pj(x) de=1y, j=1,2,....5.  (3.10)

Thus we have reduced the problem (|1.1] . ) to an equivalent and simpler problem (3 —
(3-10), which we will be studied below. Consider the expression L(f) > e @iy, @iy =
22:1 afj,uk and find the value Ry such that

IL(E)| < 6ol€?/2 VE e R* (¢, 2) € Q, Vi : || llcory < Ro-
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In this case the operator S(ii) is elliptic and Theorem 1 holds with the operator S(ji) instead
of the operator A°. We now have a mapping i@ — v = v(ii) ( = (p1,...,us)). Study its
properties. Let ji € Bg,. = {fi € C([0,7]) : [|iillco) < Ro}. Theorem 1 yields

v=L""f f=(A"-A)d+ Z fi(t, ) us(t) (z € GF). (3.11)

i=r+1

We have an estimate

[ollwrz ey + Ivllwrzg-y < el fllz, @), (3.12)
where
f= ZMACI)tx + Z,ulfltx ), (t,x) € Q. (3.13)
1=r+1

From this representation and the conditions on the coefficients, we conclude that

£l < clliilleqon, (3.14)

where the constant ¢y does not depend on 7 and depends on the norms of the coefficients in )
and the quantities || fi[| ), [[4i®| 1z, @) Assumlng that /i ul € Bg,.r (i = 1,2), we consider two
solutions vy, vy to the problem . . or equation (3 ) correspondlng to two different
vectors ji; (fl; = (p1i, 2iy - - -, fsi) (i = 1,2). Subtracting the second equation in . from the
first one, we find that the difference w = vy — vy, v; = v([i;), satisfies the equation

r

o+ S(ELTE2) D (52(t) = () Ay (1,2, D) (1n + v2)/2

+Z :U/j2 :ujl ))Aj(tvxa D)(I)+ ZS: fj(t>x>(ﬂj2(t)_:uj1(t))' (315>

j=r+1

We have that (p1 + p2)/2 € Bpg,, and therefore the estimate is valid (see (?7))

lwllwpzign + lwllwpzg-y < cllfllzy@n), (3.16)

= Z ,UJZ :ujl ))Aj(twr? D)(Ul + UQ)/2 + Z fj(tax) (ﬂjQ(ﬂ - ﬂjl(ﬂ)"‘

Jj=r+1

+Z tj2(t) — pji (£)A; (¢, z, D)@, (3.17)

The estimates (3.16), (3.14) validate the inequality
[wllwrzgry + lwllwrzg-) < cllfllL,@n < cacllfiz = firlleom), (3.18)

where, as before, the constant ¢, depends on the norms (as a linear function) || A; (v +v2) ||L QT),
fill (@) | Aj® @) In view of our conditions on the coefficients and inequalities (3
13.14)), we obtain that HA (v14v2)| 1,01 FH A 07y < c(Hvl—l—vszlz Q+ +Hvl+ngW12 )—1—

HCDHle )+ 1@z o)) < e(Ro). Let v, fi be a solution to problem and thus,
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v = v(f). Multiplying equation (3.7)) scalarly in the space Lo(G) by the function ¢; taking into
account that (v, ;) = 1%, we obtain the system

S

O+ (St ), o) = (A0 + > wilfiei), 5=1,2,....s. (3.19)

j=1 j=r+1

The right-hand side of this equality can be represented in the form B(t)ji, where the matrix B
has the rows

(Al(tvx)q)(tvx)ﬂpj)?"'7(AT(t>x>q)<t7x)790j)>(frJrl(t?x)a@j)a"'7(f8<t7x)790j)7 ]S S.

As it follows from Lemma 1 and condition (2.3), (A4x®,¢;) € C([0,7]) (k = 1,2,...,7),
(fj, ;) € C([0,7]). Therefore, the elements of the matrix B are continuous in ¢ and when
t =0 we have that B(0) = By. In this case there exist 79 < T" and a constant d3 > 0 such that

\det B(t)] > 85 > 0Vt € [0, 7). (3.20)

Thus, the system ([3.19)) can be written as

fi(t) = B~ H(f)(t) = R(f),
H(ﬁ) = (123 + (S(ﬁ)v7 901)7 &é + (S(/j)U, 902>7 s 7'(;; + (S(ﬁ)?), st))T' (321)

Note that S(u) = 0 if i = 0 due to the uniqueness of a solution to parabolic problems. The
right-hand side of involves an operator that associates the vector functions fi with the
vector R(fi) and contains the function v being a solution to the problem , . As shown
earlier, this operator is defined for all vectors fi such that /i € Bg,,, 7 < 79. We have already
investigated the properties of this mapping ;i — v(i). We now show that there exists a number
71 < 79 such that the operator R(if) = B~ 'H(ji)(t), R : C([0,71]) — C([0,71]), is well-defined,
maps the ball B, ;, into itself and is a contraction. Consider equation for ®. Integrating
it with the weight ¢;, we obtain

(q)t7 90]) + (Aoq)7gpj) = (.]2:07 QDJ)? j = 17 27 <oy S (322)

By Lemma 1, (A°®,¢;) € C([0,T]). The conditions on the data also guarantee that

(fo, ;) € C([0,T]) for all j. Therefore, we may assume that (®,¢;) € C([0,7]) after a
possible rearrangement on a set of zero measure. Next, we have

$51(0) = 14(0) — /G Oipjdrli—o = Yy + (A°P, 0;) — (f, 1) = 0, (3.23)

due to the equality (2.8). Let 1/7(15) = Y1y, Yot - - -, hgy). In this case there exists a number
71 < 79 such that || B7'||¢(o.r) < Ro/2. Note that R(0) = B~'(¢)y(t). Next, we obtain some
estimates assuming that [i; € Bg,; and 7 < 7. Estimate the difference || R(fi1) — R(fi2)||c(jo,7))-
We have

I1R(fir) — R(ji2)loqo.r) < cod I(Agvr, #5) — (Agva, ) lleo.m+
=1

DO lian(Axvr, @) — par(Axva, 03)lloqo) . (3.24)

i=1 k=1



On Certain Classes of Coefficient Inverse Problems... 239

Using Lemma 1 for the functions vy — vy and vy 4 v,, we obtain

||M1k(Ak:Ul, %‘) - ﬂQk(AkU% %‘)HC([O,T]) < ||(M1k - M?k)((Akvla 901') + (Akvz, <P))||C([O,T])/2

(pak + fhor)
Wt d)

Cllik = parlleqom (lor + vall oo w20 (@ryy + 101 + 02l oo w250 )

+ || Ay, (,01) — (AU27 902))”0([077']) <

[pan + U2kHC([0,TD(HU1 - U2HC([077};W§—/30(G+)) + o1 = UQHC([O,T};WE_’;O(G*)))’ (3.25)
where the constants ¢; do not depend on 7. Similarly, we obtain the estimate
H (A()Ula @i)_(AO'UQa 901') “C’([O,T]) < CO(Hvl_U2|‘C([07T};W§*ﬁ0(g+))+Hvl_UQ”c([of];wjfﬂo((;f))% (3'26)

The inequality [37] holds

||u||W,§(G) < C||u||€vp51(g)||u||11/{;§2(g)7 (327)

$10 + so(1 —0) = s, 0 € (0,1), s1 < s < s9. Using the interpolation inequality (3.27]) we have

v — U 2o < |lvy —w 0 9 v — vl , 3.28
[v1 2”0([077}71/‘/3 0(Gt)) [[v1 ZHC([O,T];Wj ?’(Gi))H 1 ZHC([O,T],L;}(Gi)) ( )
where (2 — %)8 = 2 — y. The inequality
p-1
o1 = valleqom L,y ST 7 |lor — w2l (02 (3.29)

results from the Newton-Leibniz formula v = f(f ve(€)d€ (v(0,2) = 0). Futhermore, we have the
inequality

||711 — | 2

_2 < CHUl —UQH 1,2/ £y, (3.30)
c(o,7),w, P (Gt)) Wy *(Q7)

where the constant C' does not depend on 7. The estimate follows from [4, Theorem 4.10.2 Ch.
I1I] and the possibility of extension of the function v by zero for t < 0 with the preservation of

the class. In this case the inequalities (3.28)),(3.29)), and (3.30]) imply that
|1 — U2|‘C([07T];W§—ﬂ0(gi)) < Cllvy — UZHWZ}’Q(Qi)TT'B? (3.31)

where C' does not depend on 7 and = (1 — 9)(’%1). Similarly, we obtain that

HUl + U2‘|C([0,T};W3_ﬁO(Gi)) S CHUI + UQHWZ}’Q(Qf)T/B' (332)

The inequalities (3.18)), (3.25)), (3.26)), (3.31)), (3.32) ensure the estimate

IR(i1) — R(fi2)llcqo.r) < cro™ [l — falleqo,m)- (3.33)

If we choose 75 < 7 such that ¢;57° < % for 7 < 1, then the operator R is a contraction and
maps the ball Bp, ; into itself for all 7 < 7. Applying the fixed-point theorem, we obtain the
existence of a solution to system (3.21). Let v = v(). We now demonstrate that this solution
satisfies the overdetermination conditions . Multiply scalarly in Lo(G) by ¢;. We
obtain the system of equalities

S

(v, 7)) + (S(H)v, ;) = iuj(Aj‘I’,%') + ) (i i) (t). (3.34)

j=1 j=r+1
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Subtracting these equalities from (3.19)), we obtain [, v(t,z)p; dz — 1% = 0 for all j, which
means that the conditions are satisfied. The uniqueness of solutions follows from the
estimates presented in the proof of existence. Q.E.D.

We now present some results on the solvability of problem — in the case when the
unknown functions ¢;(¢) enter the equation only as lower-order coefficients. The formulation
and the proof differ slightly. In this case, the unknown coefficients are sought not in the class
of continuous functions but in the class of functions belonging to some Lebesgue space. The

parabalic equitaion has the same form, but afj =0fori,j=1,...,n, k=1,2,...,r and, thus,
Aju = Z abg, +abu, k=1,2,... 7. (3.35)
k=1

We preserve the notations of the previous section.

a; € Log(0,T; Ly(G)), ay € C(Q) N Le(0,T3C™(G)), p>n+2, (3.36)

pin € WP(G), fo € Ly(Q), fir(t,x) € Loo(0,T5 Ly(G)), ¥4, (0) = /GUO(SC)%(fE)d% (3.37)

whereiy =1,...,5,1=0,1,...,n,4,7=1,....n, k=1,...,r, 1o =r+1,...,s, and we assume
that 0 < By < 1 — %, B1 > [p. Consider the matrix By of size s X s with the rows

((Al(ta Y, D)“o(?/% @i) T (Ar(tv Y, D)u()(y)v 901')7 (fr+1(t7 y), @z‘), R (fs(tv y), Qpi)a

where 7 =1,...,s. The following condition ensures well-posedness of the problem:
|det By| > 62 > 0 a.e. on (0,7, (3.38)

where 9, is some constant.

Theorem 3.3. Let conditions (2.1)), (2.2), (3.36)-(3.38) be satisfied. Then on some segment
[0,70] (10 < T) there ezists a unique solution (u,qi,qs,...,qs) to the problem (1.1)-(1.4) such
that

u € W;’zm(Qm), q; € Lpy(0,79), j=1,2,...,s.

Proof. First, we note that the above-introduced matrix A° coincides with the matrix A,
in this case. The proof is in line with the proof of the previous theorem. Therefore, we only
outline the main stages. Rewrite the problem as follows:

w— Aotz Dyu = fo+ Y qAmu+ Y bi(t,z)g(t), (3.39)
i=r+1 =1

Ulj=g = ug, Buls =g. (3.40)

(u(t7y)7¢z) :%7 Z - 1727"'78' (341)

Let ® be a solution to the problem (3.39))-(3.40)), where ¢; = 0 for all i. A solution exists and
by Theorem 1, ® € W *(Q). Making the substitution v = v + ®, we reduce the problem to
the problem

s

i=1

i=r+1 i=r+1
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V|t=o = 0, Bwvl|s =0. (3.43)

(v(t, z), ;) = wl (D(t,x), @) =i, i=1,2,...,5. (3.44)

Let v be a solution to problem (3 —-, so v = v(q). Multiplying the equation by ¢,
scalarly in Ly(G), we obtain the system

S

r&jt - (AOU(ta y)? @J) - Z %(t)(AlU(t’ y)7 ()0]) =

> a(t)(Ai(t,y, D)®(t,y), ¢, +ZQ@ t,y),¢;), (3.45)

i=r+1 =1

where the brackets (-, -) denote the inner product in Ly(G). The left-hand side is a vector H(q)
with the coordinates

e — ((Aov(t, y), +Zqz (A(t,y), ¢5)). (3.46)

=1

The right-hand side of is written as B(t)¢. As in the proof of Lemma 1, it is easy to see
that the entries (b;(t,y), ;), (Ai(t,y, D)®(t,y), ;) of the matrix B belongs to L (0,7"). The
last s —r columns of the matrix B coincide with those of the matrix By. The remaining entries
are written as

(Al(t7y> D)q)(t7y)7 90]) = (Al(tvyv D)UO(y)vgoj) + (Al(t7y7D)((I)(t>y> - uO(Z/))? (10])

Due to the condition on the coefficients, the second summand on an arbitrary interval [0, 7]
admits an estimate

|(Ai(t, 5, DY@t y) = uo(y)), )| < el y) = wo(y) | Lo wi @) (3.47)

Furthermore, using interpolation inequalities, embedding theorems [37], and Theorem 1, we
have that the right-hand side is estimated by the quantity

C2<||q)(t,.%’) - UO(‘T)HL 0,7 W1+"/P+E(G+ + H(I)(t,l’) - uo(x)||LOO(O,T,W1}+n/p+E(G_)) S
es(12(t 2) = uo (@), g a2y + 12 2) = wo(@)ll,_ o raz-2rm-)"
[P — UOHLOO (0,7, Lp(G)) < cy([|@(t,y) — “0HLoo((),T;I/VI?‘Q“’(C&)PL
L o e i L C )

where (2—2/p)f = 14n/p+e¢, the parameter € > 0 is chosen such that 14+n/p+e < 2—2/p and
without loss of generality we may assume that the constant c¢; does not depend on 7. Thus, the
elements of the matrix B differ from the elements of the matrix By by c¢r® where the parameter
B=(1-60)(p—1)/p >0 and cis a constant. Therefore, there exists a number 7y such that
|det B(t)| > 62/2 > 0 a.e. on (0, 7). Hence, we obtain the system

q(t) = B~ H(q)(t) = R(q) (3.49)

for finding the vector-function ¢. The operator on the right-hand side is defined for 7 < 7.
Note that R(0) = (¢, ...,%,)" due to the uniqueness of solutions to the problem (??), (3.40).
Proceeding as in the previous theorem, we show that there exists 7 < 7 such that the operator
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R is a contraction in some ball B; = {¢": ||q]|z,(0,-) < Ro}, where 7 < 71, and maps it into itself.
As the parameter Ry, we take the value Ry = 2||R(0)||,(0,r)- Fixing the functions ¢; € L,(0, 7)
and solving the problem - on the interval (0,7), we obtain the mapping v = v(g).
Study the properties of this mapping. We have the estimate

[ollwrzgzy + vllwrzgry < 06||Zqu4v+ Z bi(t, 2)qi(t) + Y i A®|| 1,0 <

i=r+1 i=1
< lvlleorw @y + cslldl L0 (3.50)
The first summand on the right-hand side (see the estimates (3.47)), (3.48)), is estimated by

087'5(Hv||W1},2(Q7+_) + [[vlly12(g=)), Where the constant cs does not depend on 7. In this case we
obtain the estimate

Il + Nollyiage) < coldlzpon + s (ollyiage + olpizgs). (351
Choosing 7, < 7y so that cg7® < 1/2 for 7 < 71, we infer

[ollwa2ion + IWllwp2or) < cr0lldliz,om, (3.52)

where the constant 010 does not depend on 7 < 7. Now Consider two solutions vy, vy to the

problem (3.39)), (3.40) corresponding to two different collections ¢* = (¢}, g4, ....q}) (i = 1,2)
in the right-hand Slde of the equation (3.39 - Subtracting the second equation from the ﬁrst

we obtain that the difference w = v; — vy satisfies the equation

T

— Apw = z:(q]1 — ;) A;(t, 2, D) (v2 + v1)/2

ZqJJqu twa+Zbtx)(q](tx)—q](tx)) (3.53)

If ¢; € B, (i = 1,2), then repeating the proof of (3.52)), we derive that
lo1 = vallyrzor) + o = vallwregmy < enlld” — @llz,0.0)- (3.54)

Now estimate the norm ||R(¢") — R(¢?)||1,(0,-). We have that

(H(q") — H(7%)); = (Aaw(t,9), ¢5) + 5 Z i — @) (Ao +v2)(ty), o)+

i=r+1

- Z q; +a)(Aw(t,y), ;)

i=r+1

where the subscript on the left side denotes the number of the coordinate of the vector H(q") —
H(q?). We can write down analogs of the inequalities , , in which instead of the
function ® — uy we take the functions v; — v, v1 + v9. In this case the second and third
summands as estimated as

H% Z(QZl . C]?)(Ai(vl + U2)(t7y)’ <,0j) + % Z(qz1 + qf)(Ai(m — U2)(tay)a ‘Pj)HLp(()J)

1=1 =1
< ea((l7 = [z, 00 (o1 + v2llrz gy + llvr +vallyrzoo)+
17" + @[ 2y 0.m (1 = v2llyre gy + llor = vallyr2oo))) 77 (3.55)
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Note that [|g" + ||z, < 2Ro, [[o1 + vallyi2oz) < 2¢(Ro), upper bounds of the norms

generally depend on Ry, the constant ¢(Ry) coincides with that in the estimates (3.52]). Using
(3.54), we obtain the estimate

T

H— Z( — @) (Ai(v1 +v2)(t,y), 5) + % > (@ + @) (Ai(vr — v2) (8 y), 03Iz, 0m)

=1 =1
<7 = Nz, 00), (3.56)

where the constant ¢35 depends on Ry but does not depend on 7. Estimate the first summand
(Agw(t, y), ;). It contains summands of the form Ijj = (afjwa,e;, 05), Ij = (afwa,, ;) 4,5 =
1,2,...,n), Iy = (aowx ,95)-

sl < (e, g0 ey + N o o a2 llyn e + a6 o y) <
ex(lwll o ey + ol amsoggo) < exleollwgien + lwlwze) lwllbls,

From here we obtain the estimate

il 00 < c2(lwliz,ommwazicry + 1wllz,@rwaen)’ 1wz or <
C3(HwHWZ}’2(Qi) + HwHWPI’Q(Q;)>7—1707 0=(2-050)/2, (3.57)

where we used the inequality ||w||z, @) < 7||lw:||L,@r), which follows from the Newton-Leibnitz
formula. The conditions on the data imply that

1 < allwllwe @ < ex(lwlyimmeg + @l ) <
a(lwllwz@es + lwlwae)" Wl &), 6= (L+n/p+e)/2,
where we choose ¢ < 1 —n/p. Thus, we obtain
Iilzp0m < es(lwllyrzgny + lwllypregn) T (3.58)
Repeating the arguments, we similarly obtain that

Hollzy 0 < callwollygne gy + Il ™~ (3.59)

The estimate we need follows from (3.54)), (3.56)-(3.59) and has the form

IR(q") — R(qﬂ)HLP(o,ﬂ < ClgTﬁIHffl — @2\|Lp(0,7), T <7, (3.60)

where the constant c¢i9 does not depend on 7. Find 7 < 7 so that ¢;o7% < 1 /2 for 7 < 15. In
this case the equation (3.49) has a unique solution in the ball B;,. Recover the function v as a
solution to problem (3.39)), (3.40). Demonstrate that conditions (??7) are satisfied. Multiplying

equation ([3.39)) scalarly by ¢;, we obtain the system

S

(it ) 05) = (Aov(t ), ) = D a®)(Ai(v(t,y), ;) =

1=r+1

+Zqz )(Ai®(t,y), @; +Zquzty)%)

i=r+1 =1



244 Pytkov S.G., Potapkov A.A.

Subtracting the obtained equalities from (3.45), we obtain (v:(t,y),¢;) — z/;jt = 0 for all j.
Integrating with respect to time and using the consistency conditions, we arrive at equality
(3.41). The uniqueness of solutions follows from the arguments and estimates of the proof of
the theorem.
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1. INTRODUCTION

Consider in the halfspace RY = {(z,y) € R* : z € R, y > 0} differential equation
div [k(y)grad u(z,y)] = 0 (1.1)

with boundary condition
u(z,0) = ¢(z). (1.2)

We assume that the function k(y) > 0 is defined for y > 0, two times continuously differ-
entiable, and for large y is stabilized. In other words, k € C*(R,), k(y) > 0 and there exists
R > 0 such that the condition

k(y) = const, y > R. (1.3)
is fulfilled.

We say that operator @ : Lo(R) — C?*(R?) is Poisson operator of the second type, if for any
function ¢ € Ly(R) the following function

u(@,y) = (Q¥)(z,y) (1.4)

satisfies equation (1.1) in R and boundary condition

ou

9| = V@) (1.5)

y=0

Boundary condition (1.7) is understood in the following sense:

° 2

ou dr —

g, &y —vl@)

e

lim
y—0+0

—0o0

(1.6)

Following theorem is true.

Theorem 1.1. For any positive function k£ € C?(R,), satisfying condition (1.3), there exists
second type Poisson operator.
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2. SOLUTION OF THE AXUILIARY INTEGRAL EQUATION

To find the solution to the equation (1.1) we use the Fourier transform :
= — [ u(s,y)e s .
2 Y y )

where function u(s, y) satisfies the following differential equation

1 d N 9~
Ty)@ [k(y) Uy] = S u(s,y), Yy > 0. (22)

By introducing new function
v(s,y) = k() uls,y) (2.3)

we reduce equation (2.2) to the following:

d*v

Q- q(y)v —s*v = 0. (2.4)
Potential ¢(y) is a continuous function on half-line y > 0 and has the form
LK (y) 1 (k’(y)>2
qly) = = - - : 2.4%
W=k 1) 24
According to (2.3), potential ¢(y) satisfied following condition:
qy) =0, y=>R. (2.5)

Among the all solutions of the equation (2.4) the most important is v = e(s, y), which satisfies
for s € R, s # 0, the integral equation

o

() = e — [ Sinh S =€) e, €) d. (2.6)

S
Y

(see. Naimark, §27, Theorem 1).
In order to obtain necessary estimates, we introduce the following function:

(s, y) = e(s,y)el (2.7)

Multiplying by e!*¥ each terms of equation (2.6), we get the integral equation

o) =1 [ '% e q(€)u(s, €) d. (2.8)

Y

Then, the equation (2.8) can be writtten as follows:

viow) = 1+ g f [ / 2] gl€)o(s, ) . 29)
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Lemma 2.1. The solution of the equation (2.9) exists and satisfies condition

o(sy) = 1 + 1O+(1|l|, y>0, scR. (2.10)
Proof. Introduce the following kernel:
K(y,§) = K(y,&,5) = (E—y)(sl€ —w))a(§), §=y =0, (2.11)

where

1
() = —(1—e 2, t>0.
() = - (1—e™), t20

In this case, taking into account (2.5), equation (2.9) takes the form

W) = 1+ [K@Ousde, 0<y<R (2.12)

It also follows from condition (2.5) that v(s,y) =1 for y > R.
Set

M = sup |q(y)].

y>0

Since the function ® satisfies the relations

1
P0)=1, 0<P(t)<l, P(t)<—, t>0,

2t
we get for kernel (2.11) the estimates
|K(y,8)] < M-(§~y), 0<y<¢ (2.13)
and
M
K (y, )| < T 0<y<¢ (2.14)

Define the sequence {w,(y)}22, by the following recurrence relation:

wnly) = [K@.Qu@ds, w)=1, 0<y<R (2.15)

Let us prove the estimate
(R—y)™
< ne____ 27
oa(y)l < (2n — 1)
We use method of mathematical induction. Inequality (2.16) is formally satisfied for n = 0,
if set (—=1)!! = 1. Further, according to (2.15) and (2.13),

(2.16)

@) < [1KGOI-lwn@lde < | <s—y>MM”%ds <

Y

M YR — y
2n—1

(R — y)2n+2

R
2n M™ 1
/R §Tde = ! (2n+ 1!
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Set .
) =) waly). (2.17)

Then function

v(s,y) = 14 w(s,y) an (2.18)

is solution to the equation (2.12).
Indeed,

R ~ R
/ K(y.€)o(s.€)de = 3 / Ky, )wa(s, €) d =
= an+1 an = w S y) = (5 y) L.

We estimate series (2.17) by using mequahty (2.16):

o0 (R_y)2n o R2n
< M—2 < Mf— = < .
sl < 2 @n— DIl = 2 Gn-nn ~ (v 0sy<E

n=1 n=

Besides, the condition (2.5) implies the following equality
w(s,y) = 0, y>R.

Therefore,

lw(s,y)| < Cr, y>0, seR. (2.19)
According to (2.19) and (2.18) we get necessary estimate

lu(s,y)| < C, y>0, seR. (2.20)

Further, according to definition (2.11), (2.18) and integral equation (2.12), we obtain that
the following equality is valid

R
_ o2lsl(€—y
wis.y) = g [ [1= ] a(@u(s ) de (221)
y
Moreover, the relation above and estimate (2.20) follow that
Mof c
wis)l < g (s 0lde < 1 540 y=0, 222
0
which together with (2.19) imply the required estimate (2.10).
U
Lemma 2.2. The integral equation (2.6) has a solution of the form
e(s,y) = e PV +w(s,y), (2.23)
where the function w(s,y) has derivatives which satisfies the following estimates:
d*w k—2
= O +|s)" % y=>0, seR, k=1,2. (2.24)

dy*
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Proof. Differentiate (2.21).

R
w(s,y) = —3/?r2M@-wqoov<a£>da

Then by applying (2.10), we have

R

1 — e 2lsl(R=y) C
wisyl < C [enlenig — it m <
2]s| 5|
y
Further,
R
w'(s,y) = —2|S|/6‘2'8'(5‘”61(5)0(8,5) d¢ + q(y)v(s,y)
)
Analogously,

R
W@wsomﬂﬂmwﬁ+c=om
Yy

(]
3. ESTIMATION OF THE SOLUTION OF THE MAIN EQUATION
Assume that the coefficients ¢(y) and k(y) are connected with the relation (2.4*). Set
e(s,y)
V(s,y) = : (3.1)
k()

where the function e(s,y) is defined as (2.23).
The function e(s,y) satisfies the equation (2.4) and the function V(s,y) is solution of the
equation (2.2) (see. formula (2.3)). Therefore, the following representation is a true

e lsly
k(y)

and the function w(s,y) and its derivative satisfy the estimates (2.19) and (2.22).
The function V(y) = V(s,y) is a solution to the differential equation (2.2), which satisfies
the following equality:

Vis,y) =

14 w(s,y)] (3.2)

V'(y) = @v’(oH ol / K()V (1) dt. (3.3)

Note that, for s # 0 the initial data V'(s,0) and V’(s,0) are not identically zero at one time,
which follows from the uniqueness of the solution to the Cauchy problem for the differential
equation (2.2). Moreover, it follows directly from the equality (3.3) that each of the initial data
taken by the solution V(s,y) also cannot be equal to zero. Namely, the following statement is
true.
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Lemma 3.1. Let s # 0. Then the function V' (s,y) satisfies the following equalities:
V(s,0)#0, V'(s,0)#0. (3.4)

Proof. 1. First of all, we proove that V(s,0) # 0. Assume that the V(s,0) = 0. Consider
two possible case. If V'(s,0) > 0, then function V(y) = V(s,y) increases at zero and strictly
positive in some interval on the right side of zero. Let (0,3*) — be the maximum interval such
that

V(y) >0, 0<y<y”

We show that y* = +o00. If it is not, then the following relations have to satisfy
V(y")=0, V'(y) <o
According to (3.3), we get the following estimate

k(0)
k(y*)
)

Obtained contradiction shows that the V'(y) > 0 on the halfline y > 0. Hence, the function
V (y) strictly increases on the halfline.

Analogously, we consider the second case, which V’(0) < 0. Thus, the assumption that
V(s,0) # 0 is incorrect.

2. Then we will prove that V’(s,0) # 0. If we assume that V’(s,0) = 0 then the equality
(3.3) takes the form

V'(y*) > V'(0) > 0.

k(y)

Again we consider two possible case: V(s,0) > 0 and V(s,0) < 0. If V(0) > 0, then
according to (3.5) we get V’'(y) > 0 in some interval (0, y*). Hence, the function V(y) increases
and positive on the entire halfline. Therefore, the case of V' (0) > 0 could not be. Analogously,
we consider second case, which V' (0) < 0. In this case, the initial assumption that V'(s,0) =0
1s incorrect.

Vi(y) = / KOV (1) dt. (3.5)

O

Lemma 3.1 allows to introduce the following two functions which have a main role to construct
kernel of Poisson type:

V(s,y)
V'(s,0)

V(s,y)
V(s,0)’

Va(s,y) = (36)

Vi(s,y) =

Each functions in (3.6) are solutions of the equation (2.2) and the following boundary con-
ditions are fulfilled: v
2

Vi(s,0) =1, —=(s,0)=1, s#0. (3.7)
Ay
To construct Poisson operator of second type for small |s| as a main solution of the differential
equation (2.4) we introduce a function v = ey(s, y) which satisfies the following integral equation
forse R, s#0

y
sinh s sinh s(y — ¢
rfsv) = Ty IR0 ey ar 3:5)

0
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Lemma 3.2. The integral equation (3.8) has a solution, for s # 0, which is a solution of the

differenatial equation (2.4) and satisfies the following estimates
lea(s,y)] < Cyell, y>0, seR,

dk
Loy = O+ )Y, y>0. seR k=12
Y

Proof. First of all, we assume that the y < R. Set

Yy
w(y) = Sinisy, Unii(y) = /wq(t)vn(t) dt,n =0,1,2, ...
0
Then the following inequalities hold
yn—i-l
lua(y)] < M”R”(HJr 1)!6‘8‘9, n=0,1,2,...

Further,

o)l < [P0 ol ar <

0

1 yn+2
/ | [(y—t) Man—e\shf dt < Mn+1Rn+1—6|s\y.
0

(n+1)! - (n+2)!

Then the solution takes the form

= Z Un(y)

Estimate of the solution will be in the following form

e YT s sl
|’U<S,y)| < nZ:OM R me < O(R)y€ s 0<y< R,

where
RTL

B TE
) t

takes the form

If y > R, then the integral equation (3.8

sinh s sinh s
ea(s,y) = y / ) o(t)ea(s. 1) dt.
0

According to (3.13), we obtain

R
lea(s,y)| < yelV + C’(R)M/(y—t)e'SKy_t)esltdt < Cyel*l.
0

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Thus , the inequality (3.9) has been proved. The validity of the estimate (3.10) is proved by
differentiating equation (3.8). We have

Yy

ey(s,y) = coshsy + /coshs(y—t)q(t)e2(s,t) dt. (3.16)
0

According to (3.15) and (3.16), we obtain
R
leh(s,y)| < ellv 4 CM/e'S(yt)tel‘S'tdt < C(R)eklv, (3.17)
0
Further, for y < R,
y
es(s,y) = ssinhsy + s/sinhs(y—t)q(t)eg(s,t) dt + q(y)ea(s,y).
0

Hence

Yy
les(s,y)| < ge'ﬂy + M%/QISI(yt)testdt + Myehlv <
0

< C(R)(1 4+ |s|)e*. (3.18)
Finally, according to (3.16) for y > R, we obtain

R

e5(s,y) = coshsy + /coshs(y—t)q(t)eg(s,t) dt.
0

Hence,

es(s,y) = ssinhsy + s [ sinhs(y —t)q(t)ea(s, ) dt.

Therefore, as estimating the first two terms of (3.18).

U
4. PROOF OF THE THEOREM 1.1
Set
k(0)
— ) 4.
U2(S7y) k:(y) 62<Svy) ( 1)
Let w € Cg°(R), sw'(s) <0 for s € R,
ey = [1 A
00, |s| > A+1.
Set
Wa(s,y) = w(s)Us(s,y) + (1 —w(s))Va(s, y), (4.2)

where V5 is defined by equality (3.6).
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Lemma 4.1. The function Ws(s,y) is infinitely differentiable by s € R. For each y > 0, the
function increases exponentially by s at infinity and two times continuously differentiable by
y > 0. And the following relations

. OWs(s,
Wals.) < Bl ™, lim T (43)

are valid

Proof. If |s| > A+ 1, then
Wa(s,y)| = [Va(s,y)| < B(y)e*\S\y

also according to (3.7)

y—0 dy y—=0 Oy
If |[s| < A+1, then

(Wa(s,y)| < Ceblv < ce®A+2-bhy = Bye by, By) = CePA¥

and

lim 8W2(87y> — lim aU2(Say) - 1.

y—0 dy y—0 dy
Set .
W) = o= [ Wals.p)e d
20T, Y) = o 2(8,y)e S.

Lemma 4.2. The function Wy(z, y) is infinitely differentiable by z € R and two times differ-
entiable by y € R,. For any function ¢ € Ly(R), the following function

v(ry) = Qu(ry) = / Walx — o, y)i (@) do’
is a solution of the differential equation (1.1) in the halfspace K, satisfying condition (1.5) in

the sense (1.6).
Proof. We have

1 0o 00 ‘ , 1 00 R '
- is(z—a') / / _ ist
v(x,y) o / / Wa(s,y)e W(x') dx'ds o / Wa(s,y)(s)e**ds.
Hence, R
@\(57 y) = W2(S, Z/)w(s)
Then - -
8?)(1‘, y) ? 1 / 8W2(37 y) ? 2
- = - [ |22Y
[ [ vt de = 5 [ =2 D(s)Pds
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and according to (4.3)

oW.
Malsw) gy < ser 0<y<m
dy
Then according to Lebesgue theorem lemma is proved.
O
5. SOLVABILITY CONDITIONS OF THE CAUCHY PROBLEM
Consider the following Cauchy problem:
div [k(y)grad u(z, y)] = 0, (5.1)
ou
u(z,0) = o), £ = Y(x). (5.2)
) y=0

We will say that the function u(z,y) is a solution of the Cauchy problem (5.1)-(5.2) in the
stripe
Y = {(z,y) €ER* : z€R, 0<y<h,

if this function satisfies the equation (5.1) in €2}, and boundary condition (5.2) in the sense of

(1.6) and

y—0+0

lim /|u(m,y)—¢(x)|2 dx = 0. (5.3)

We prove the following theorem.

Theorem 5.1. Then a necessary and sufficient condition for the existence of a solution of the
Cauchy problem (5.1)-(5.2) in the stripe €2, is that the function

f(@) = o(z) = (Qv)(,0) (5.4)
belongs to class A,, where o = h.

Where class A, was introduced in (see [2], Theorem 3).

Proof. Necessity. Let the function u(z,y) is the solution of the Cauchy problem (5.1)-(5.2).
Then the function

is the solution of the Cauchy problem for the equation (5.1) with the following boundary
conditions 5

S ) (5.6)
ay y=0

Further, the function f(x) belongs to the class A, with o = h (see [2], Theorem 2)

Sufficiency. Let the function (5.4) belongs to the class A, with ¢ = h. Then the solution
of the problem (5.1)-(5.2) exists. It is clear that the function u(z,y) = v(x,y) + Q¢ (x,y) is a
solution of the problem (5.1)-(5.2).

v(z,0) = f(=),

O

The author thanks academician S. A. Alimov for his attention to the work and valuable
comments.
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1. INTRODUCTION

The problem of studying an overdetermined linear system of Volterra integral equations with singu-
lar and super-singular kernels has been addressed in works [6], [L1], [I2]. The study of overdetermined
linear systems of differential equations has been considered in [16], [5], [§].

The investigation of degenerate differential equations and the related integral equations, in partic-
ular, has been covered in works [14], [15], [3], [4], [2], [13], [18], [10], [7].

In this work, for system (2.1), where the right-hand sides are expanded into uniformly convergent
functional series depending on the signs of the parameters A, u;(j = 1,2), a representation of the
solution manifold of the general solution of the inhomogeneous system is obtained in the class of
functions representable as uniformly convergent functional series satisfying the condition ¢(t,z) =
o(t,r). Tt is assumed that the functions present in the right-hand side of the system also satisfy the
properties f(t,z) = f(t,r), g(t,z) = g(t,r).

Based on results previously obtained in [9] and depending on the signs of the parameters A, p;(j =
1,2), a representation of the solution manifold for the homogeneous system of integral equations (2.1) is
obtained. By adding a particular solution of the inhomogeneous system in the form of functional series
to the general solution of the homogeneous system, we obtain the general solution of the inhomogeneous
system. The properties of the obtained solutions are studied. On this basis, the solution to Cauchy-
type problems is formulated and found.

In [7], for the linear system (2.1) (when us = 0), a representation of the solution manifold was
obtained through an arbitrary analytic function of a complex variable defined on the lower base of
the cylinder. Formulas for the inversion of the integral representation were derived. Based on this,
the formulation of boundary value problems of the Schwartz type was clarified, and their reduction to
the Schwartz boundary value problem in the theory of analytic functions was studied [1], [17]. Cases
where system (2.1) has a unique solution were also examined.

2. REPRESENTATION OF THE SOLUTION MANIFOLD

Let © denote the cylindrical domain Q = {(¢,2) : @ < t < b,|2| < R}, the lateral surface of this
cylinder is denoted by S = {a <t < b, |z| = R}, and its lower base is denoted by D = {t = a,|z| < R}.
In the domain €2, we consider the overdetermined system of integral equations:
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o(t, z) + )\f; SO(j’az))adT = f(t,z2)

exp(if) mw(t O +r20(t,Q)
t Z + ff (R—p)P(C—2) ]dfdn —g(t Z)

(2.1)

where A, p;(j = 1,2), are given real constants, f(¢,z), g(t,z) are given functions in the domain €2,
©(t, z) is the unknown function, © = arg( ,( =& +in, z=x+1iy , « = const > 1, B = const > 1.

We will seek the solution to the system of integral equations (2.1) in the class of functions ¢(t, z) €
C(2), with the condition ¢(a,z) = 0 and the following asymptotic behavior: ¢(t,z) = 0[(t — a)’1],
6 >a—1asr—a,

and

o(t, Rexp[iB]) = 0 with the asymptotic behavior

o(t,2) =0[(R—1)%],6, >3 —1asr — R.

Definition 2.1. We will say that in system (2.1), the first equation is the main equation if we first
find the solution to the first equation and then subordinate it to the second equation.

1. Let the functions f(¢,z) and g(¢,z) in system (2.1) be expanded into the following uniformly
convergent functional series:

F(t:2) = exp [ (k + 6)wi(r)| fult) (2.2)

k=0

Zexp [~k +0)wi(r)] au() (23)

where § = const > 0, fi(t), g(t)are known functions, an wiy(r) = [(8 — 1)(R —r)°~!] -
A particular solution of the inhomogeneous system (2.1) will be sought in the form:

Zexp [~ (k + 8)wh(r)] ut) (2.4)

where @ (t) are unknown functions.

Let the first equation in system (2.1) be the main equation. Substituting the value of (¢, z) from
equation (2.4) and the value of f(¢,z) from equation (2.2) into the first equation of system (2.1), we
get:

Zexp[ (k + 8)wb (r) {gok +>\/ T T}:kiexp[—(ma)w;;(r)]fk(t).

In this equation, by equating the coefficients of exp[—(k + 0)wb(r)] on the left and right-hand sides,
we obtain the solution to the following infinite separated system of Volterra-type integral equations
with super-singular kernels:

+/\/ S = o). k=012, (2.5)

According to [9], when A\ < 0, the solution to system (2.5) is given by the following formulas:

ou(t) = exp e (1] Ci + fi(t) — A / exp [\ e (7)) -
'm)dTETk[Ckyfk(t)L k:0,1,2,37... (26)

where w?(t) = [(a — 1)(t — a)> 1.
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The solution of the form (2.6) exists if A < 0, fx(a) = 0, with the following asymptotic behavior:
fi(®) =0 [exp Al (t)) (t —a)®], 3> a— last — a. (2.7)

Substituting the found solution of the separated system of integral equations (2.5) from formula
(2.6) into formula (2.4), we obtain the solution to the first equation of system (2.1):

Zexp [ (k + 6)wp(r )} T3, [Cr, fr(t)], (2.8)

where Ci(k =0,1,2,3,...)-arbitrary constants.
The solution of the form (2.8) exists if the series of the form

i exp [—(k + 5)%%(1")} C

k=0

converges.
A direct verification shows that if the series of the form (2.2) converges, then the series of the form
(2.8) also converges.
Now, we substitute the solution of the form (2.8) into the second equation of system (2.1).

S TGk, fult)] exp [~k + a)wr)] +

+l // exp|if] [exp [—(kz + 5)“’%(0)} (,U«lTk[Ck-a Jre(@®)] + p2Ti [Ch, fT@]>]

™), (R—p)((—2) K} =
i [ (k + 8)wp(r )} 9i(t), (2.9)

Noting that

T [Ch, fe ()] + p2Ti[Cr, f ()] =
= exp M ()] (a1 + ) Co+ (fut) + (D)) -

B / exp A (g (1) — g ()] (i ful(7) + 12 Fi(7))

d
(r—a) o

according to [9], we have:

1 // exp (i6) [exp (—(k + 5)“%@)) (MlTk [Crs ()] + p2T[Cy, fk(t)]ﬂ

= R - (-2 dedn =
exp [i exp —(k+0)w ( )}
= (MTk [Ch, f1(8)] + 12 Tu[Ch, [ (1) // PP —2) d€dn =
- exp |—(k + (5)w§(r)
= (M{Tk [Ch, fr(t)] +M2Tk[Ck7fk(t)]) {— ! [ 1o }] :

Then, equation (2.9) takes the following form:

oo

> { Tl @) exp [~k + 0)wi(r)| + i T [Cu, fi®)] + T [Cos Fe] | %

k=0
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exp | ~(k + )i (r)]

s = e [k () ),

Now, by equating the coefficients of the same powers of the function exp [—(k + 5)wg(r)} gk (t) for
k=0,1,2,3,..., on the left and right-hand sides, we obtain the following equalities:

Ty, [Ch, fr(t)] (1 - kttd) - klféTk [Cr, fs(O)] = gx(t), k=0,1,2,3,... (2.10)
exp Pz (0] 0 (LR ) | (REEZIY 5 L -
texp A (Wg (8) = wi ()] ((k + 8 — ) fu(T) — pafi(r)
- /\/ : (k +<6)(T — a)f : ) dr = gi({) (2.11)

Multiplying both sides of the equalities (2.11) by exp[—Aw2(t)], we will get

e | PRI oxp (o] RO ) - R -

E+d kE+d

dr = exp [ wS ()] gi(t). (2.12)

t . ((/ﬁ-i—d—ﬂl)fk(T) —/@W)
- [ e ) e

Differentiating both sides of this equality with respect to the variable ¢, we obtain:

d o k46— _
ol O 10— 2T - aut0))] =
_ Cw® (k406 = ) fi(t) = pa fi(t)
= Aexp[—Awg(t)] Tt ot —a)e . (2.13)

Taking into account equality (2.13), we rewrite expression (2.12) in the following form:
k + o — [25%
k+o6

~ [ lexpl xS ) — 2T - gl i =

= exp[—Aw? ()] gx(t)

[fe(t) = L2 TFe(t)}—

expl—Awg (H)] —

or
k+06— (1 + po)

k+6

[Ci( ) = [exp[=Awg (D)]gr (B)]]r=a = 0.

From here,
k496
k46— (1 + po)

Substituting the found value of C}, into formula (2.8), we obtain the solution to system (2.1) in the
form:

C, = lexp [ s (t)] gx(t)],—,, k=0,1,2,3,...

Zexp (k 4 &)W ()] T, x

i 5f&f+ug) [exp[—Awg (8)]gk(t)t]i=a, fr(t)] = Na[f(t, 2), g(t, 2)] (2.14)

Thus, the following statement is proved:
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Theorem 2.2. Let in the system of integral equations (2.1), X <0, p; <0, (j = 1,2), the functions
flt,z) = f(t,r), g(t,z) = g(t,r) are expanded into uniformly convergent functional series of the forms
(2.2), (2.83), where fr(a) = 0 with asymptotic behavior (2.7). There exist limits of the forms (2.13),
and the functions fi(t), gr(t) are related to each other by the equalities (2.10) or (2.11). The functions
9x(t), fu(t) are such that the functional series of the form

k+6 o
Zexp (k+ O)wr(r) =5 o 1 ) [P Ok (D]

converges. Then, any particular solution of the inhomogeneous overdetermined system of integral
equations (2.1) in the class of functions representable in the form (2.4) is given by formula (2.14)

2. Suppose that in system (2.1), the functions f(¢,z) = f(t,r), g(t,z) = g(t,r) are expanded into
the following uniformly convergent functional series:

Zexp (k+ 0wy ()] Fy(r), (2.15)

Zexp (k + 8)we ()] Gr(r), (2.16)

where Fy(r), Gy (r)-known functions of the lower base of the cylinder.
In this case, we will seek the solution to the overdetermined system of integral equations (2.1) in
the form:

}:exp (k + 0)w? (1))@ (r) (2.17)

where @ (r)-unknown functions.
Let the first equation in system (2.1) be the main equation. Then, by substituting the values of
f(t,z) and @(t, z) from formulas (2.15) and (2.17) into the first equation of system (2.1), we obtain:

> fespl—(i-+ Bl (r) + A [ LR DIR 47y

(T —a)

exp|—(k + 0)ws (t)] Fy(r). (2.18)

I
V]2

>~
Il
o

Noting that

fe(®)dr =

/t exp[—(k + d)wg (7)] exp[—(k + §)wy (1)].

1
(T —a)> k+9

Substituting these calculated values of the integrals into equality (2.18), we have:

> =k + DI + ) =

tnqg

exp|—(k + 0)wS (t)] Fi(r).

b
Il

0

Equating the coefficients of the function exp|—(k + §)w2(t)] for &k = 0,1,2,... on the left and
right-hand sides, we obtain:

A

1 -
B

|®k(r) = Fi(r),k=0,1,2,3,...

From here
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k406
®e(r) = 5

Substituting the found value of ®,(r) into equality (2.17), we obtain the particular solution to the
first equation in the overdetermined system of integral equations (2.1) in the form:

Fi(r),k=0,1,2,3,.

= 3 espl- (b4 B O g L) = Nl ) (2.19)

Substituting the found value of (¢, z) from equality (2.19) into the second equation of system (2.1),
we obtain:

S exl-lh+ O g g P

1 exp(i0) [ Fi(p) + poFr(p)] _
R e e =

= exp[—(k + 6)wl (1)]Gx(r).

k=0

_l’_

Equating the coefficients of the same powers of the function exp[—(k + §)w2(t)] on the left and
right-hand sides, we obtain:

k+6
(m)[Fk<r)+
N 71r//D exp(ie()léuifzg)(;ggtp:)ﬂ(p)]dgdn] —Gu(r), k=0,1,2,3,.... (2:20)

The integrals on the left-hand side of expression (2.20) converge if Fi(R) = 0 with the following
asymptotic behavior:

F.(ry=o[(R—-7)], 6>p8—-1, k=0,1,2,3,..., when r— R. (2.21)

Thus, the following is proven:

Theorem 2.3. Let in the system of integral equations (2.1), A\ < 0, the functions f(t,z) = f(t,r),
g(t,z) = g(t,r) are expanded into uniformly convergent functional series of the forms (2.15) and
(2.16), where Fy(R) = 0 with asymptotic behavior (2.21), and X < 0. The functions Fi(r) and
G(r) are related to each other by the formula (2.20). Then, any solution of the inhomogeneous
overdetermined system (2.1) in the class of functions representable in the form (2.17) is given by
formula (2.19).

As follows from [9], the solution to the first homogeneous equation in system (2.1) as A < 0 is given
by the formula:

¢o(t; 2) = exp[Awg (1)]C(2)

where C(z) the general solution of the second homogeneous integral equation in system (2.1).
As is well known [9], the solution to the second homogeneous integral equation in system (2.1) at
11 < 0, e < 0 is given by the following formula:

C(2) = expl(jus + p)wih(r)]Ch,

where C] — an arbitrary real constant.
For p; > 0,0 < 0,01 + o = p1 — [p2] < 0 the solution to the second homogeneous integral
equation in system (2.1) is given by the formula:
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C(2) = expl(u1 — [p2])wr(r)]Cs
where C] — an arbitrary real constant.

For py > 0, pe > 0 where [2] —py + o = pe — g < 0 when py < py. The general solution of the
second homogeneous integral equation in system (2.1) is given by the formula:

C(z) = iexp(uz — m)wr(r)]Cs,

where C3 — an arbitrary real constant.

For p; <0, pg > 0, —py + o = o + [ 2| > 0. In this case, the second homogeneous equation in
system (2.1) has no solution other than the trivial one.

From the above reasoning, it follows that for p; < 0, us < 0, the following statement is true:

Theorem 2.4. Let in the overdetermined system of integral equations (2.1), the functions f(t,z) =
ft,r), g(t,z) = g(t,r), and the parameter \ satisfy all the conditions of Theorem . Additionally,
let uy < 0,2 < 0. Then, any solution of the overdetermined system (2.1) in the class of functions,
which is the particular solution of the inhomogeneous system representable in the form (2.4), is given
by the formula:

p(t,2) = i exp[haf (B)] exp[(p + p2)wr(r)]Ca + Na[f(t, 2)], (2.22)
where Cy — an arbitrary real constant.

For p; > 0, s > 0 for the over determined system (2.1), the following statement holds:

Theorem 2.5. Let in the overdetermined system of integral equations (2.1), the functions f(t,z) =
ft,r), g(t,z) = g(t,r), and the parameter \ satisfy all the conditions of Theorem . Additionally,
let py > 0, and pg > 0, py < py. Then, any solution of the overdetermined system (2.1) in the class
of functions, which is the particular solution of the inhomogeneous system representable in the form
(2.17), is given by the formula:

plt, z) = dexpwg ()] expl(pz — p1)wi (1)]Cs + Na[f (E, 2)], (2.23)
where Cy — an arbitrary real constant.
At py <0, pe > 0 for the overdetermined system (2.1), the following statement holds:

Theorem 2.6. Let in the overdetermined system of integral equations (2.1), the functions f(t,z) =
ft,r), g(t,z) = g(t,r) and the parameter X\, satisfy all the conditions of Theorem except for
the condition py > 0, puay > 0. Suppose that p1 < 0, pa > 0, ps < py. Then, any solution of
the overdetermined system (2.1) in the class of functions, which is the particular solution of the
inhomogeneous system representable in the form (2.17), is unique and is given by the formula:

SD(ty Z) = N2[f(t7 Z)]
For p; > 0, uy < 0 the system (2.1), the following statement holds:

Theorem 2.7. Let in the overdetermined system of integral equations (2.1), the functions f(t,z) =
f(t,r), g(t,z) = g(t,r), and the parameter X\ satisfy all the conditions of Theorem[2.4) except for the
condition py < 0, pe < 0. Suppose that p; > 0,2 < 0. Then, any solution of the overdetermined
system (2.1) in the class of functions, which is the particular solution of the inhomogeneous system
representable in the form (2.4), is unique and is given by formula (2.14).

3. PROPERTIES OF SOLUTIONS AND BOUNDARY PROBLEMS

Let all the conditions of Theorem 1 be satisfied. Then, multiplying both sides of the representation
(2.22) by exp[—Aw2(t)], and taking the limit as ¢t — a, we obtain:

[exp[—Awg (D](t, 2)]e=a = expl(p + pa)wi(r)]Ch. (3.1)
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Multiplying both sides of the representation (3.1) by exp[—(p1 + ps)wh(r)], after taking the limit
as 7 — R, we obtain:

fexpl—(p + 12)wy ()] [expl =Nl (D))o (t, 2)]ima}r = Ci. (3.2)
The representation of the form (2.22) and its properties (3.2) provide the foundation for the overde-
termined system of integral equations (2.1) to formulate and investigate the following Cauchy-type
problem:
Problem K. It is required to find the solution of the overdetermined system integral equations
(2.1) for p; < 0, po < 0, and A < 0, where the particular solution of the inhomogeneous system is
representable in the form (2.4), subject to the boundary condition:

{exp[— (1 + p2)wi(r)]fexp[-Awg (B)]o(t, 2)]i=a}r—r = B (3.3)

where E; a given real constant.

Solution to Problem K. Let in the system of integral equations (2.1), the parameters and right-
hand sides satisfy all the conditions of Theorem Then, using the representation of the solution
manifold of the form (2.22), its properties (3.2), and the condition (3.3), we find C; = E;. Substituting
this value of C; into the representation (2.22), we obtain the solution to problem Kj:

p(t,2) = exp[hwg (8)] expl(pn + pa)wr(r)] By + Ni[f (¢ 2), (¢, 2)]. (3-4)
Thus, it is proven:
Theorem 3.1. Let in the overdetermined system of integral equations (2.1), the functions f(t,z) =

f(t,r), g(t,z) = g(t,r), and the parameters X, u; (j = 1,2) satisfy all the conditions of Theorem (2.4}
Then, the problem K, has a unique solution, which is given by formula (3.4).

Let all the conditions of Theorem [2.5] be satisfied. Then, the solution to the overdetermined system
(2.1) is representable in the form (2.23). Multiplying both sides of equality (2.23) by exp[—AwS(t)]
and taking the limit as t — a, we obtain:

[exp[—Awg (D)](t, 2)]i=a = i exp(nz — p1)wp(r)]Ca.
Multiplying both sides by exp[(p1 — p2)wh(r)], after taking the limit as 7 — R, we obtain:

{exp[(m — pa)wr(r)]lexp[—wg (D)]@(t, 2)lima}r=r = iCa. (3.5)
The representation (2.23) and its properties (3.5) provide the foundation for the system of integral
equations (2.1) to formulate and solve the following Cauchy-type problem in this case:
Problem K,. It is required to find the solution of the overdetermined system (2.1) for pu; > 0,
e > 0, A < 0, where the particular solution of the inhomogeneous system is representable in the form
(2.17), subject to the boundary conditions:

{expl(p — pa)wi (r)]lexp[-Awg (1))@ (t, 2)]i=a}r=r = iE: (3.6)

where F5 a given real constant.

Solution to Problem K,. Let in the overdetermined system of integral equations (2.1), the pa-
rameters and right-hand sides satisfy all the conditions of Theorem[2.5] Then, using the representation
(2.23) and its properties (3.5), as well as condition (3.6), we find Cy = E5. Substituting this value of
C, into representation (2.23), we obtain the solution to problem Kj:

p(t,2) = i exp[Awg (B)] expl(pa — 1 )wr(M]Es + Na[f (¢, 2)]. (3.7)
Thus, it is proven

Theorem 3.2. Let in the overdetermined system of integral equations (2.1), the functions f(t,z) =
f(t,r), g(t,z) = g(t,r), and the parameters X, pu;(j = 1,2) satisfy all the conditions of Theorem .
Then, the problem Ky has a unique solution, which is given by formula (3.7).
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1. INTRODUCTION AND PROBLEM STATEMENT

Fractional-order differential equations arise in various applications, such as classical mechanics (in-
verse problems), heat conduction (thermal flux dynamics), diffusion (electrochemical analysis of elec-
trode surfaces), and the study of stochastic transport processes. Many problems involving fluid filtra-
tion in highly porous (fractal) media also necessitate the study of boundary value problems for partial
differential equations of fractional order. Boundary value problems for fractional diffusion equations
have been studied in [II 2, [5, [§]. Fractal theory is used to describe the structure of disordered media,
such as porous materials, and the processes occurring within them. The transport of an impurity in a
homogeneous fluid flow is modeled using fractional-order differential equations [7]. Fractional diffusion
is also the subject of the study in [6]. In [14], a certain family of generalized Riemann—Liouville deriv-
ative operators Dgf of orders a and 8 was studied. The applications of this operator are presented in
[3]. In [4], the unique solvability of a boundary value problem with an integral conjugation condition
in a mixed domain was proven for a mixed-type equation involving the Hilfer derivative.

Consider the fractional-order diffusion equation and the degenerate hyperbolic equation with sin-
gular coefficients

Upe — Dy u=0, y>0,0<7vy<1,

1.1
a?_wum+§)uy:0, y < 0, (1.1)

where

Dy, , is the partial fractional Riemann-Liouville derivative of order v(0 < v < 1) of function u(z, y)
for the second variable [13] in domain D, which is the union of the upper half-plane D™ = {(x,y) :
—00 < x < 00,y > 0} and the domain D™, located in the lower half-plane (y < 0) and bounded by

m

characteristics OC : z — —2-(—y)™>" =0, BC : £+ —2-(—y)™> =1, and segment [0,1] of the straight

m—+2 m—+2
line y = 0. In equation (L.I)) m, ap, By are some real numbers satisfying conditions m > 0, |ap| < ™42,
-2 < [y < L
2

The solution properties of equation (1.1)) essentially depend on the coefficients «y and S, for the
lowest terms of equation (L.I)).

In plane agOfB, of parameters ay, 5y the triangle AyByCy, is bounded by straight lines AyCly :
Bo+ag = —m/2, BoCy : By — ag = —m/2, AgBy : Sy = 1, and depends on the location of point
P(ay, By) in this triangle, boundary value problems are formulated and investigated for equation
TI).

Note that boundary value problems for equation , in both bounded and unbounded domains,
where the point P(ay, ) lies inside the triangle AoByCy, were studied in [II]. Boundary value
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problems for equation ([1.1]) in the case where ay = 0, Sy = 0 were studied in [T}, [5], while the shifted
problem for equation (1.1)) with —% < 8, < 1 in domain D was studied in [9].

In this work, a boundary value problem for the equation is studied in the case of P(ay, B) €
AoCy.

Problem. Find in domain D function u(z,y), which:

1) function u(z,y) tends to zero as (z? + y*) — oo;

2) satisfies the boundary conditions

y' uly—0 =0, (—oo <z <0, 1<x<o0), (1.2)
1
U|OC = 1/1(33)7 T e O? 5 (13)
as well as the conjugation conditions
i 1=y — T T —
yliriloy U(CC,y) - ylinjou(xay)u T e I= [07 1]7 (14')

Jim g (" (@, y))y = lim (<) Pu(e,y),, @ € 1= (0,1).
where (x) is the given function, 1(0) = 0.
We seek a solution u(z,y) of the problem in the class of twice differentiable functions in domain D
such that
y'u € C(DY), u(z,y) € C(D-), y*(y'~u), € C(D*U{(z,y) : 0 < & < 1,y = 0}), Ups €
C(D*UD7), uy, € C(D7).

2. MAIN RESULTS

Let P(cv, o) € AoCo.

It is known that in domain D™, the solution of the modified Cauchy problem with initial data

u(z,0) = 7(z),z € limo(—y)ﬁou(x,y)y = v(x), x € I, in the case of P(«ag, fy) € AoCop, has the
y——

form [10], 12]

u(w,y) =7 (24 25(-y) ")

2 1-Bo 2 mtz s (2.1)
) L (o 2= () ) (1 - o)
where 3 = Tnﬁg;’
From formula ([2.1)) by virtue of boundary condition (|1.3), we have
2 (m+2\'""’ /
=7(21) - —— —— 1—5/2 1—t)"Pdt. 2.2
vi) =) = 2 (M) [ - o (2
0
In equality (2.2]), we make a change of variable integration z = 2tz and have
2x
v =) - 3 (A) [uteyee - 24 2:3)
z)=7122)— = | —— v(z)(2x — 2z 2. .
2\m+2
0
In equality ([2.3)) we replace 2z with X and get
5 X
00 =10 - 5 (=55) [rex -2z x € 0.1) (2.4
=7 —— | — v(z —z z . )
2 \m+2 ’ ’
0

Next, applying the Riemann-Liouville operator



268 Ruziev M.KH., Yuldasheva N.T., Sarsenbaeva G.O.

D) = g | el <0,

a

from equality (2.4)), we obtain

X B
P <2> =7(X) - (m — 2) I'(1-B8)Dyx'v(X), X € [0,1]. (2.5)
B
Dividing both sides of the equality . by % ( 12 I'(1 — ), we obtain
Yo (X) — Dox v(X)=",(X), X €[0,1], (2.6)

X

where 70 = ———5——, Uy(z) = ——3>—— v(3)

imﬁ) ra-g)’ 1(54) r-8)
Equality (2.6) is a functional relation between 7(x) and v(z) brought to the line y = 0 in the
hyperbolic part D~ of domain D.

We introduce the notation lim y'u(z,y) = 7(x), ylirilo vy (e, y)), = v(x).

y—40
It is known that the solution to equation (L.I)) in the half-plane y > 0, satisfying condition ([I.2))
and condition hI}rlO Yy Tu(x,y) = 7(x), x € I, has the following form [2]
Yy—r

w(z,y) = / Gla,y, O)r(0)dt, (2.7)

where

-
[NEIVE]
~—~
N
S~—

i) =3 (12’“”)# (2.8)

kOF

Remark 2.1.  The solution u(z,y) can be expressed in terms of the special Wright functions
©(a, d, z) defined for real o, § and complex z by means of a power series [7]

Zk

p(a,0;2) =) s
2 I (ak + 0)

By (2.8), we have ei (2) = (—%, 7 z), and therefore,

[NEIN S

1
F Yo _
ula,y) = 2y 1/@(—g,g;—lx—tly 2)T(t)dt-
0

It is also known [1I] that the functional relation between 7(x) and v(x), brought from the parabolic
part of D to the line y = 0 has the following form:
1

=Ty

(). (2.9)

Differentiating both sides of equality (2.6)) with respect to x, we have

07 (@) O (D () = W), @ € [0.1] (210)
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By virtue of the formula

30w = () Foray [ 0 @t (0= o] + L > o),

0
from (2.10)), we get
'yOT"( ) — Dytlv(z) = (), z € [0,1]. (2.11)

According to . . from (2.11]), we arrive at the fractional differential equation 1 + /3
Dg;;lu(x) —\v(z) = ®(z), z € [0,1], (2.12)

where
A=l (1+7), (z) = —¥{(z).
It is known [13] that the general solution of the fractional differential equation v > 0

(Dg3y(1)) () = Aoy(x) = h(x),70 > 0,n = =[=] (2.13)

is given by the formula
Z kT T B 14—k (A2 ™) —i—/ x—t)° B, (Ao(z —t)™)h(t)dt. (2.14)
0

Here ¢y, cs, ..., ¢, are arbitrary constants, and functions ., 14+,—x(Ao2z™) and E,, -, (Xo(z —1)7°) are
special cases of the Mittag-LefHler function E. (%),

TI’L

Brusle) = 2 fom ey 0 > 00> 0. Bu() = Bua(2)

which is an entire function of z [13].

Equation (2.12) is an equation of the form (2.13) with y(z) = v(z), v = 1+ B, Ao = A, and
h(z) = ®(x). Since 1 < f+ 1 < 2, the general solution of the form ([2.14]) for equation (2.12) is given
by

l/(.’L’) = 61$BE1+5,1+5(>\IB1+ﬁ) + CQII?BilEH_g,g()\.TlJrﬁ)—’-

x

[@ = Bipas (Mo - ') 201t (2.15)
0
where ¢, ¢, are arbitrary constants. Substituting (2.15)) into (2.6]), we obtain an expression for 7(x):

Y07(@) + &1 (D8 B AH9)) (@) + e (DM By s (M) ) (2)+

+ (D?,; [t =9 Ersis (- 5)%) @(s)ds) (@) = Wi (a). (216)

0

From (2.16)), we get

(@) = ¢ (DG P Brepae s () ) (2) + & (DL Brip (M) (1)

t
1 1
— ’y— (Dg,xl /(t - S)BE1+B$1+5 ()\(t — 3)1+6) q)(s)d8> ($) + 77\1’1(113) (217)
0 0
0
where
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In (2.17), we simplify the expression
(D02 Brepasn (M8 (@),

According to the formula

>0, 8>0
2:0 T'(am + B)’ (a f>0)
we have
(Dg;ltBEH/B,Hﬁ()\tHﬂ)) (x) / z — 1)t
0
oo )\tl—i-ﬁ m
X Z ( ) dt.
= T((1+8)m+1+03)
Now, rearranging the orders of integration and summation, we have
(Dg;ltﬂEHﬂ (A7 ) i - : X
' ’ L((1+pm+14+58)T1-p)

=0

o /(x )P gy
0

In (2.19) we calculate the integral by changing the integration variable ¢t = xo:

T 1
/(x ) BRI B gy /x—ﬁ(l )P BmeS (BB g
0 0
1

— (1AM / oMM — ) Pdo = 2z B (14 B)m+ 14+ 3,1 — ) =

0

(1-"-,8)mF ((1 + ﬁ)m +1+ /8) F(l - 5)
I'((1+p8)m+2) ’

= xx
Substituting (2.20)) into (2.19), we get

(DE2" 7 Erspans M) (@) =

> A 1
Z (I+B)m+1+B8T1-p) "

m=0

(i ((1+B)m+1+5) -5 _
I'((1+p)m+2)

o0 )\:E1+,8>
xzr (1+ B)m +2)

m=0

.%'E1+§)2(A£L'1+6).

Thus,
(Dg,;lt6E1+ﬁ,1+g()\t1+B)> (.Z') = $E1+/3,2()\:c1+5).

Similarly, it is easy to show that

(Dg,ZItB*1E1+B7ﬁ()\t1+B)) (z) = Erys(Aa'P),

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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(D@,; =9 Ersis (N = 5% @(s)ds> (@) =

0

x

B /(9«“ = 5)E152 Mz — 5)'7) &(s)ds. (223)

0
By virtue of (2.21)-(2.23)) from (2.17]), we obtain

7(z) = B 52o(Ae'P) + B s( At TP) —

€T

_ 71 (@ — ) Ereps (e — £)) ®(t)dt + 71\1;1(:6). (2.24)

To find constants ¢} and ¢ we can use relation 7(0) = 7(1) = 0 following from condition (|1.2)).

Substituting x = 0 into the formula (2.24]) and taking into account the equality E;,5(0) = 1 that
follows from the condition ([2.18]), we obtain 7(0) = ¢} + 710\111(0), hence

o =— . (2.25)

Substituting x = 1 into formula ([2.24)) and taking into account equality (2.25)), we find

U, (0)

0

0=ciEi1p2(A) —

E1+ﬁ()‘)_

1

L 0B M= ) @) dt + —w(1).

Yo Yo
0
From here
1
= ————-X
' Eipe(N)
U, (0 1 1 i
X : )EHﬁ(A) — —U,(1) + /(1 —)Ei152 (A1 —t)""7) O(t)dt | . (2.26)
Yo Yo Yo J

Taking into account ([2.25)) and ([2.26)), substituting equality (2.24]) into formula (2.7]), we obtain an

explicit solution u(x,y) of the problem under study.
Let P(Oéo, Bo) € B()CO.
In this case, the solution of the modified Cauchy problem with initial data
uw(z,0) =7(z),z €l ylimo(—y)ﬁou(x,y)y =v(x), x € I, has the form [10, 12]

m+2
ulz,y) =7 (2= 25(-9) ")
m—+2

— 2w o (- (et - D)) (- 0

m+2fo
(m+2) °
Further research is conducted as in the case of P(ag, 8y) € AoCo.

where o =
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1. INTRODUCTION

Differential equations on metric graphs effectively model various physical phenomena, including
oscillations in elastic networks and diffusion processes. A significant body of research has concen-
trated on differential operators and equations within this framework, exploring their implications and
applications in diverse contexts. These studies provide valuable information on the behavior of sys-
tems represented by metric graphs, improving our understanding of complex physical interactions
(13| 17, [16], 19, [11].

The most significant challenge involves solving an inverse problem in differential equations. In [14],
the primary focus is on an inverse problem related to recovering the right-hand side of a parabolic
equation with variable coefficients, along with an integral overdetermination condition. The authors
demonstrate the Fredholm property of this inverse problem, prove the existence and uniqueness of its
solution under certain conditions, and provide stability estimates. A similar issue is addressed in [9].
In addition, several studies have examined inverse problems for fractional differential equations, such
as references [2), 14 21]. Ashurov et al. [3] investigate the inverse problem of determining the density of
a heat source for a subdiffusion equation. They utilized the Fourier method to establish the existence,
uniqueness, and stability of solutions.

The manuscript is organized as follows: The essential definitions and notations are presented in
Section 2. Section 3 outlines the precise formulations of the problems investigated. In Section 4, the
focus is on studying the inverse problem.

2. PRELIMINARIES
In this section, we define key notations and function spaces essential for our problem.

Definition 2.1. (see [10], p. 69) The the Riemann-Liouville fractional integral of order 0 < a < 1 for
a function ¢ € L1(0,T) is defined by

Be(t) = Diolt) = s [ oo

provided that, the integral, in the right-hand side of this expression, exists.

Definition 2.2. (see [10], p. 70) The Riemann-Liouville fractional derivative of order 0 < a < 1 for
a function ¢(t) on [0, 7] is defined by

o L d " ()
DA = My, o

provided that, the integral, in the right-hand side of this expression, exists.
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Definition 2.3. (see [10]) The Caputo fractional derivative of order 0 < av < 1 for a function ¢(t) on

[0, 7] is defined by
o oy 1 A0
aO,tQO(t) - F(l _ Oé) A (t _ T)adT’

provided that, the integral, in the right-hand side of this expression, exists.

We present functional spaces that help solve the problem. The previously defined fractional deriva-
tives are pointwise, so we need a definition for the generalized fractional derivative, which is well-defined
in a subspace of a fractional-order Sobolev space, as discussed in reference [§].

Following to ([8], p. 12), by H*(0,T), 0 < a < 1, we denote fractional Sobolev - Slobodeskii space
governed by the norm (see [7], [§])

T lu() () )
||U||Ha(0T = <||u’L2 (0,T) +/ / (t—s) 1+2 —itza s dt) ’

We put
oH*(0,T) ={ue H*(0,T) : u(0) = 0} for 1 < < 1,
HQ(O7T) OSO&<%,
T |v
Ho(0,T) =< {veH>0,T): [} 2OLgt < o0}, =1,
oH*(0,T), i<a<l
The space H,(0,T) is a Banach space with the norm (see [§], p. 12)
[Vl 20,7y O<a<l,a#i

1

||/UHH04(07T) = (H H2

H2(0T

lev Idt) 7 Oé:%.

According to ([8], p. 15) the space (C*[0,T] = {v € C*[0,T] : v(0) = 0} is dense in H,(0,7). In
the same work, it is shown that I, : L(0,7) — H,(0,T) is injective and surjective, and so, the weak
fractional derivative can be defined as 95, = (Ig,) "

Furthermore, the following norms are equivalent in H,(0,T) (see [8], p. 17)

1050l a0,y ~ 0]l . 0,7)-

We notice, that in the case % < a < 1 for any v(t) € H*(0,T) the weak Caputo derivative can be

defined by the equality 95 ,v(t) = 95, (v(t) — v(0)) (see [8]).

The star metric graph G is a graph with n bonds, consisting of a finite set of vertices V' = {v;},
and a finite set of edges E = {e;}}, where e, connects the vertices vy and vy, k = 1,n [6]. Each bond
ey is assigned the interval (0,1;), and coordinates z;, are defined on each bond. The vertex vy of the
graph has a coordinate of 0 on each bond. Further, without loss of generality, we will use x instead of
xy. For the function, u : G — R, defined on the graph, we put u|., = uy.

We establish functional spaces within the metric star graph. For the functions defined on the

: _ _ ou Oun, _ 9%u 8up
graph, we use vector-type notations u = (uy,...,u,), U, = (8—;,...,%), Upy = (am';""’ o ),

n Ik
JudG =3 [udz. Foru:G — R, v:G — R, we put uv = (U101, UgVa, ..., UpVy).
k=10

g
Let G, ={(z,t):xz € G, t € (0,7]},0 <7 <T.

Definition 2.4. (see [0], p. 10) The space Ly(G) on G consists of functions that are measurable and
square-integrable on each edge e, kK = 1,n with the scalar product and the norm:

(1(2) 0 @)1 0) = [ ula) - o(2)dG.

g
2 2
ullZ ) = D el e
k

In other words, Ly(G) is the orthogonal direct sum of spaces Lo(ey), k= 1,n.
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Definition 2.5. The space ]L,g(Oi,t) on G consists of functions that are measurable and square-
integrable on each edge ey, k£ = 1,n with the norm:

n t
wmmzzldmw
k=1

In other words, Ly(0,¢) is the orthogonal direct sum of spaces L,(0,t), k = 1,n.
Definition 2.6. The Hilbert space W(G), | = 1,2 defined by

W3(G) = P Ws(er), 1=1,2
k=1

and with the scalar products

(1, 0)wa e = / (v + uy0,) dG,
g

(’LL, U)WS(Q) = / (UU + uv; + uxa:va?m) dg
g

Definition 2.7. Let the space Q = {u € C(G) : ux(z) € C=(éx), ug|z=i, = 0}. W 3(9) is a subspace
of the space W, (G) that is the closure of @ with respect to the norm [ullwzg) = 1/ (4, u)w; (g)-

Definition 2.8. Let Ly(G,) = L(0,7;L2(G)). Wy*(G.) = {u : u(t,") € WH(G),u,u,, 05,u €
Ly(G,)} is a subspace of Ly(G,) with the scalar product

(U, V)2, = / / (uv + ugv, + 05 ,udy v) dGdt,
0 g
and with the norm .
HUHW;}’“(G,) = (U2 +uZ + (3&tu)2) dgdt | .
0 g

Wos(Gr) = {u € Wy*(G,) : ug|omy, = 0} is a subset of W, *(G,).

Definition 2.9. W,*(G,) is the Hilbert space consisting of all elements of L,(G,) that have gener-
alized derivatives O¢',u, u, and u,, from Ly (G,). The scalar product in it is defined by the equality

(u, U>W§’“(GT) = / / (w0 + ugvy + Of UG U + UsgVay) Gt
0 g

and the norm is denoted as follows: || ||W22‘Q(GT).
Definition 2.10. W, (G,) is a subspace of W;*(G,), which is the intersection of W3"*(G,) with
Wy (Gy).
Lemma 2.11. [I] For any function v(t) absolutely continuous on [0,T], one has the inequality
1
v(t)0g,v(t) > 58&1}2@), 0<a<l (2.1)

And also we need arithmetic inequality

1
lab|] < ea® + Ebz’ for all € > 0. (2.2)
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3. PROBLEM STATEMENT

We consider the following time-fractional diffusion equation on the metric star graph G

0o uk(T,t) — Up oo (2, ) = fr(t)gr(z,t) + hi(2,t), x € er, t € (0,T], k=1,n, (3.1)

where 0, denotes the Caputo fractional derivative of order o € (0,1), gi(w,t), hy(x,t) are given
functions, fi(f) are unknown functions. We need to solve both the direct and inverse problems
to determine the pair of functions {u(z,t), f(t)} in the equation within a bounded domain
G7 = G x (0,T]. This solution must satisfy the following initial conditions

up(z,0) =0, z€e,, k=1n, (3.2)
the vertex conditions
Zuk,l(()?t) :07 uk(07t) :uj(oat)7 k#]a k7j:m7 te [07T]7 (33)
k=1
the boundary conditions
Uk<lk,t):0, t e [O,T], k=1,n, (34)
and the overdetermination conditions
Ik
| m@usta. s = vu(e), k=T (3.5)
0

where (), ¥1(t) are known functions.
In this problem, we are searching for a solution in the form {uy(z,t), fr(t)} = {yu(z,t),0} +
{wy(z,t), fir(t)}, where yi(z,t) is a solution of the direct problem

00 Uk(2,t) = Yk wa(w, ) = hy(2,t), weEE, t€[0,T], k=1,n, (3.6)

and the pair {wy,(x,t), fx(t)} is a solution of the inverse problem

0o Wi (T, 1) — Wi o (w, 1) = fu(t)gu(w,t), x €€, t€[0,T], k=1,n, (3.7)
with (3.2)-(3.4) conditions and the following overdetermination conditions

/Ok (@) wi (2, )dz = By(t), k = Tom, (3.8)

where Ej(t) = ¥y (t) — fnk(a:)yk(a:,t)da:.

We express the problem of defining the function, as noted in reference ([12], p. 153), as Ay = h
over the domain

y(.%',t) € W;,ba(GT>7 yk(x7t>‘t=0 = 07

V(Gr) =( & , .
(G = S a0, =0, u(0,0) = 35 (0,8), b #J, kj =T
k=1
Theorem 3.1. Let g(x,t) = 0, h(z,t) € Ly(Gr). Then the problem (3.1)-(3.4) has a unique strong
solution in V(Gr).

Problems that were solved in a similar way were examined in [5], [I8, 20]. In these studies, the
approach involved reducing the given equation to an operator equation and solving it using a priori
estimates, which can be classified as a functional method. This method was adapted and improved,
originally drawing inspiration from Ladyzhenskaya [12], to address fractional order equations on metric
graphs. In [20], unique solvability of inverse problem was presented for such a diffusion equation, where
the unknown function on the right side of the equation depended solely on the variable x and was
consistent with the overdetermination condition.

The uniqueness and existence of the direct problem are investigated in [I5], so we will focus on
solving the inverse problem.
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4. UNIQUE SOLVABILITY OF THE INVERSE PROBLEM

We obtain the operator equation for the unknown functions f; (), assuming the functions in the
problem are measurable and meet the given conditions:

g(x,t) € Ly(0,T,W 3(9)), (K1)

Eiy(t) € H*(0,1), n(z) € L2(G), g,(t) # 0, (K2)

where

Ik
gr(t) :/ ne(z)gr(x, t)de, k=1,n.
0

By multiplying both sides of equation (3.7 with the function 7, (x) and integrating over the interval

0,13], we get
L I M
/ nk(x)a(‘)’jtwk(x,t)dx — / M (T) Wk 2o (T, ) dr = fk(t)/ () g (x, t)dx.
0

0 0

Using conditions (3.8]), we obtain the relation

o 6&tEk(t)
fi(t) —Bfk(t)‘f‘igz(t) ; (4.1)
where . W
Bufilt) =~ o5 /0 ()W a2, ), k= Tom, (4.2)

Bf = (Bflan2""7Bfn)7 Bfk :H-‘2(O7T) — LQ(OvT)

Theorem 4.1. Let conditions (K1), (K2) hold. If h(z,t) € Ly(Gr), then there exists a generalized
solution {u(z,t), f(t)} of the inverse problem -(3-8) and u(z,t) € V(Gr), f(t) € Lo(0,T).

Proof. 1t suffices to prove the unlque solvability of the inverse problem (3.1} . . 3.5) by showing that the
operator B, defined by relation , is a continuous operator into Ly (0,t).
By multiplying both sides of equation (3-7) by 08 w0 (7, t) and integrate over G

173
Z/ 9 ywi (7, )05 W o (T, 1) dx—Z/ Wae (T, )05 W o (7, 1) d

n Iy
-y /0 Fe(®) g1 (2, £)05 w0 (2 £)
k=1

Then, using integration by parts and ([2.1)) for the second sum, we obtain

lk n lk:

Z@ Wi(,t) - 0y Wi o (2, 1)]5Z l’“ Z (95 ywi (2, 1)) *da — 72 O Wi 4 (2, t)da

k=1 k10

Ik
> ka <g;€ z,t) - 0p, wk,m(m,t)\i;g‘ —/ gk,x(x,t)aﬁtwkym(ac,t)dm>.
0

After multiplying both sides of the inequality by —1 and also taking into account conditions (3.2)-
(3.4) and (K1) we get

1 (63 (0%
3 0llwk e (@ OIZ ) + 1106wk (2, D)l [156) <

< ka / Gro (7, 1) 05 W o (0, ) dw (4.3)
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By using Cauchy-Bunyakovski inequality and ([2.2)), also (K1), we can get:
ka(t)/ g1 (20, 8)02 03 (2, £)
k=1 0

1
n 2

Ui Iy
<0 [ o [ ot o)
0 0

=1

=

3

< D@1 Mg (@ Ol o000 - 1106wk, (2, D] 20,0
k=1

n N c n N
<) O 108w (@, )l a0n < 52 1@ +elldgwn (@, 1)L,
— k=1

where ¢ = 172]§L§:Un\|gm(-, t)||Lo(0.0,)- Replacing the last result to we can get:
38‘t!|wm($ )L, + 1106w (@, )lL,0) < Zlfk ®)* + 105 wa (2, t)l7,g)
Choosing € = 1 and simplifying the inequality, it will be :
Ot||wﬂ7$(x t) HLz(g) Z|fk

By fractional integrating and using initial conditions (3.2)), we get

s, )30 < ST5u 0 (B[, (4.4)

2

Using condition (K2) and Cauchy-Bunyakovsky inequality, we estimate the norm of the operator Bf

Bilton =S [ (Br2ar =S [
1B, 0 ;A<m ;A<m

1 [k ’
t)/ Nk (2)weedz | dr
0
1 n t I I m2 t
S? /0/0 ni(x)cm/o wizdxdTSqZ/o me||%2(g)d7'.
k=1

where ¢ = magz lg5(t)], m =||n[|L,)- Then, taking into account 1 , we get

¢
IBfIIE a0 < 2q210,t2/ |fi(7)[PdT = CIG N I, (0.0)5 (4.5)
k=17

where C' = . Now, iterating the inequality (4.5)) ¢ times, we get

1B HONEs00 < CISNB ™ FllE 00 < C LGN IEs0,0 1= 1,2,3, ...

From the last inequality, taking into account that the function f(t) =|f 1£,0.¢) 1s a nonnegative and
non-decreasing function on ¢ € [0, 7], we have

1 T (1o C’Ltza
I(B*H)O)a00 < CIF a0 - ool = ﬁllfllh(o 0
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Consequently, we have

o (VOTa)'
I(I = B)™ Flleaor) < Y ( )

> i o

where F = 2.0
9y (t)
So, it follows that the resolvent operator (I — B) ™' : Ly(0,T) — Ly (0, T) is bounded and continuous
mapping. O
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1. INTRODUCTION

Let © C RY be an arbitrary bounded domain, with sufficiently smooth boundary 99, p,o € (0,1).
Consider the following problem

Diu(x,t) + (—A)u(z,t) =0, 2€Q, 0<t<T,
u(xz,t) =0, €0, 0<t<T, (1.1)
u(z,0) = p(x), x€Q,

where p(z) € L2(Q2), A is the Laplace operator and DY is the fractional Caputo derivative of order
0 < p < 1, which for any continuous function h(t) is defined as (see e.g. [12], p. 71)

» B 1 d (" h(€)— h(0)
DN = Sy ), g % 10

provided the right-hand side exists. Here I'(p) is Euler’s gamma function. We call problem the
forward problem.

Fractional diffusion equations are widely applied in fields such as anomalous diffusion, elasticity,
finance, and biology [8, 10}, 14]. Determining the fractional order is difficult due to the lack of direct
measurement tools, necessitating the solution of inverse problems based on indirect data [13].

Z. Li et al. [I3] emphasized solving inverse problems using solution values over fixed time intervals.
Subsequent works ([I, 2 Bl 4] [5]) introduced additional conditions, such as time-integrals of the
solution, to prove uniqueness and existence, relying on the monotonicity of Mittag-Leffler functions.

The inverse problem involving a RiemannLiouville fractional derivative in equation remains
unstudied, though many results exist for the Caputo case. For example, Tatar and Ulusoy [15] (2013)
proved uniqueness for a two-parameter inverse problem on (—1, 1), but under strict initial conditions,
requiring all Fourier coefficients to be positive.

In contrast, Yamamoto [16] (2020) addressed a similar problem on a bounded domain Q C RY,
proving uniqueness under weaker assumptions (¢(z) > 0) with an additional condition u(zo,t) = ¥(t).

In [7], the problem was studied on RY with a general elliptic operator (not just Laplacian). The
authors established both existence and uniqueness without restrictive assumptions on the initial func-
tion, requiring only smoothness (¢ € L3(RY),7 > N/2). Their approach leveraged properties of the
continuous spectrum, particularly when A = 1 is in the spectrum or an eigenvalue.

In this paper, we investigate the initial-boundary value problem , in which the parameters p and
o are assumed to be unknown. The primary objective of this study is the simultaneous determination
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of these two parameters. This type of problem is commonly referred to as a two-parameter inverse
problem, and it arises naturally in various physical and engineering contexts where model coefficients
are not directly measurable.

We use the following additional conditions for simultaneously determining the parameters p and o:

[(u(z, o), vi(2))| = do,  [(u(z, t1), v(x))| = di, (1.2)

where ty # t1, to, t; € (0,7] and dy, d; are given positive numbers. Here, the symbol v (z) denotes
the k-th eigenfunction of the Laplace operator with the Dirichlet boundary condition, corresponding
to the eigenvalue A\, > 1.

2. PRELIMINARIES

Let Q be a bounded N-dimentional domain with a sufficiently smooth boundary 092 and {v.(z)}
denote the complete system of orthonormal in L,(Q2) eigenfunctions and {\;} the set of positive
eigenvalues of the spectral problem:

{ — Av(z) = M(x), z€Q,
v(z)],, = 0.

Let us present some assertions about eigenfunctions v, (z) and eigenvalues A, proved by V.A.Ilyin
[11].

Lemma 2.1. The series /\;([7]+1)vi(a:) converges uniformly in a closed domain .
k=1

Lemma 2.2. Let the function g(x) satisfy the conditions
—_— P+1o(p
(1) 9(x) € C™(Q), gomr5mm € La(2), p+1=pi+p2+.-.pup 2 1,

(2) g(@)lon = Ag(@)lon = - = Alflg(@) on = 0.
Then the number series 1?31 2APTY conwerges, where g, = (g, vp,).
Definition 2.3. For 0 < p < 1, let E, ,(z) denote the Mittag-Leffler function defined as:
o h
E,.(z)= 2 Tkt ) w,z € C.

If u = 1, then the Mittag-Lefler function is called the one-parameter or classical Mittag-Lefler
function and is denoted by E,(z) = E, 1(2).
Recall the following estimate of the Mittag-LefHler functions (see, e.g. [9], p. 29).

Lemma 2.4. For anyt > 0 one has
C

E, . (—t)] <
Bun—0) < 17

peC,

where constant C' does not depend on t.

Let us represent by §(1; /) a contour oriented by non-decreasing arg ¢ consisting of the following
parts: the ray arg§ = —f with |[£| > 1, the arc —f < arg¢ < 3, |¢| = 1, and the ray arg = 3, |£| > 1.
The counter §(1; 3) is called Hankel path.

Let 8= 2%p, p € [po, 1) and o > 0. Then, we write function E,(—A?t”) in the following form ( see
], p. 27):

EP(_)‘atp) = p(p7 g, t) + Q(P7 g, t))

where
(p.0,1) = e
pp7 b _F(l—p))\atp’
1 efl/pg
ty= ———— —dE.
Q(p, g, ) 27.[.Z')\Uptp /5(1;5) §+)\gtp §
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Lemma 2.5. Let 0 € (0,1) and 0 < py < 1. Then there exists a number Ty = Ty(A, po) such that for
allt > Ty and X > N, function E,(—\7t?) is positive and monotonically decreasing for all p € [po, 1)
and the following estimates hold:

1
8—p(p, o,t) e t>1, A>0,
1/p+Int
) <C 1, A>0.
‘(9 qa(p; o, )'__ Degpz 0 2L A

This Lemma was proven in [6].
Lemma 2.6. There is a constant C' > 0, such that

C|ln \|
Nogp

0
'&jq(p,a,t)‘< t>1, A>0(A#1).

This Lemma was proven in [6].

3. SOLUTION OF THE FORWARD PROBLEM
Firstly, we present the definition of the solution of the problem .
Definition 3.1. A function u(z,t) with the properties
(1) u(x,t) € C(Q2 x [0,T)),
(2) Diu(z,t), (—A)u(x,t) € C(Q x (0,T)),
and satisfying conditions is called the solution of the problem .
Now we present theorem about the solution of problem .

Theorem 3.2. Let function p(x) satisfy conditions of Lemma with exponent p = [%] Then
problem has a unique solution:

u(z,t) = Z OB, (= A7t )ug (), (3.1)

where ¢y, are the Fourier coefficients of function p(x).

Proof. Assume that a solution of the forward problem exists. Since system {vi(z)} is complete in
L5(2), then this solution has the form:

u(z,t) = Z Ty (t)ve (),

where T} (t) = (u(x,t),vr(x)) are the Fourier coefficients of the function u(z,t) and are unknown.
Multiply the orthonormal eigenfunctions v, (x) to the equation in the problem (L.1f), to get

(Diu(z,t), vx(2)) + ((=A)7u(z, 1), vp(2)) = 0.

We have (DJu(z,t),vi(x)) = D{Tk(t). Since the Laplace operator is self-adjoint, it follows that
((=A)7u(zx,t),ve(z)) = A{T(t). Therefore, to determine T} (t) we obtain the following Cauchy prob-
lem

Dé)Tk(t) + )\ZTk(t) = 0, Tk(O) = Pk-

This problem has a unique solution (see, for example, [9], p. 174):

Ti,(t) = prE,(—A7t"). (3-2)
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From this, in particular, it follows that if a solution to the forward problem exists, then it is unique.
Indeed, for this it is sufficient to prove that the solution u(z,t) to the forward problem with the
homogeneous condition is identically zero. But from it follows that 7 (¢) = 0 for all £ > 1.
Taking into account the definition of T} (¢) and the completeness of the system {vy(x)}, we obtain

u(z,t) = 0.
Let us show that the operators (—A)” and Df can be applied term-by-term to series (3.1)) and the
resulting series converges uniformly in (z,t) € (2 x (0,77):

(—2)7u(z,t) = Y AN prBy(= A7t )vg ().

Using Lemma [2.4] and applying the Cauchy-Bunyakovsky inequality we get

I(=4A) Z Ao B, (ATt v (z Z |on||ve(z H—(i\%tp <
<0t Janllon(@)] = 0t S o (VA EFD ()~ (E ) oy ()] <
<cte (ZW 2y )>2 <Z)\ 5]+ ))2

Therefore if p(z) satisfies conditions of Lemma with the exponent p = [%], then series

> ]gok\Q/\,(c[%]H) is converge. Additionally, according to Lemma the series Z )\_([%]H)v,f(:r) is
k=1

converge uniformly in a closed domain 2. Hence, (—A)%u(z,t) € C(Q x (0,T]).
From equation (1.1) one has Dju(x,t) = —(=A)%u(x,t), t > 0, and hence we get Dju(z,t) €
C(Q % (0,77).

The uniqueness of the solution is proved in the standard way (see, for example, [3]). O

4. SOLUTION OF THE TWO-PARAMETER INVERSE PROBLEM

Now we turn to the study of the inverse problem of simultaneous determination of the orders of the
fractional derivative p and the degree of the Laplace operator o.

Using the additional conditions ([1.2) and the solution (3.1)) we derive the following system of
equations:

d
Fi(p,o) = E,(=Ajtg) — > = 0,

|<P1|

4 (4.1)
Fy(p,0) = E,(=\{t}) — — =0.

’901’

We introduce the following notation:
E (—X’t”)]
F ) = P f} 2 )
)= | (o6
where t1,ty > 0, t; # ty, 0 € (0,1), and p € [po, 1] with py > 0.

Suppose that I%I and M%I belong to the range of the function F'(p, o). Then, the following theorem
holds:

Theorem 4.1. Let \;, > 1 be the k-th eigenvalue of the Laplace operator. Then, there exists a positive
number Ty = Ty (Mg, po) > 0 such that for all t; > T\ and ty > T, the two-parameter inverse problem

(1.1)(1.2) has a unique solution {u(x,t),p,o}.
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Proof. First, we consider the partial derivative % of the function Fj(p, o) in the system of equations

(4.8). It holds that 22 + 0 for all p € [py, 1) and o € (0,1) (see [6]). Then, by the implicit function
theorem, there exists a function o = g(d,, p) such that the equation

d
_ _\9(dop)yp) . HO
Fl(p7g(d07p)) _EP ( )\k tO) ‘801‘ 07
is satisfied.
From this, we obtain the equation
d
Fp) = Fulp g(do. ) = B, (=N"78) = 22 =0
|1
We now compute the derivative g—ﬁ:
of 0 . 0
9y = 5,5 (AOH) = 5B, (~(aldo ),

9(dg,p)
where ¢(dg, p) = A, * t1. Then, using the chain rule, we have

op op
where
A= 4 E, (=A7t%)
— a9 o T AN )
Op o=g(do,p)
and

9q(do,p) _ 0 ()\g(d‘ﬁ'p)t ) _ 2 n (59(610#’) g(dmp))
k 1) — A - :
p dp p

Thus, we obtain

9(dg,p) |
O ey <‘99(d°’p) - 9<d0"’)) .
dp P dp P
The derivative of the implicit function g(do, p) is given by
Dg(do,p) 55 E0 (ZAT16)

dp %Ep (—A%té)

o=g(do,p)
Since the following inequalities hold for all p € [py,1) and o € (0,1) (see [6]):

0 0 0

5y B (A <0, S B, (SXIH) <0, B, (-X{H) <0,

it follows that % > 0 for all p € [po, 1) and o € (0,1). Therefore, the function F»(p, g(do, p)) is strictly

increasing with respect to p.
As a result, there exists a unique value of p that satisfies the equation Fy(p, g(dy, p)) = 0.
O
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Abstract. Textbook statistical mechanics is grounded on the additive Boltzmann-Gibbs-von
Neumann-Shannon entropic functional Sgg = k ZZL i In pi The possibility of generalizing the entire
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1. INTRODUCTION

Boltzmann-Gibbs (BG) statistical mechanics constitutes, together with Maxwell electromagnetism
and Newtonian, Einstein and quantum mechanics, a pillar of contemporary theoretical physics. This
theory was introduced in the 19th century [10, 20] and it is based on mechanics, electromagnetism,
and theory of probabilities. It satisfactorily applies to myriads of physical systems. It is based
on the Boltzmann-Gibbs-von Neumann-Shannon (BG) entropic functional, whose simplest (discrete)
expression is the following one:

w
SBGz—k‘Zpilnpi, (1.1)
i=1
with

}:m:1. (1.2)

W is the total number of nonvanishing-probability microscopic possibilities consistent with the avail-
able macroscopic information on the system, and k is a positive conventional unit chosen once for ever
(it is usually chosen k = kg = Boltzmann constant in physics, and k = 1 in computational sciences).
For equal probabilities (currently referred to as the microcanonical ensemble) we verify the celebrated
Boltzmann formula

Spe =klnW, (1.3)

a genius relation connecting the microscopic and the macroscopic worlds, graved on stone at Boltzmann
grave in Vienna!

However, BG statistical mechanics exhibits failures for complex systems such as long-range-
interacting Hamiltonians. A more powerful, i.e. more general, theory becomes then a must. In 1988
[45], a generalization of the BG theory was proposed grounded on the following entropic functional

1=,
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For equal probabilities we verify

ST =kln, W, (1.5)
where the g-logarithmic function is defined as follows:
1—-q __ 1
lan z= Zlfq (In] z=1Inz). (1.6)

The validity of this proposal has, by now, been legitimated in uncountable theoretical, computa-
tional, experimental and observational instances (see, e.g., the Bibliography available at [43], as well
as [13], 46, [49] 50]). Among those, let us mention the following ones: cold atoms in dissipative optical
lattices [16, 27], granular matter [15], high-energy collisions of elementary particles at LHC/CERN
and elsewhere [63], quantum tunneling in ion-molecule chemical reaction [62] 7], cosmology [54].

2. ENTROPIC NONADDITIVITY AND NONEXTENSIVITY

An entropic functional S({p;}) is said additive[31] if, for probabilistically independent subsystems
A and B (i.e., pit¥ = p/'pP), it satisfies

S(A+ B) = S(A) + S(B). (2.1)

Therefore, Spg is additive, whereas SqT is nonadditive for any g # 1. Indeed, we straightforwardly
verify
S/ (A+ B) _ ST (A) N ST (B) Lo ST(A) SF(B) ‘
k k k k k
Let us also mention that SqT is related with the additive Renyi entropic functional defined as follows
[32]:

(2.2)

ISV pe
Sk = k% ) (2.3)
1—g¢q
Its maximal value (i.e., corresponding to equal probabilities) is given by

SF=klnW (Vq), (2.4)

hence, a whole family of different entropic functionals share the same maximal value.
The Renyi entropic functional appears to be (though no proof is available as far as we know) the
most general additive one. Indeed, it satisfies

SFA+ B) = SHA) + SHB) (Yq). (2.5)

It is related to Eq. (1.4)) as follows:

st In|1+(1—q)ST/k]
- e (2.6)

The asymptotic functional form of W(N), (N is the number of elements in the system) in the
thermodynamical limit N — oo basically determines (not necessarily univocally) the specific entropic
form to be used in order to have a thermodynamically eztensive entropy, i.e., S(N) « N (N —

o0), hence limy_, o, S(TN < 00, a property which is mandated by the Legendre structure of classical
thermodynamics.

As a first example, let us consider a system satisfying, for equal probabilities, W (N) oc u™¥ (u > 1)
(exponential family). It is straightforward to verify that Eq. (1.3 implies Spg(N) < N, thus being
extensive for such systems. The entropy Sf’ also satisfies, Vg, Sq(N ) < N for the exponential family.

As a second example, let us consider now a system satisfying, for equal probabilities, W(N)
N* (p > 0) (power-law family), which is the case of very many so-called complex systems. It is

straightforward to verify that Eq. (1.4)) implies, for ¢ =1—1/p, Sg(N ) o< N, thus being extensive for
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such systems. We can see that, for this family, Spg(N) < In N # N, being therefore thermodynami-
cally inadmissible.

Let us consider now a third example, namely W (N) o< v (v > 1; v < 1) (stretched-exponential
family). We can easily verify that no value of ¢ exists for which we could have S} (N) oc N. We need
consequently a new entropic functional. Around 2007 (published in [49]), we introduced a new form
of (nonadditive) functional, namely

w 140 w 1
Sg:kz:pi[ln—} =k pilns — (F€R,), (2.7)
i=1 pi i=1 pi
where the d-logarithmic function is defined as follows:
Inj z = (In2)°. (2.8)
For equal probabilities we verify
ST = kln} W = k(InW)°. (2.9)

For the stretched-exponential family we can verify that, for § = 1/, Ss(N) o« N, thus satisfying
classical thermodynamics. This same form was also proposed by Ubriaco [57] as a mathematical pos-
sibility. The form defined in Eq. is not unique: other entropic functionals have been introduced
in the literature which also are appropriate for this same family [2, 21, 22]. The Hanel-Thurner en-
tropic functional Sde unifies in fact a variety of functionals available in the literature. In addition to
these, one more functional is also available in the literature which works out correctly for the equal
probability stretched-exponential family, namely [42] [54]

Wooas
STTT = k(s k" = (Dbl (2.10)

11—«
For equal probabilities, this functional yields
SI = k(nWw)°, (2.11)
which, interestingly enough, coincides with Eq. (2.9)! Functionals (2.7) and (2.10) are definitively

different but they share the same maximal value. To review some interesting connections of SggJ , We
refer to Fig. [6]

To give some overall view of these various entropic functionals, let us mention that Sharma and
Mittal [37] introduced, as a mathematical possibility, the following one:

o % [(f:pg)lZ -1] = 1%7“ [(1+ (- g7 /k) s 1], @) ery).  (212)

It unifies S and S} as indicated in Fig. |7 Another unification was introduced in [53], namely

w 1 5
ST = k> p, [mq ;] , (2.13)
i=1 g

which can be seen in Fig. [§

There are other interesting unifications in the literature, such as the Borges-Roditi entropic func-
tional SZX [11], which unifies the Kaniadakis S [26] and the Abe S [3] ones.

We have reviewed the above functionals and connections to illustrate the present plethoric scenario.
More details can be found in [50]. The reader should nevertheless keep in mind that very few (e.g.,
ST, Sy, SK, SF) of those many functionals have already been shown to be useful for the concrete
advancement of natural sciences.

3. TRACE-FORM AND COMPOSABILITY

Existing entropic functionals exhibit a variety of properties (positivity, concavity or convexity,
additivity or nonadditivity, extensivity or nonextensivity for specific classes of systems, among others).
We discuss here two basic ones, namely trace-form and composability.



290 Tsallis C
- oy O
ST = K(SE/k) = k(2tt)
STTT — & [m W] (if pi = 1/W)
a=1 d=1
. . w ] S“R _ klnzlilp:x
k[Spe k)P = k[z Y opiin } S —SE

k[Spc/k])® A[lnu] (if p; = 1/W)

d

-

kn H (1t pi=1/W)

A.SYBG
SBa

kYW pilnp;
kInW (if p; = 1/W)

FIGURE 6. The (nonadditive) entropic functional S7§” unifies the (additive) Sf

and the (nonadditive)

k[Spg/k]° functionals.

o 1=g
Ty A l=1 y 1=
s =& [(2at) © ] = k(100 T
l__?_
gSM _ [(1 + (1= q)lng W ) = 1] (if p; = 1/W)
w g 7 nyt
Lg" _ kl_%%llpi — kz:{:l Pi lnqi 5 = pii= P le_qlpl
ST = kln, W (if p; = 1/W) Sq =klnW (if p; = 1/W)
g=1 ¢=1
Spe = —k Z:Ll pi Inp;
Spe = klnW (if p; = 1/W)

FIGURE 7. The Sharma-Mittal (nonadditive) entropic functional unifies the (ad-
ditive) S}* and the (nonadditive) ST

3.1. Trace-form. A generalized entropic functional is said of the trace-form if it can be expressed as
w w i) W 1 1
Se({p}) =k fp) =k p ) :kZpilnG]7 :k<1nt

i=1 i=1 i=1 ‘

where f(z) is some appropriate smooth positive function which enables the definition of the function

Ing(z) through Ing 1 = @

have Ing(z) = In; (2); for S]" we have Ing(

S

= In; (2), and so on.

).

Di

. The function Ing(z) is expected to be a monotonically increasing one
between zero for z = 1 and its maximal value for z — co. For Spe we have Ing(z) =

2)

(3.1)

In z; for ST we
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g
\TC w
53? =k),_,pi [lnq pl}

ST§ = k[ng W]° (if p; = 1/W)

W g 4
Sg — 1 §:=11P =k E:Ll pilng pl Sg_ =k ZF:l pi [111 p’l} =k Z:":l p; Ing pl
Sq =kngW (if pi = 1/W) S§ = k(lnW)’ (if p; = 1/W)
g=1 d=1

Spe = —k YW, pilnp;
Spe=kInW (if p; = 1/W)

FIGURE 8. The In, z and Ins z functions are respectively defined in Eqgs. (/1.6
and 1} Notice that, for p; = 1/W, both S} and S&T‘] lead to one and the

same expression, namely k(In W)°.

As we see, the trace-form guarantees that the entropic functional can be seen as the standard mean
value of some simple function, namely of Ing 1%, referred to as G-surprise or G-unexpectedness [61, [4].

Spe, S} and Sj are of the trace-fom; SF and SI%57 are not.

3.2. Composability. Composability is inspired by thermodynamics. A generalized entropic func-
tional S({p;}]) is said composable [47, 48, [50] if S(A + B)/k corresponding to a system composed of
two probabilistically independent subsystems A and B (i.e., p;;*” = pi'p?) can be expressed in the
form

S(A+ B)/k = ®(S(A)/k, S(B)/k; {n}) , (3.2)

where ®(x,y;{n}) is a smooth function of (z,y) which depends on a (typically small) set of universal
entropic indices {n} defined in such a way that ®(z,y;{0}) = x + y (additivity), and which satisfies
(i) ®(z,0;{n}) =z (null-composability),
(ii) @(z,y;{n}) = ®(y,2; {n}) (symmetry),
(iti) @(z, ®(y,2; {n}); {n}) = ((z, y; {n}), z; {n}) (associativity).
For example, for ST, we have that ®(z,y;{n}) = = + y + (1 — ¢)zy and, for ST5”/, we have that

5
D(a,yi {n}) = ot +yt] .

For thermodynamical systems, associativity appears to be consistent with the 0th Principle of
Thermodynamics. Ultimately, the whole concept of composability is constructed upon the requirement
that the entropic functional S(A + B) does not depend on the microscopic configurations of A and
of B. Equivalently, we are able to macroscopically calculate the entropic functional of the composed
system without any need of entering into the knowledge of the microscopic states of the subsystems.
This property appears to be a natural one for an entropic form if we desire to use it as a basis for a
statistical mechanics which would naturally connect to thermodynamics.

Let us mention at this point the important Enciso-Tempesta theorem [I7], namely that Sg is
the wunique entropic functional which simultaneously is trace-form and composable; see Fig. @ ST
generically is trace-form but not composable, whereas ST5”7 and SI generically are composable but
not trace-form. l
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S=%f(p)

S(A+B S(A) S(B
(A )=¢[ ) [k)‘{"})

eg, S,= ®(x,yiq)=x+y+(1-q)xy

e.g,S — f(x)=kxIn 1
q ‘Ix

| ENTROPIC FUNCTIONALS

FIGURE 9. Enciso-Tempesta theorem [I7]. For more details, see [50].

4. SOME REMARKS AND CLARIFICATIONS

4.1. Generalizing the function In, z. The function In, z as defined in Eq. (1.6 places the value
q = 1 in a central position. It might be interesting to generalize it by putting an arbitrary value ¢* in
that central position. We define then the following monotonic function:

2971 -1

q—q

fq* (27Q) [Z > 07 (q*vQ) € R2]7 (4'1)

which indeed recovers In, z for ¢* = 1. In fact, f,-(2,q) = Ing41_4- 2 in general. See Fig. For
z — oo we asymptotically have that

1
— if ¢>q";
q—4q
fq* (Z7Q) — In 2 if q=q"; (4.2)
o0 if ¢qg<q*.
It also follows that
dfq* (Z, q) _ fq* (Z,q) _ zq*—q (43)

d(In z) R ’

hence, for z — oo, we have that
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FIGURE 10. The function f;+(z,q) defined in Eq. for ¢* = 0.5. Top: as
function of z; for ¢ = ¢* — 1 we have the straight line f(z,¢* —1) = 2 — 1; in
the z — o0, the slopes asymptotically become zero, 1, and infinity for ¢ > ¢*,
q = q*, and q < ¢* respectively. Bottom: as function of In z; ; for ¢ = ¢* we have
the straight line line fy-(z,¢*) = In z; the dashed lines correspond to the z — oo
asymptotic behaviors f«(z,q) ~ 1/(q¢ — ¢*).
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dfq* (Za q)

1 if ¢q=4q*; 4.4

o0 if ¢g<gq*.

The conjecture that is being used in [38] (see also [6}, 19} 39, [40} 41]) is that, at the (141)-dimensional
quantum critical point, the Gruneisen parameter is given by

[dsq}fl NAdfO.OSQS(N7Q) A lim dfo.0s2s(V, q)

2 d(In N) A Ny A0 (4.5)

where the prefactor A depends on nonuniversal information such as the size of the spin and the number
of short-range interactions assumed in the model. Consequently
0 if g>q*;
dS,1-1
— - A if ¢=q*; 4.6
[ﬁ] 1=4q (4.6)
00 if ¢<q*.

4.2. Clarifications. To avoid the possibility of confusion for the reader, let us make at this point
some clarifications:

(i) We refer here as entropic functional to a function S({p;}}) of the probabilities set {p;} [S must
vanish for certainty and be maximal for equal probabilities|, and entropy to an entropic functional
applied to a specific classical or quantum system whose size is finite, typically having N microscopic
elements. This distinction is rarely done in the literature. It is, however, important. For example, the
entropic functionals and are definitively different but, when applied to a d = 3 black hole
(under the hypothesis of equal probabilities), they both lead to the same entropy

SBH

SM:k<kf:khgr, (4.7)

where A is the area of the event horizon, [p is the Planck length, and SB# is currently referred to
as the Bekenstein-Hawking entropy [8, 9], 23, 24] (see, for instance, [53), B0, 54] and also [25] 28]). By
conjecturally assuming that the event horizon is a (rough) fractal, Barrow proposed [5]

SBH | 1+A/2
B _
S _4 k) (A >0). (4.8)
By identifying Eqs. (4.7)) and (4.8) we obtain
A
S=1+7. (4.9)

It is therefore possible to have an entropy (the Barrow entropy in this example) even if a Barrow
entropic functional does not exist. We verify that § = 3/2, hence A = 1, makes Sy, to be thermody-
namically extensive, as argued in [53]. On mathematical grounds, the Barrow entropy might well be
grounded on an entropic functional such as S§ or SI§” or a similar one.

(ii) In 2003, Gell-Mann and myself published [I8] a book entitled Nonextensive Entropy - Interdisci-
plinary Applications. The correct title ought to be Nonadditive Entropy - Interdisciplinary Applications
but a clerical inadvertence occurred. In its first chapter, the possibility was for the first time advanced
that W (N) could be given by W(N) o< N”, which meant that S} oc N for ¢ = 1—1/p. In other words,
SqT is nonadditive for all values of ¢ # 1, but, for such class of systems, the corresponding entropy is
nonextensive for all values of ¢ excepting for that very special one, for which S;F is extensive.

(iii) Thanks to the generous and highly honoring collegiality of many scientists, SqT is referred, in
the literature, to as Tsallis entropy. However, since S§ was published in [49], several authors also
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refer to this one as Tsallis entropy. This fact not rare generates confusion in the readers, which could
be simply avoided by being slightly more specific, say by perhaps using instead, — if I dare to suggest,
with my apologies —, expressions such as Tsallis g-entropy and Tsallis §-entropy, or just g-entropy and
d-entropy, for the benefit of clarity for the readers of those many papers.

5. SOME OPEN MATHEMATICAL PROBLEMS

A new physical theory which is being developed along more than three decades raises naturally
various interesting open mathematical problems. Some of them have recently been focused and listed
in [51]. Let us add here some more in the same list. But before extending this list, let us remind a most
important open problem which remains elusive until today. A ¢-generalization of the classical Central
Limit Theorem (CLT) has been already studied in [60, 59, 58], namely that ¢g-Gaussian distributions
are, for a specific class of strong correlations between the random variables, the N — oo attractors
in the space of probabilities for the sum of N random variables (Gaussians corresponding to the
case of nearly independent variables). However, there is evidence that the existing theorem describes
conditions which are sufficient but not necessary. The general necessary and sufficient conditions
for g-Gaussians to be the attractors remains today as a most important challenge in the theory of
probabilities.

Let us now present a few more problems which would greatly benefit from rigorous proofs.

5.1. ¢-Pesin-like behavior for D dynamical variables at the edge of chaos. Let us focus
on a classical D-dimensional nonlinear dynamical system at a situation where the entire Lyapunov
spectrum vanishes (edge of chaos) (see details in [T}, 52]).

The entropy which linearly increases with time ¢t (¢t — oo) for a vast class of such systems is not
Spa(t) but Syentropy (t) instead with ¢“"*"°P¥ given by

: XD: : (D=>1) (5.1)
1 — gentropy 1 sensitivity =4 .
1 — gentrory — 1—q Y
where {gi"*""""""} characterizes the asymptotic power-law growth of the sensitivity to the initial con-
1

sensitivity

ditions &, ~ t' % along the k-th direction. This relation has interesting particular cases, namely

(i) If D = 1 we recover ¢°"roP¥ = gsensitivity  well verified numerically or analytically for many
examples. This is so for the logistic map z;1, = 1 —ax? (t =0,1,2,...;a € [0,2]);z; € [-1,1]) at
the Feigenbaum point (edge of chaos). The corresponding entropic index is ge"mory = gsensitivity —
0.244487701341282066198 ... (more than 10* exact digits are known today, through the relation
q"orY = 1 —In2/In ap, where ay is the Feigenbaum universal constant; see details in [50]).

(ii) It suffices one of the D Lyapunov exponents to be strictly positive, then ¢¢""°P¥ = 1, i.e., the
BG entropy is the correct entropy to be used to exhibit the linear increase with time, consistently
with the Pesin identity.

(i) If all D values of ¢;*"*"**"¥ coincide, then (1 — ¢°™"°P¥) o =+, which leads to ¢*"""¥ =1 in the
D — oo limit.
The general conditions for the validity of relation (/5.1)) have not yet been rigorously established.

5.2. CLT behavior of the z-logistic map. At the Feigenbaum point, the logistic map exhibits a
neat CLT-like behavior. Indeed, numerical studies [44, 6] suggest that a ¢***"*“'"-Gaussian attractor
emerges With Qustractor =~ 5/3. The z-logistic map is defined as follows: x;.; = 1 — alzy|* (t =
0,1,2,...; a € [0,2]);x; € [-1,1], z > 1), which recovers the standard logistic map for z = 2. Ongoing
calculations [35] suggest the analytical expression

2
attractor — 1 1 2
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which yields g**ector = 2 5/3,1 for z = 1,2, 00 respectively. As an analytical extension, we obtain
for z = 0, g*ractor = 3, which corresponds to the highest value of ¢ guaranteeing normalizability of
q-Gaussians.

The proof of the conjectural Eq. would be most welcome.

5.3. Classical many-body Hamiltonian systems with arbitrarily-ranged two-body interac-
tions. The classical d-dimensional a-XY, a-Heisenberg and a-Fermi-Pasta-Ulam Hamiltonian models
involve two-body interactions decaying with the distance r proportionally to 1/r* with a@ > 0 (see
[33] and references therein; see also [29] [55, B0]). A variety of first-principle numerical indications
(uniquely based on F = mda) are available in the literature suggesting that, in longstanding quasi-
stationary regimes for isolated systems, the one-particle energies are gz-exponentially distributed with
% if 0<a/d<1;
4 = (5.3)
1+ et~/ if a/d>1.

In the same physical regime, similar numerical approaches suggest that the one-particle momenta are
distributed through ¢,-Gaussians, with

Qp_l _
qe — 1

2. (5.4)

These behaviors are referred to as very-long-range interactions (0 < a/d < 1), long-range interactions
(1 < a/d < 00) and short-range interaction (a/d — o0). The proof of the above two relations would
be of paramount importance within nonextensive statistical mechanics.

5.4. Crossover between BG and g¢-statistical behaviors as a nonuniform convergence in
the (N,T) — (oo0,00) limit. We focus on the same class of systems of Subsection 5.3. During
the longstanding quasi-stationary state, two regimes appear to exist, namely the g-statistical regime
(characterized by ¢, > gg > 1) for 1 <<t << N and the BG regime (characterized by ¢, = qgg = 1)
for 1 << N << t. These two regimes are connected [12, [34] through a crossover occurring at

N ~ B(d)t"? [(N,T) — (c0,00)], (5.5)

where 0 < B(d) << 1 and v(d) > 1 are d- and model-dependent quantities.

The mathematical establishment of the above crossover would definitively illustrate the interplay
and the respective domains of validity or failure of BG statistical mechanics (¢ = 1) and the nonex-
tensive one (g # 1).

6. FINAL WORDS

Within the present plethoric scenario where close to fifty entropic functionals are available in the
literature, we have here selected and reviewed the few forms and paths which have proved to be useful
at the level of applications in natural, artificial and social sciences. Figs. [6]to [8]illustrate the structure
of this complex network, and relevant properties (trace-form, composability, concavity, nonnegativity,
monotonicity) have been focused on. We have concluded by indicating some new open mathematical
problems (in addition to those already indicated in [5I]) whose mathematical handling would be
most welcome in order to fix crucial issues of the present statistical mechanical theory grounded on
nonadditive entropic functionals.

Finally, let us emphasize that the choice of the entropic indices is done in order to satisfy, for specific
classes of systems, the entropic extensivity mandated by the Legendre structure of classical thermo-
dynamics. We have sacrificed the simplicity of the Boltzmann-Gibbs additive entropic functional but
have achieved a higher goal, namely the preservation of the thermodynamical structure, similarly to
sacrificing the simplicity of the Galilean additive composition of velocities but achieving a higher goal,
namely the unification of Maxwell electromagnetism with Newtonian mechanics through the Lorentz
transform.
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Abstract. We start by defining a novel bivariate Mittag-Leffler function represented by an infinite
double series. Several key properties of this function are established, including differentiation formulas
and an upper bound estimate. Subsequently, we consider Goursat’s problem for a fractional general-
ization of a hyperbolic-type equation. An explicit solution to this problem is constructed using the
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1. INTRODUCTION

The study of special functions is crucial in analyzing fractional differential equations, particularly
those involving nonlocal operators and memory effects. The Mittag-Leffler function and its gener-
alizations have received significant attention due to their fundamental role in expressing solutions
to fractional evolution equations. While the classical (univariate) Mittag-Lefller function has been
widely studied and utilized in the context of Caputo and Riemann-Liouville derivatives, the multivari-
ate extensions, such as the bivariate Mittag-Leffler function Es(z,y) - have garnered growing interest
in recent years for their potential in modeling more complex systems involving multiple fractional
parameters or variables.

Our interest in the bivariate Mittag-Lefler function is motivated by its application to fractional
partial differential equations (PDEs), in particular, to the generalized (fractional) hyperbolic-type
equation involving the regularized Prabhakar fractional derivative.

Prabhakar’s fractional operators are widely used in many scientific areas, including physics, engi-
neering, and mathematics. They are particularly relevant in fields such as media studies, the time
evolution of polarization processes, fractional Poisson processes, fractional diffusion and telegraph
equations, fractional Maxwell models of linear viscoelasticity, birth-death processes, and control the-
ory 1, [, [5], 6], [, 8], 3]

The behavior of electromagnetic waves traveling through transmission lines is characterized by wave
equations, which were originally referred to as telegraph equations. This terminology stems from their
initial application in describing wave propagation in telegraph lines.

Earlier in work [I5], the existence and uniqueness theorem for the analogue of the Goursat problem
for an equation of the form

06,00, u (2,y) + M (2,9) = f (2,). (1.1)

with the Riemann-Liouville derivatives was proven. Here «, 3 € (0,1), A € R and 9J, is the Caputo
fractional derivative of order v with respect to the variable s. In work [3], analogues of the Cauchy
problem and the Goursat problem were considered for equation in the case of the Riemann-
Liouville operator and A = 0. Work [16] solved the analogue of the Goursat problem with an integral
condition for equation . Note that non-local boundary problems for equation have been
studied in publications [10], [I1]. Finally, in work [17], the Goursat problem for equation was
resolved.

In this work, we study Goursat’s problem for a generalized hyperbolic-type equation with the
regularized Prabhakar fractional derivative. A bounded rectangular domain of the plane with two
independent variables is used to consider the equation. In solving the problem, we reduce it to a
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Volterra integral equation of the second kind and employ the method of successive approximations to
find its solution. The solution is obtained in explicit form and expressed in terms of Ej5(+) is a new
type of the bivariate Mittag-Leffler type functions. As a result, a theorem demonstrating both the
existence and uniqueness of a solution to the problem under investigation has been established; its
representation is determined through the solutions to the resulting integral equation.

2. BIVARIATE MITTAG-LEFFLER TYPE FUNCTION

In this section, we introduce a new bivariate Mittag-Leffler function and study its main properties.
Namely, we determine regions of convergence of double series, integral representation, and estimate.
E15(+) is a new type of the bivariate Mittag-Leffler type function

(ala/ﬁlvél; l’)

E12 . . . =

a27/827525a3a53aa45647ﬁ3755 Yy

I Lo £ o)y 1)
=0 =0 a2n+62m+52)I’(oz3n—|—53)F(a4n+54)f‘(63m+55)’ )

(xvyualuﬁivdj € IR7 min {ahﬁi} > 07 (l = mv i = 17737 .] = 1775))
in which the double series converges for x,y € R, if A; > 0, and A, > 0. Here

Ay =az+tas+as—a; —ay, Ay=pr+P5— b1

Previously, in [9], 11 similar functions were introduced and studied.
In the following, we present differentiation formulas for E5, which will be used further.

2.1. Differentiation and integration formulas. In the following, we present differentiation and
integration formulas for F,5, which will be used further.

Lemma 2.1. For the function , the following differentiation and integration formulas hold:

O (g (1L =Azy® \\ _
ox 12 ,6,0(,6;’}’,7;1,0(4;1,1 5ya

a2 717 “zy?
— E12<570@5;%7;1,a4—1;1,1 Sy> ) as # 1, (2.2)

2w (0 ) -
8y ﬁ27a761;777; 064,"}/2;1,1 6ya

v L
_ ﬁl*QE
4 2 <62,a,,81—1;'}/,"}/;C¥4,")/2;1,1‘

— B, — _ 77 1777 —Axy[b
Ia,l B3, 'y,é( B1 1E < ‘ o =
0y Y 2 5276“751;77’7;0‘4772;171 5?/
’Y,LO; )\ ﬁ2>
— 51*53E y . 24
Y - <62,O€,61—,33+1;")/,0;Oé4,72;1,1‘ 5ya ( )
Proof. Let us prove ([2.2)):
2 a471E 7> 1777 _)‘xyﬁ —
ox v ' ,B,O[,/B;’Y,")/;].,OM;].,]. 6ya N
+ZOO f ’yn +m + ,y) (_A)némxn—&-o@—lyﬁn+am _
837 L(Bn+am+B)T(yn+y)T(n+a)l(m+1))
_ Z Z L (yn+m47) (—A)"0"(n 4 aq — 1)z tos—2yfrtem
Fn+am+B)L(yn+7)l(n+as—1+1)I(m+1)

— B2
;;g ) 9 ﬁl 7& 17 (23)
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5,a,ﬁ;7,7;1,a4_1;171‘ Sy* >, oy # 1.

The remaining formulas can be proved similarly.
Lemma, 2.1 is proved. o

=2 ?E, (

2.2. Upper bound. We present in the following the statement on the estimation of Ey5(z,y):
Lemma 2.2. I[fa>0,0<8<1,v>0,6 <0, then for any A > 0, the following

‘Eu ( n L ’ A =g yﬁ) ‘ <C. (2.5)

By, B+ 1y, 1L, 151,1 0y”
18 true.
Proof. Using (2.1)), we express Fis (+) in the form
g 7L Az —&)y”
PA\Ba B4y L LT 6y°

— I'(yn+m+7) (=N)" (@ —§"gmymtin _
L(am+Bn+ B+ (yn+~)T(n+1)T(m+1)

(=)

3

3
=}

SR ’Y” +m+7) B (Bn + B,am + 1) (—N)" (z — £)"§myomton
Flam+ 1T (Bn+B)T (yn+y)T(n+ )T (m+1)

Sﬁ
oo

()" (z = "5y )
Flam+ )T (Bn+B) T (ym+v)I'(n+1)T'(m+1)

|
g

n=0
m=0
+o0 1
X /t""+m+7_16_tdt/zﬁ"+ﬁ_l(l fz)amH_ldz =
0 0

1
/ —tyy—1,8- 12 (A" (@ — "y R (1 —2) ey
J LBn+B) T (yn+7)T(n+1) “= T'(m+1)T (am+1)

dtdz. (2.6)

I
o\§

Taking into account the notation (2.7]), we write (2.6 in the form
v L Az =&y
<
‘Elz <ﬁ7a,ﬁ+1;%7;1,1;1,1‘ 5y~ =

1

87 [—A(z — &) 172yP ]|e1 L [0t(1 = 2)7y°)| dtdz.

o\-é—

1,6-1
/ " eﬁ -y
0
Here -
81,82 2"
Coy —ay (2) = . 2.7
’ ) nzof(a1n+ﬁl)F(a2n+ﬁ2) ( )
is the Wright function [18].
1
Due to the i lities "% (—2)| < ————— >0, 6, > d z > 0 [18] it follows f
ue to the inequalities |el" ( z)‘ NIRINCAE I , 0, = B, and 2 [18] it follows from
the above that 1 ;
v, L, - (x — {) Y
< (.
‘E”<@mﬁ+hvmﬂﬂﬂﬂ‘ oy <€

Lemma 2.2 is proved. O



The Goursat’s problem for generalized (fractional) hyperbolic-type equation 303

3. APPLICATION IN THE GOURSAT PROBLEM FOR FRACTIONAL GENERALIZATION OF
HYPERBOLIC-TYPE EQUATION

In this section, we will consider the Goursat problem for a fractional generalization of a hyperbolic-
type equation in a rectangular domain.

3.1. Goursat problem. We consider the following generalized hyperbolic-type equation

O vopy
PO DG () 4+ N () = f (2,9), (3.1

in a domain Q = {(z,y) : 0 < x < a,0 <y < b} Here f (z,y) is a given function and

ot a,1—-3,— 0
PODG M u (2, y) = I, ”’5@U(w,y) (3:2)

represents regularized Prabhakar fractional derivative [2] and

Y

17 ) = [ (v=2"" By 6y =) () dz, g >0 33

0

represents Prabhakar fractional integral [19]. We note that above-given definitions are valid for «, 3,
v, 0, A, a, b € R, such that « >0,0< < 1,a>0and b > 0.
Here E ;(z) is the generalized Mittag-Leffler (Prabhakar) function [19]

m

m=0

We note that at 5 =1, 6 =0, Eq. (3.1) becomes classical hyperbolic-type equation:

Problem G. We are interested in finding a regular solution of the equation (3.1) with 0 < 8 < 1
in a domain {2, satisfying initial condition
u(z,0)=p(x), 0<z<a, (3.4)
and boundary condition
u(0,y) =4¢(y), 0<y<b, (3.5)

where p(z), ¥(y) are given functions, such that ¢ (0) = v (0).

We call a function u (z,y) as a regular solution of problem (3.1), (3.4)-(3.5), if u(z,y) € C(Q),
(0/0x)PC D3, u(w, y) € C(Q).
By integrating equation (3.1)) over [0, z], we obtain the equation:

PODG T u (@ y) + Mg,u (2,y) = I, f (2,9) + @ (y), (3.6)

where ® (y) is an arbitrary smooth function, and I, is the Riemann-Liouville fractional integral:

xT

1 A1
F(ﬁ*)z(x 0> £ (t) dt.

I, f () =

Applying the operator I{fy’ﬁ 7 0 equation ([3.6), and considering the equality:

PLos8d PODOBrdy (2 y) = u(z,y) — u (z,0),
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and the conditions (3.4), we obtain a Volterra integral equation of the second kind:
(@, y) + Mg I u (2, y) = g (,y), (3.7)

where g (,y) = ¢ () + 1 (y) + 15, " I, f (2, y), and @1 (y) = I5,” 7P (y).
To solve equation (3.7]), we apply the method of successive approximations:

Ug (l‘, y) =g (:E? y) =@ (l’) + (I)l (y) + I(()Xy’ﬁ’%(sIlef (:I"a y) ’ (38)
U (2,) = uo (2,y) = A5, " I sty () . (3.9)

: a,B1,7m,6 ya,B2,72,6  _ youB2,72,0 foBivid . gaBitBe,yit2,d agB _ 7B o _
Using the formulas Ij, Iy, = Iy, Iy, = Iy, and I§.1y, = I, 15, =

I8P we compute u, (z,7):
Up, (.’E, y) = Up (.%', y) - )‘I&;ﬁ,%é]’ézuo (IIJ, y) + )\2[(?‘?;2612776]'3:”1/“) (.%', y) -

— NI g () e+ (<N TP g () (3.10)

Oy T
According to the theory of integral equations [14], if the limit lim wu, (z,y) exists uniformly in
n—oo

(z,y), then the limiting function is a solution to the integral equation ([3.7)).
Taking the limit as n — oo in (3.10) and substituting the expression for ug (x,y), we obtain the
solution to equation (3.7)) in the form:

+oo
u(z,y) = uo (z,y) + D (=N I5,""" " Iuo (2,y). (3.11)

n=1

Using the function (3.8) given above, we can write the function (3.11)) in the following form:
u(z,y) = h(z,y) + 2z, y) + Us(z,y), (3.12)

where

+oo
Oi(e,y) =@ (@) + ) (=N)"Ig,""" " I ()
n=1

+oo
Do(2,y) = By (y) + > (=N "I5;" "I, &y (y)
n=1

+oo
(@, y) = Y (=) L5, I f (2, y)

n=0

Now performing some calculations, we can write the functions 9 (x,y), J2(x,y) and 93(x,y) as
follows:

+oo
Di(z,y) = @ (@) + > (=N)" I I (x) = ¢ () —
n=1

x

_ B 771a7;
M’/¢®E”(@mﬁ+h%%LhLl

0

—A (%y_ozé.) yﬁ > d{, (313)

Y

+oo
Da(z,y) = @1 (y) + > (=N I5," 7" I @1 (y) = @1 (y) — M/(y — )" x
n=1

0

X By ( v, L,7;

Mz (y —n)?
P s an e an (314)

5(y—mn)
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+o0 z Y
dala,) = - (N T30 ) = [ [ =)
n=0 00
’77 Vs —>\(IE—£) (9—77)[3 >
<rensa(FuT ] G ) (319

Using the functions (3.13)), (3.14) and (3.15)), we write (3.12)) in the form:

Az =€)y’
oy” )d&—

v, 1,7;

ww) =o@ + o) - [e©Ba( )0

Y

1 .
B—1 Yy L
_”/(y_”) Eu(ﬁaﬂ"wlﬂl

1 .
ﬁ 1 DERTIS
+//y ") E”(ﬂ,a,ﬁw,v;l,l;l,l

For the function , the following equalities hold:

u(0,y) =@ (0)+ @1 (y) =9 (y), D1 (y) =¥ (y) — ¢ (0)
or since ¢ (0) = v (0), we have

—Xa(y —n)”
Sy —n)" ) Bu (n) d+

Mz -8 y-n)
5y —n)” > f(&m) dédn. (3.16)

P (y) =9 (y) —v(0). (3.17)

Using (3.17)), we find the functions @, (y), substitute them into (3.16]), perform some calculations,
and determine function u(x,y) in the form

u(z,y) =¢ @)+ ¥ (y) —¥(0) -

Az =€)y’
oy” )dﬁ_

x

v, 1, v;

.8
Ay /“’@Em (B,a,ﬁJrl;%’y;l,l;l,l
0

Y

1,
o [ () =0 0) (v =) B (’Y !

6,0{,6;’77771727171

[ 1 1; M — _ P
w [ [=n" <;70z,76;%7;1,1;1,1 Mé(yé—)%“ i >f(’5’”)d§d”' (319
Theorem 3.1. If ¢ (0) = ¢ (0), ¢ (z) € C[0,a] N C*(0,a), ¥ (y) € C[0,b] N C*(0,b), and f(z,y) =

xiély*”ﬁ (z,y), where fi (z,y) € C(Q) and 0 <&y <1, 0 < &y < 3, then the solution to problem G
exrists and is unique, determined by formula .

~Az(y —n)’
oy —n)" >dn+

Observe that this result is presented for the first time in the international conference [12].

Theorem 3.2. If all condition of the Theorem and A > 0, § < 0 are valid, then for the solution
of equation (3.1)), the following inequality holds:

lu(z )o@ < Cille@)llcp.a + Call®)llopn+

+Cs|9(0)] + Cul|z7y= f (=, y)”c@)»

where C;, j = 0,4 are some positive constants, 0 <&, <1, 0 < ey < .
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1. INTRODUCTION

A continuous time random walk (CTRW), by definition, is a random walk subordinated to a renewal
process. More precisely CTRW is a stochastic process constructed as sums of an i.i.d. sequence of
random variables (vectors) {X,,n > 0}, expressing jumps with the given initial state Xy, and with
random waiting times t,, between two consecutive jumps X,,_; and X,,. The sequence {¢,,,n > 0}, itself
is an i.i.d. sequence of non-negative random variables with the convention ¢, = 0. L.i.d. assumptions
imply that the pairs {(X,,,t,),n > 0}, also form an i.i.d. sequence. Since each jump X, occurs at a
random time T,, =ty + - - - + t,, the CTRW is expressed as a stochastic process

Ny
Xt = Z Xn7
n=0

where N; = max{n > 0: 7, < t}. The latter can also be expressed as the composition
Xt == (SO N)t = SNt = S(Nt),

of two stochastic processes S; and IV,. The first of these processes,

t
S =YX,
n=0

is a discrete stochastic process defined at discrete times ¢ = 0, 1,..., and the second one IV, is defined
for all ¢ > 0. Both processes can be interpreted as cadlag processes. A stochastic process is cadlag,
if its sample paths are right-continuous and have left-limits. Therefore, the process X; is a cadlag
stochastic process as well, as a composition of two cadlag processes. If the sequences X,, and T, are
independent, then CTRW X, is called decoupled, otherwise coupled. Historically, CTRW concept
was first introduced by Montrol and Weiss [25] in 1965. Nowadays CTRW approach to mathematical
modeling of random processes is widely used in various applications in science and engineering (see,
e.g. [2,8,2I]). CTRW have been extensively investigated recent years by many authors; see [0, [7), 8]
191 20}, 22, 23| 2], 41] and references therein.

We note that if the random variable ¢,, has a finite mean, then T,, is asymptotically equivalent to ct
with some constant ¢ > 0 [17]. In this case CTRW behaves (asymptotically) like an ordinary random
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walk. In addition, if X,, has a finite variance, then due to Donsker’s theorem the scaled limit of CTRW
in the uniform topology represents Brownian motion. In this paper we are interested in scaled limits
of CTRW in the Skorokhod topologies of cadlag processes in the case when ¢,, has infinite mean and
X,, has infinite variance.

The limiting stochastic processes of various CTRWs in the sense of convergence in law are well
studied; see, for example, works [7, [8, 20, [39] 40, B7], and references therein. There are different ap-
proaches in this direction among which are constructive and abstract methods. Constructive methods
are especially useful in creating simulation models for various applied processes.

Convergence of sequences of cadlag stochastic processes in J- and M-topologies was studied by Sko-
rokhod [35]. The definitions of J;- and M;-topologies see in Section [2l The main conditions ensuring
such convergences were the identification of limiting process in a weaker topology (say convergence in
law) and stochastic compactness of the sequence of stochastic processes under consideration. Com-
positions of cadlag stochastic processes by nondecreasing cadlag stochastic processes, interpreted as
stopping-time stochastic processes, were studied by Silvestrov [31) B3]. The survey of works in this
direction including various applications one can find in [32]. Convergence of CTRWs formed with
Lévy stable jump processes and one dimensional Lévy stable subordinated waiting times in the M-
Skorokhod topology was studied by Meerschaert and Scheffler in papers [22] 23] using the coninuity
mapping theorem in Skorokhod spaces. Note that M;-topology is weaker than the J;-topology. The
continuity mapping theorem does not work for the stronger J;-convergence in the case when a sub-
ordinator of limiting process is not strictly increasing. In this paper we will use a different approach
which does not use the continuity mapping theorem. Namely, our method is based on the theorem of
convergence of compositions of cadlag stochastic processes in the J; and M;-topologies established in
[31L B3]. We will also consider CTRWs with waiting times represented by mixtures of stable subor-
dinaters. In particular, in the case of M;-convergence the corresponding results generalize theorems
obtained in [22] 23].

The scaled limit processes of CTRWSs play an important role in modeling of various complex random
processes. For example, they serve as a driving process in the stochastic differential equation models
of the form

4Y; = b(Y,)dt + o(Y)dW,,  Jim ¥, =,

where b(-) and o(-) are given functions and W, is a driving process, which is a scaled limit of CTRW.
The deterministic description of such processes, depending on some classes of CTRW limits, can be
given by fractional order pseudo-differential equations. The latter is refereed as Kolmogorov-Fokker-
Planck (FPK) equations [10, [9], 39, [38].

The paper is organized as follows. In Section [2| the space of cadlag stochastic processes and Sko-
rokhod’s J; and M; topologies in it are introduced. The characterization of these spaces given in
this section is based on the spirit of projective limits of decreasing topological spaces. The neces-
sary known facts are also presented there. In Section [3| relevant facts on Lévy stochastic processes
and subordinators are presented. In Section [4] we prove theorems on convergence of continuous time
random walk stochastic processes in Skorokhod topologies. We note that CTRW-limits considered in
this paper generalizes results obtained in [22] 23]. In Section |5| we discuss stochastic integrals driven
by cadlag processes. Here new SDEs driven by CTRW-limit processes are introduced as well. As
a time-changed subordinated process here we consider the inverse of a positive stable Lévy process
or mixtures of such processes. Finally, in Section @] we establish Fokker-Planck-Kolmogorov (FPK)
equations associated with SDEs driven by CTRW-limit processes.

2. SKOROKHOD SPACE AND SKOROKHOD TOPOLOGIES

The Skorokhod spaces were introduced in [35]. In this section we briefly describe these spaces for
completeness. A function z : [0, 00) — R? is said to be cadlag if  is right-continuous at any ¢ > 0, that
is lim,_+y 2(s) = (t), and has left limits at any ¢ > 0, that is lim,_,; x(s) = z(t—) exists. A function
x:[0,00) — R?is said to be caglad if x is left-continuous at any ¢ > 0, that is lim,_,,_ x(s) = z(¢), and
has right limits at any ¢ > 0, that is lim,_,,, x(s) = x(t+) exists. In this paper we consider only cadlag
functions and accept 2(0—) = 0. The space of all cadlag functions defined on [0, 00) and denoted by
D([0, 00),R?) is called Skorokhod space. D([0, 00), R?) is complete with respect to the locally uniform
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topology generated by the metric

~ min(l, [lz — y|l.)
d(z,y) = Z on )

n=1

where
|zlln = sup [a(t)] = sup (Jei(t)]* + - + |za(t)]) 2.
0<t<n 0<t<n

However, D([0, 00),R?) is not separable with respect to this topology. Recall that a metric space is
separable if it contains a countable dense subset with respect to the corresponding metric. To see that
D([0, 00), R?) is not separable, for simplicity assume d = 1. Assume, in contrary, that D([0, 00), R?) is
separable with respect to the uniform metric d(x,y). It is known that any subset of a separable set
is also separable. Consider, the set Dy := {z,(t) = Ij42(t),1 < a < 2}, where I4(t) is the indicator
function of A. Obviously, Dy is a subset of D(]0,00),R) and must be separable. However, it is not,
since d(z,, ;) = 1 for all a,b € [1,2), a #b.

The uniform topology d(z,y) works well in the subspace C([0,00),R%) of continuous functions of
D([0, o), R?). However, due to above fact on non-separability, it fails to be good in approximations
of functions in D([0, 00),R?). Therefore, one needs better topologies to meet approximation issues.
Below we provide some facts related to the Skorokhod space with nonuniform topologies.

There are two frequently used Skorokhod topologies (introduced by A.V. Skorokhod [35] in 1956)
called Ji-topology and M;-topology, which are useful in approximation of cadlag functions. To define
J1-topology we introduce the set A of continuous strictly increasing functions A defined on [0, c0) and
satisfying the conditions A(0) = 0 and lim; .., A(¢t) = co. The J;-topology is defined by the metric

o0

Sz y) =) min(l’;:(x7y)), (2.1)

n=1

where
wn(2,y) = fnf ([[A =t} +[lz —yoAll).

We denote the Skorokhod space endowed with the J;-topology by D([0, 00), R?, J;).

The letter can be defined as a projective limit of a sequence of Skorokhod spaces defined on finite
intervals. This approach works for other topologies as well. Let {t,} be an increasing sequence of
positive (non-random) numbers:

0<ty<ty<..., and t, =00, n — oo. (2.2)

Let D, = D([0,t,),R% 7,) be the space of cadlag functions defined on [0,¢,) and endowed with a
topology 7, such that 7, is weaker than 7,, (denoted by 7,,,1 < 7,,) for all n > 1. As the sequence
of sets, I, satisfies the condition

DiOD;D---DD, D Dyy1 DO ..o, (2.3)
and due to the condition on the sequence of topologies
TL - To oo = Ty = Tpal > e (2.4)

we have that the space D, is continuously embedded to the space D,, for each n > 1. Hence, we can
define the projective limit of D, :

Do (7) = pr lim D, := N2, D,,,

n—oo

endowed with the coarsest topology 7 = lim,,_,., 7,,. If the topology 7, is induced by the J;-metric

Wy y) = i (A=t + |2 =50 M),
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where A, is the set of continuous functions mapping [0, t,] onto [0, ¢,] such that A(0) = 0, A(t,,) = t,,
and ||all;, = supy<,<, |a(t)|, then the sequence 7, satisfies (2.4)). The coarsest topology in this case is
the topology induced by the metric

5 (2,9) = Z min(l,;u:(az,y))’

n=1

and is equivalent to the Ji-topology induced by the metric (x,y) defined in (2.1]). Hence, in this case
we have
Doo(‘]l) = D([()? 00)7 Rda Jl)

To define the M;-topology, we first introduce the notion of completed graph of a function x €
D([0,¢,), R?), which takes into account straight lines connecting (¢, z(t—)) with (¢,z(¢)) in the cross
sections ¢ x R? of the space [0, t,) x R? with the discontinuity points ¢ € [0,¢,). Namely, the completed
graph ', of z € D([0,¢,),R?) is defined as

I, ={(t,z) ERy xR: 2z = ax(t—) + pz(t), a+p=1}.

One can define an order relation in I',. We say that (t1,21) < (ta, 22) if either ¢; < to, or if t; = to,
then |z(t—) — 21| < |z(t—) — 22|. By the parametric representation of the function x we understand
the nondecreasing function (7, ) mapping [0,t,) onto I',, where r is the time component and w is the
spatial component of the completed graph I',. Denote by II, the set of parametric representations of
x. The M, -topology in D([0,t,),R?) is induced by the metric

= 'f — —
pulesg) = it (sl + = vl
(s,v)€Ily,

with an increasing sequence {t,}, t, — 0o, being continuity points of z, y. For the fact that p,(z,y)
indeed is a metric, see [42]. Moreover, one can easily verify that topologies induced by p,(z,y) satisfy
the condition (2.4). Hence, we can define

D([0, 00), R%, M) := pr lim D([0,t,), R% M,). (2.5)

n—oo

with the coarsest topology of the projective limit, which is equivalent to the topology induced by the
metric

m(z,y) = Z min(l,gg(x,y))'

n=1

Further, we introduce the sequence of continuous functions x,, n=1,2,---:

1, if t<t,,
Kn(t) = tt:ﬁ if t, <t<tn,
0, if t>t,.,

and define the following metric in D([0, ¢,1), R%)

m(@,y) = | Inf ([[[Allln + [0z = (kny) o All)

n+1

where

A(t) = A(s) |
t—s

Al = sup |In

0<s<t<tni1

For the fact that 7, (x, y) is a metric, see [I4]. One can easily verify that topologies induced by p,(z,y)
satisfy the condition (2.4). Hence, we can define

D([0,00),R%, ) := pr lim D([0,t,),R%, 7). (2.6)

n— oo
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with the coarsest topology of the projective limit, which is equivalent to the topology induced by the
metric

2n

This metric was introduced by Prokhorov [27] in 1956. We note that even though the Skorokhod
space is separable with respect to J;- and M;-topologies, it is not complete under these topologies.
However, the space D([0, 00), R?, 7) is complete under the topology .

We say that a sequence z;, € D([0,00),R%, J;), k = 1,2,..., converges to x € D([0,0),R%, J;) in
the J)-topology if §(xy,z) — 0 as k — oo. Similarly, we say that a sequence z; € D([0,00),R¢, M)
(D([0,00),R%, 7)), k = 1,2,..., converges to x € D([0,00), R, M;) (z € D([0,00),R%, 7)) in the M;-
topology (m-topology) if m(xy,x) = 0 (7(zy, z) — 0) as k — co. We also use the notations Ly and 2
for convergences in the J;-topology and in the M;-topology, respectively. The projective limit structure
used above for the definition of the Skorokhod space of cadlag functions defined on the semi-infinite
interval [0, 00) allows a characterization of the convergence via the corresponding convergence on finite
intervals. For instance, a sequence z; € D([0,00),R%, J;) converges to z, € D([0,00),R?, J;) in the
Ji-topology, if restrictions of z; to D([0,t,), R%, J;) converge to the restriction of zy to D([0,¢,), R%, J;)
in the Ji-topology for any sequence t,, satisfying the condition . The same characterization is
true for convergences in the M;- and w-topologies.

Let Disc(z) be the set of discontinuity points of x € D([0,00), R?). Namely, Disc(z) = {t € R, :

w(t=) # ()}

Proposition 2.1. (1) The set Disc(x) for x € D(]0,00),R?) is at most countable;
(2) For any x,y € D([0,0),R?) the relation m(x,y) < 6(z,y) holds;

r(z.y) = Z min(l,wn(x,y)).

(3) Let T be either Jy- or M,-topology and z, — x in D([0,00),R¥, 7) and v, = y in
D([0,00), R4, 7). If Disc(x) N Disc(y) = 0, then (zx,yx) — (z,y) in D([0,00), R4+dz 1)

(4) Let x, 2y 2 in D([0,00), R, My) and yy My in D([0, ), R, My). If Disc(x) N Disc(y) = 0,
then T, — yr ~— 2 — 1y in D([0, c0), RY, M;).

(5) If Lzin D([0, 00), R4, Jy), then xy, 2 2 in D([0, 00), R4, M;);

(6) For any mondecreasing A € D([0,00),R,) and any x € D([0,00),R?) the function z o X\ €
D([0, 00), RY).

For proofs and further details we refer the reader to books [4, [14] [42], 33].

A stochastic process Z is said to be cadlag (resp. caglad) if Z has (resp. caglad) sample paths. It
follows from Proposition that the assumption that Z is cadlag or caglad requires its sample paths
to have at most countably many finite jumps. Associated to a cadlag process Z is its jump process
(AZ;)i>0 where AZ, :== Z, — Z, with Z;_ denoting the left limit at ¢ and Z,_ = 0 by convention.

The convergence of cadlag stochastic processes in the Skorokhod topologies is characterized by
recognizing the limiting process by the weak convergence (or in law) and compactness of the sequence
of stochastic processes. These characterizations were given by Skorokhod [35]. Below we follow criteria
for J;- and M;-convergences of cadlag stochastic processes given in [33].

Let a family of cadlag stochastic processes X (t), t > 0, € > 0, and a cadlag stochastic process
Xo(t), t > 0, satisfy the following two conditions:

(C) weak convergence: X_(t) weakly converges to the process X,(t) as e — 0 for all ¢t € S, where
S is a subset of [0,00) that is everywhere dense in this interval and contains the point 0;

(K ;) Ji-compactness:

lim limsup P{w,;(X.(:),¢,T) >} =0, forall 6,7 >0, (2.7)

=0 50

where
wi(z(-),c,T) = sup inf(|z(ty) — z(t)|, |z(ta) — x(t)]). (2.8)

t—c<t1<t<ta<t+c
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(Kyr) Mi-compactness:

lim limsup P{wy (X.(:),¢,T) >} =0, forall 6,7 >0,

=0 =50

where
wy(@(+),¢,T) = sup |(t2) — [2(t1), z(t3)]],

with [z(t1), z(t3)] = {ax(t1) + (1 —a)z(t3) : 0<a <1}

Proposition 2.2. (1) Conditions (C) and (K;) are necessary and sufficient for the J;-
convergence X, KN Xy ase — 0.

(2) Conditions (C) and (Ky;) are necessary and sufficient for the M,-convergence X. 2 X, as
e — 0.

3. LEVY’S STABLE PROCESSES AND THEIR MIXTURES

A cadlag process L;, t >0, in R? is called a Lévy process if L has independent and stationary
increments and the mapping ¢ — L, is continuous in probability; i.e. lim, ,, P(|L, — L,| > &) = 0 for
all e > 0 and ¢ > 0. Note that the continuity in probability does not imply that the sample paths
are continuous; in fact, sample paths of many important Lévy processes have jumps. The simplest
examples of Lévy processes include Brownian motion and Poisson processes. The sum of independent
identically distributed Lévy processes is again a Lévy process, as well as their scalar multiples. Lévy
processes are characterized by three parameters: a vector by € R%, a nonnegative definite d x d matrix
¥, and a measure v defined on R?\ {0} such that

/(1 A w]?)v(dw) < oo,

called the Lévy measure, where a A b = min{a, b}. Examples of Lévy measures include any Lebesgue
measure with compact support and measures integrable at infinity.
The Lévy-Ito decomposition states that a given Lévy process L; is represented as

Lt :i)ot—FO'(]Bt—F/

Jlw|<1

wN (t, dw) +/ wN (t,dw), (3.1)

lw|>1

where 130 € R", gy is an n X m-matrix, B is an m-dimensional Brownian motion, and N and N are a
Poisson random measure and a compensated Poisson martingale-valued measure on [0, c0) x (R™\ {0}),
respectively (for details see [1L [3l 29]). Namely, N (¢, A) represents the number of jumps of size A up
to time ¢, and ( J wN (¢, dw)) 1o 1s a compound Poisson process describing large jumps, whereas

8 Jw|>1
( flw\ < wN (t, dw)) +>o 18 the compensated sum of small jumps. The matrices oy and ¥ in equations

and (3.2)), respectively, are related as ¥ = 0y x of, where o is the transpose of oy. Vectors by
and by responsible for the drift are not necessarily the same.

The Lévy—Khintchine formula characterizes the Lévy process L as an infinitely divisible process.
Namely, the characteristic function for L; is given by

oL, (&) = E[e"(vat)] — et\P(é)’

where 1
WG>=M%f)—2@x£%5@\{;%“9—1—uw£ﬂ@uxw»wmw. (3:2)
A\ {0
The function ¥ is called a Lévy symbol of L. The Lévy symbol W is continuous, hermitian, conditionally
positive definite and ¥(0) = 0.
Lévy processes are infinite divisible [I} 29]. For a Lévy process L, for a fixed ¢ > 0 one has

Ly =Yi(t) + -+ Y, (),
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in distribution, where Yj(t) = Li/ny — L(k—1)/n)t, k = 1,...,n. Due to independence of increments
of L;, the variables Y} () are independent, and due to stationarity of L,, each of Yj(t) is distributed
as L;/,. Hence, Yj(t) are i.i.d. Thus we have

{Sn(t)}tzo I;lg {Lt}tzo as n — o0,

where
S, (1) =Yi(t) 4 - + Y (t).

An important subclass of Lévy processes are stable Lévy processes. In 1-D case, by definition, a
Lévy process L, is stable [1], 24] 26] if
Ley=c"*Ly, (3.3)

in distribution for all ¢ > 0 with some 0 < a < 2. The number « is called a stability indexr of L;.
The property is called a self-similarity of the process L;. Due to the self-similarity property of
stable Lévy processes it suffices to study L; for ¢t = 1 : X = L;. This random variable is a Lévy
stable distribution. For complete description of Lévy stable distributions four parameters are used: a
stability index « € (0,2], a skewness parameter § € [—1, 1], a scale parameter ¢ > 0, and a location
parameter p € R. Among these parameters, « is the most important one, determining a peculiar
class of stability. To emphasize this, the term a-stable distribution is used for distributions with the
stability index «. We denote the class of a-stable distributions by S, (8,0, 1). In literature there are
different parameterizations used for the description of stable distributions; see e.g. [24] 26} 28]. For us
it is convenient to adopt the parameterization used in [28]. Namely, the Lévy symbol of a-stable
distribution X has the form

W(E) = {Z&,U — o%£]*(1 — ifsign(&) tan %), if o #£ 1,

3.4
i€ — ole|(1+iBsign(©) 2 je)),  ifa=1, (34)

where
. 1, if £>0,
sign(€) = {—1 if € <0

It follows from (3.4) that if o = 2, then ¢x(£) = exp(iu — 0%£?), which is the characteristic function
of the normal distribution with mean p and variance 202. As it is well known, the density function of
the latter is an exponential function

1 _@-w?

f(x)=—=e w7, zeR. (3.5)

If o < 2, then the density fx(z) of a-stable distribution X has power law decay at infinity, and [28]
fx(@)=O(|lz|*7), |z| — oco. (3.6)

In the case 1 < a < 2 the variance does not exist, but the mean exists and equals p. If 3 = 0
then the Lévy distribution X is called symmetric . The support of X in the symmetric case is the
whole real axis R. In the case 0 < o < 1 both the variance and mean do not exist. In this case
if 5 = 1, then the support is the interval [u,00); if 5 = —1, then the support is (—oo, —u|. The
case 0 < a < 1, 8 =1,u = 0, provides important stable subordinators widely used in the study of
anomalous diffusion processes. Note that the probability density function of a-stable distribution has
a closed form only in three particular cases:

(i) @ =2, =0 (normal distribution), given by (3.5));
(ii) @ =1, = 0 (Cauchy distribution), given by

and
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(iii) @« =1/2,8 =1 (Lévy distribution), given by

| o 6_2(267;:)
f(x) 27_‘_ (x_lu)3/27 7x /’L

The central limit theorem for a-stable random variables is formulated as follows; see [20].

Theorem 3.1. ([26], Theorem 4.1) A nondegenerate random variable Z is c-stable for some 0 < aw < 2
if and only if there is an independent, identically distributed sequence of random variables X1, X, ...,
and constants a,, > 0, b, € R, such that

an(Xi 4+ X)) = by 2 Z, n— oo, (3.7)

d o
where = means the convergence in distribution.

Remark 3.2. Theorem is about description of a-stable distributions. Namely, if Z is an a-stable
distribution, then one can construct a sequence of independent random variables X,,, and sequences
a, > 0,b,, such that the limit holds. On the other hand if there is a sequence of random variables
X, and numbers a,, > 0, b,, such that the limit holds, then Z is an a-stable random variable.

The multi-variate Lévy processes are defined similarly. For completeness, we give a brief description
of Lévy processes in the multidimensional case following [22]. Assume that the members of an i.i.d.
X, belong to the strict generalized domain of attraction of a full operator stable law v. This means
that v is not supported on any proper hyperplane of R? and there exists a d x d-matrix A such that
vt = t4v for all t > 0. Here ' means the ¢-fold convolution power of v and

t*v(dz) = v(t~*dx)

is the image measure of v. The expression t~* is the matrix power, i.e.

t_A _ e—Alnt _ i ﬂAk lnk:t
- - k=0 k! .

It is known [24] that there exists an invertible matrix B(n) such that B(An)B(n)~! — A=, as n — oo,
for all A > 0, such that

B(n)S, % L, (3.8)
where S,, = X; +--- + X,, and L has the distribution v. Moreover, as is shown in [22], if one defines

the stochastic process
[t]

S, = ZX’C’ (3.9)
k=1

then
FD
{B(c)Set}t>0 = {Li}i>0, as ¢ — 00, (3.10)
where L; is a stochastic process continuous in measure, with stationary and independent increments,

Lo =0 a.s., and for any fixed ¢ L, has the distribution v* = t*v. Here L2 stands for the convergence
in the finite dimensional sense, meaning that for any partition 0 < t; < -+ < t,k = 1,2,..., the
random vector (B(c)Se,, ..., B(c)Se., ), converges to (Ly,, ..., Ly, ) in distribution. Due to Theorem 5

in [I1] the stochastic process L, is strict operator self-similar, that is L., LD AL, for ¢ > 0. The latter
can be expressed as follows: the characteristic function ¢, (§) = E(exp(i{L;)) of L; satisfies

oz, (O = o, (£7€), t>0, £€R™ (3.11)

This class of operator stable and operator self-similar processes defined with the self-similarity operator
exponent A we denote by OSS(A). The stochastic process L; € OSS(A) is called operator Lévy motion.
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In the particular case of A = i[ , where I s the identity matrix, the process L; is called symmetric
a-stable, and its characteristic function has the form

pr(&) =, geRr,

where [£]> = &2 + -+ 4+ &2, Thus, for @ = 1 and o = 2 one obtains the multi-dimensional versions of
symmetric Cauchy and Wiener processes.

Let A;,j € J, be invertible operators in R? and LEJ) € OSS(4;), j € J, be independent (but not
identically distributed) stochastic processes (Lévy motions) with self-similarity exponents A;. Let S

be the class of stochastic processes defined as a linear combination of stochastic processes ng ) € 0SS :

Z, =Y CiLY, t>0, Zy=0. (3.12)

jeJ

The class of stochastic processes S can be characterized as mixtures of operator stable processes with
some mixing measure. It is not hard to verify that the characteristic function of the process Z;, € S

defined in (3.12)), due to independence of ng ), j € J, satisfies the condition

02(6) = [ e,00(Ci6), €€RY. (3.13)

JjeJ
Lemma 3.3. The stochastic process Z; = Zjej Cngj) 1s a Lévy process with the symbol

Uz(6) =D W, (C¢)

jeJ
; CJ2 i(w,Cj -
= JZE;] [201(507.ja5) - 7(27‘575) + /Rd\{o}(e (0G0 — 1 — i(w, Cjé)l(—l,l)(w))yj(dw)]u

where U;(§) is the symbol of LY with parameters (bo;, 25, v5).
Proof. This immediately follows from (3.13]).
Corollary 3.4. The Lévy process Z; is uniquely defined by parameters

(ZCjb()JW ZCJQEJ, ZOjI/j).

jeJ jeJ jeJ

In particular, if A; = i[, j € J, then

P2 (€)= D T c e RY,

In terms of symbols the latter is written as

V() =) Crlgl.

jeJ

In [9] the class SS of mixed symmetric stochastic processes was introduced. By definition, this class
contains d-dimensional stable processes Z;, Z, = 0, whose characteristic functions are given by

Pz, (£) = MO, £ eRY, (3.14)

where ,
w(e) = [ lerdpta)

and p is a finite Borel measure with the support suppp C [0,2]. It is obvious that SS C S. The
class SS obviously contains symmetric a-stable Lévy processes and all mixtures of their finitely many
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independent representatives. For a process Z; € SS corresponding to a measure p, we use the notation
Zy = L} to indicate this correspondence.
Similarly one can introduce a mixture of Lévy stable subordinators. Let

w(B) = ad(B - B, (3.15)

keK

where K is a finite subset of the set of natural numbers, a; are positive constants, §(5 — 5x) is the
Dirac delta function concentrated at 55, € (0,1), k € K, and D, 5 a stable subordinator with a stability
index 5 € (0,1). Assume the processes D; 3, 0 < 8 < 1, are independent for any finite collection of
B,y Pk, k > 2. Then, one can define a stochastic process D(u;t) as a process with the Laplace
transform

¢D(u;t)(3) = e[eisD(Mt)] = 67t<1>(s)7 5> 0.

where
q)(s) = Z a’gksﬁk = _t_l In e[e‘s Zi{:l ak‘Dt,k]’ s> 07 (Vt > 0)’ )

keK

where D, ; are Lévy stable subordinators with stability index (B, k € K.
The set of all mixed subordinators D(u;t) we denote by SO. The inverse process to D(u;t) € SO is
denoted by E!'. Namely,

E! =inf {r > 0: D(u;7) > t}.

Lemma 3.5. (1) A stochastic process Z, € S is a Lévy process;

(2) A stochastic process Z; € S 1is strict operator stable and operator self-similar with stability
index A if and only if A; = A for all j € J;

(3) A stochastic process Fy € SO is a Lévy subordinator;

(4) A stochastic process Iy € SO is stable and self-similar if and only if u = Co(B — Bo) for some
Bo € (0,1) and constant C > 0, where 6(8 — By) is the Dirac delta-function concentrated at By;

(5) The inverse to any F, € SO is positive, continuous and nondecreasing;

Proof.

(1) By definition, each of stochastic processes L7, j € J, has independent increments, i.e. for any
partition 0 < t; < 87 <ty < 89 < -+- <t < 8, < 00, one has J AL AL LY are

s1—t19 Hsag—tar* M —t

independent. Therefore, it follows from ([3.13]) that for any m # n

0. (€) = eleZmtnt )

sm—tm T Zsp—tn
— e €i£ < Eje,] CngJ,.,)L—tm +Z]‘€J CjLiQ—tn)
Y PN
= (H Pro (Cj§>> * (H Pro (Cj§)>
jeJ jeJ '
=Pz, . (f) * Pz s, (5)’
showing that ng)_tl , Zg)_fm c Z‘Ei)_tk are independent. Here “x” is the convolution operation.
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Similarly, by definition, each of stochastic processes L7, j € J, has stationary increments, i.e.
for any h > 0 one has Lgi)h — LW L LD 5 e J This implies

Zt-‘rh - Zt — Z C L?Ei)h Z Cngj)

jeJ jedJ
=Y (e, - 1?)
JjeJ
2N o) =2, h>o. (3.16)
jeJ

showing that Z; has stationary increments. Since each of ng ) 5 0ast—0in probability,
one has Z; — 0 as t — 0 in probability. This and (3.16)) imply the desired result.

(2) Sufficiency: Let ng) € OSS with self-similarity index A; = A for all j € J, i.e. by definition,

LY 2 ALY j e J. This implies

Zy =Y CLY LN 'Ly = Mz, (3.17)

jeJ jeJ

meaning that Z, is self-similar with self-similarity index A. Due to Theorem 5 in [11]] relation-
ship (3.17) implies that the stochastic process Z; is strict operator self-similar.

Necessity: Suppose L,Ej ) e OSS(A;) and there exists an invertible matrix A, such that Z, 2
¢ Z, for ¢ > 0. Then, we have

ct L ZCC JL(J)_CAZCL(])

JjeJ jeJ

It follows that
> Ci(et =LY =0, t>0,

jeJ

implying ¢ = ¢4, j € J. Hence, A; = A for all j € J.

(3) Since, by definition, each D,z is a strictly increasing and positive cddlag process for any
B € (0,1), the mixture process F;, = D(u;t) also inherits these properties. The fact that F;
has independent and stationary increments can be proved as in Part 1.

(4) Let du(B) = Cd(B — Bo)df with som C > 0 and Sy € (0,1). Then, F; = D, g,, which is a
Lévy stable subordinator with the stability index ;. On the other hand if F; is stable with a
stability index Sy, then du(8) = C6(8 — Bp) with some constant C' > 0.

(5) It follows from Part 3 that the process E}' (inverse to Fy = D(u;t)) exists, positive, continuous
(with possible flat pieces), and non-decreasing.

4. CTRW LIMITS IN SKOROKHOD TOPOLOGIES

Since a CTRW is a stochastic process being a composition of two cadlag stochastic processes,
the following two general theorems on convergence of sequences of composite stochastic processes in
the Skorokhod space supply sufficient conditions for the convergence of CTRW in the J;- and M;-
topologies of the Skorokhod space. We recall that the set Disc(X) for a cadlag process X (¢) means
the set of its discontinuity points: X (t—) — X (¢) # 0.

Before formulating our theorem on J;-convergence of CTRW process we would like to display the
following to known results on the J; and M;-convergence of composite stochastic caddlag processes
obtained by Silvestrov [33] and Whitt [42]. These theorems will be used in the proof of our theorem.
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Theorem 4.1. ([33, Thm. 3.4.2.]) Let X.(t) and Xo(t) be cadlag d-dimensional stochastic processes,
and U(t) and Uy(t) be non-negative and non-decreasing one-dimensional cadlag stochastic processes.
Assume that the following conditions hold:

(1) (Xo(t),U.(s)) converges weakly to (Xo(t),Uo(s)) as e — 0 for all (t,s) € T x S, where T and

S are some subsets of [0,00) that are dense in this interval and contain point 0,

(2) limlimsupP [w;(X.(:),¢,T) > 6] =0 for alld >0 and T > 0,

=0 =0

(3) Us(t) is a.s. continuous process,
(4) P [Uo(t’) — Up(t') € Dz’sc(Xo)} —0for0<t <t < oo
(5) P [Us(0) € Disc(Xo)] = 0.

Then (X‘E o UE) (t) o, (XO o Uo) (t) ase — 0.

Now we proceed to the convergence of CTRW processes in the J;-topology. Since the method used
in [23] is not applicable in this case, we will use Theorem to establish the convergence of CTRW
triangular arrays in the Skorokhod’s J;-topology.

Consider the following sequence of random variables T* and S,, defined as follows. Let J; 5 be a
sequence of independent and identically distributed random variables in the domain of attraction of
B-stable Lévy subordinators and T,, s = Ji 3+ - - - + J,, 3. Then, there exists b(n, §) such that

b(n, )T s = D, s, (4.1)

as n — oo, where D, 5 is the [-stable subordinator (see [22]). The stochastic process T,,(p;t) is the
p-mixture of b(n, )T,z with a mixing measure p defined in (3.15). Namely, the process T, (u;t) is

defined as
T (us;t) = Z arb(n, Br) Lo, - (4.2)

keK

Further, let X, j € J, be sequences of i.i.d. random variables belonging to the strict generalized
domains of attraction of a full operator stable laws v;, j € J, with corresponding indices A;, j € J.

Then, in accordance with (3.8)), there exists B;(n) such that B;(n)SY) £ L7, where SU) = X 4
-+ X, and L’ has the distribution v;. Define the sequence

S, = Z C;B;(n)SY, n>1, (4.3)
jeJ
where (), j € J, are real constants, and corresponding sequence of stochastic process
Su(t)=>"C;B;(n)SY), n>1,t>0, 8,(0)=0. (4.4)
jedJ
Lemma 4.2. The following convergences are valid:

(1) To(p;t) = D(pst) € SO, as n — oo;

(2) S.(t) £ S(t) €5, as n — .

Proof.
(1) Using the convergence (4.1)) we have

To(ust) = Y axb(n, Bi)Turp, = Y axDyp, = D(;t).

keEK keK

as n — oo. The fact that D(u;t) € SO follows from the definition of SO.
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ED 1 (5)

2) Since due to (3.10) we have the convergence B;(c Séf) = L;”’, where L(]) € 0SS with self-
J
similarity index A;, one has

=3"C;B;(n)SY F Y oL =S, S(0)=0,
jeJ JjeJ

as n — oo. Obviously S € S; see Definition ([3.12)).

Theorem 4.3. Let X7, i =1,2,..., for each j € J be an i.i.d. random vectors belonging to the strict
generalized domains of attraction of a full operator stable laws with stability indices A;, j € J, and
Jip be a positive i.i.d. random variables in the domain of attraction of [5-stable Lévy subordinators,
satisfy the following conditions:

(1) X7 and J; 3 are independent i.i.d.s;
(2) the sequence {(S,(t), Tn(u;t) : t > 0} weakly converges to {(S;, Dt') : t > 0} as n — oo;

(3) P[Disc(S(t)) N Disc(D(u;t))] = 0.

Then the CTRW process
(W = (s o (T, ()~ 1>(t):t20} (4.5)

converges as n — oo to the time-changed stochastic process {V(t) = S(E}') : t > 0}, in the J;-topology
on D([0,00),RY), where Ef' = inf{u >0 : D(u;u) > t}.

Proof. We set X.(t) = Sy/.(t) and U.(t) = N9 = (Ty). (u;t ))_1 in which € = 1/n. Then, the
composition {(X. o U.)(t) : ¢ > 0} represents the CTRW process {W,” : t > 0} with n = 1/e.
Therefore, it suffices to check out each conditions of Theorem Condition (1) of this theorem

is fulfilled, since by construction of processes S, (t) and Nt(”), we have that X, converges weakly to
S(t) and U, converges weakly to E} as ¢ — 0. Now we show that {X.(t) = S1,.(t) : t > 0} satisfies
condition (2) of Theorem Following [22], it suffices to show that

lim limsup sup P(|S,(t) — S.(s)| >3d) =0 (4.6)
h=0 nooo |t—s|<h
for any § and T > 0, where 0 < s < t < T. For each Y,V)(t) = B;(n)SY), j € J, where SU) =
X7 + -+ X/, this fact can be shown exactly as in the proof of Theorem 4.1 in [22]. Obviously, this
condition is also valid for C;Y,) with any constant C;. Thus, for all j € J we have

lim limsup sup P(|C;Y,9(t) — C,Y,9)(s)] > ) =0 (4.7)

h=0 pnso0o [t—s|<h

for any § and T' > 0, where 0 < s < t < T. It follows from the independence of Y,9), j € J, that the
events ; = {|C;Y, 9 (t) — C;Y,9)(s)| > &}, j € J, are also independent. Hence,

P(|S,(t) — Sn(s)| > 6) = <|ch<ﬂ> —> Gy (s |>5>

JjedJ JjeJ

= <|Z Y0 1) = CYI(s)] > 5)

jeJ

<P (Z CYO(t) = CY P (s)] > 5) (4.8)

jedJ

P(U Q) (4.9)

jeJ

= ZP (Iev, @) = ¢y D)) > 6) (4.10)

jeJ
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In relations (4.8)), (4.9) and (4.10) we used the inequality

DY) = CY, ()| < Y 1CYD (1) = CY P (s)],

jeJ jeJ

the fact that if at least one of the events §2; is fulfilled, then the event Q = {|S,,(t) — S.(s)] > 0} is
also fulfilled, and the 1ndependenee of events Q , respectively. Now, taking into account finiteness of

the set J, and using -, we obtain

Further, the process {Et“ :t >0} as the inverse of strictly increasing subordinator is a nondecreasing
continuous process (see Lemma |3.5)). Hence, condition (3) of Theorem [4.1{is fulfilled by construction.

The process {E}' : t > 0} may have flat pieces. It is not hard to verify that the assumption P [Disc(S )N

Disc(D(u; ))} = 0 implies Condition (4) of Theorem Finally, since E}f = 0, condition (5) is
reduced to P[0 € Disc(Xy)] = 0. Due to construction of our CTRW we have X(0) = (S o E#)(0) =
S(0) = 0. Further, since the process S as a cadlag process is right continuous, we have X(0+)—X,(0) =
0. This implies condition (5) of Theorem Hence, in accordance with this theorem the composite
process {(X.oU.)(t) : t > 0} converges to the composite process {(Xy o Uy)(t) : t > 0} as e — 0 in
the J; topology, that is, CTRW process {W,.™ : t > 0} converges to {S(E!) : t > 0} as n — oo in the
Ji topology on D([0,00),RY).

Since the convergence in J; topology implies the convergence in M; topology (see Proposition (2.1))).
Theorem implies the following statement.

Corollary 4.4. Under the conditions of Theorem the CTRW process {W\™ = (8™ o (T(™)~1),,
t > 0} converges as n — oo to the time-changed stochastic process {V(t) = Lg, : t > 0} in the M,
topology on D([0,00),R?).

The M;-convergence of the CTRW process {W(” t >0} in can also be proved based on the

following theorem on the M;-convergence of composite cadlag processes

Theorem 4.5. ([42, Thm. 13.2.4.]) Let X, (t) and X,(t) be cadlag d-dimensional stochastic processes,
and U, (t) and Uy(t) be non-negative and non-decreasing one-dimensional cadlag stochastic processes
satisfying the following conditions:

(1) The sequence (X, (t),U,(t)) weakly converges to (Xo(t),Uy(t)) as n — oo;
(2) Uy(t) is continuous and strictly increasing at t whenever Uy(t) € Disc(Xy);

(3) Xo(t) is monotone on [Uy(t—),Us(t)] and Uy(t—), Us(t) ¢ Disc(Xy), whenever t € Disc(Uy).

TheanoUnﬂXOoUo as n — oo.

Indeed, if one takes {Xo(t) : t > 0} = {S; : t > 0} and {Uy(t) : t > 0} = {E}' : t > 0} in Theorem[4.5]
then condition (3) is unnecessary, since the process {E}" : t > 0} is continuous for all ¢ > 0. The inverse
process {D(p;t) : t > 0} to {Ef' : t > 0} is strictly increasing as a mixture of Lévy subordinators.
Therefore condition (2) of Theorem ¢ ﬂ in our case takes the form Disc(S N Disc(D(p;-)) = 0.
Condition (1) is shown in the proof of Theorem {4 . Thus the following theorem holds:

Theorem 4.6. Let X7, i=1,2,..., for each j € J be an i.i.d. random vectors belonging to the strict
generalized domains of attraction of a full operator stable laws with stability indices A;, j € J, and
Jip be a positive i.i.d. random variables in the domain of attraction of B-stable Lévy subordinators,
satisfy the following conditions:

(1) Y; and J; are independent i.i.d.s;
(2) the sequence {(S,(t), T.(u;t) : t > 0} weakly converges to {(S;, D)) : t > 0} as n — oo;

(3) Disc(S(t)) N Disc(D(p;t)) = 0.
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Then the CTRW process {W." = (Sn o (T, (p; ‘))_1)(15) :t > 0} converges as n — oo to the time-
changed stochastic process {V(t) = S(E}') : t > 0}, in the M-topology on D([0,00),R?), where
E! =inf{u >0: D(u;u) > t}.

Properties of the process W, were studied in [22] in the particular case of S; = L, € OSS(A) with

some A and E' = EY with some 8 € (0,1). Below we list some properties of W, = S(E"), where
S € S and p is a bounded measure on [0, 1].

Theorem 4.7. The limiting process {W, = S(E}') : t > 0} obtained in Theorems[{.1] and[{.6 possesses
the following properties:

(1) {W, : t > 0} is operator self-similar if all ng), j € J, have the same self-similarity index
A=A, jeJ and p(dp) = 6(8 — Bo)dB for some By € (0,1). If this condition is fulfilled,
then {We, 1t > 0} = {cP4W, : t > 0}.

(2) {W, :t > 0} has no independent increments and has no stationary increments;
(3) {W, :t >0} is not operator stable for any t > 0.
Proof. The proof immediately follows from Corollaries 4.1, 4.3, and Theorem 4.3 of [22].

5. SDES DRIVEN BY CTRW-LIMIT PROCESSES

In this section we briefly review stochastic differential equations (SDEs) driven by time-changed
driving processes. An important class of driving processes is the CTRW limit processes and the
corresponding SDEs are used in modeling of various engineering and scientific problems. Let the
driving process (integrator) W, = S(E!) be the CTRW limit obtained in Theorems and
Consider a class of SDEs of the form

dXt = O'(t, E#, Xt)th7 XO = Zo, (51)

where z, is a random variable with a density function f, (z),z € R%, and o (¢, s, z) : [0, 00) xR? — R**™
is a measurable function for which there is a positive constant K such that
|U(t7 S,iL‘) - U(tv S, y)‘ < K‘i[} - y‘?
o(t,5,2)| < K(1+al),
o(t,5,2) = 0,0, )| < K1+ fal) (|t = ul + s = ],
for all z,y € R? and s,t,u,v > 0.
Even though SDE (j5.1)) is not yet studied in such a generalization, but in various particular cases

it is studied. There are different approaches for the study of SDEs. One of these approaches assumes
approximation of stochastic integrals of the form

t
/ H, dZ, (5.2)
0

where H; and Z; are cadlag stochastic processes in the Skorokhod space D([0, c0), R?). This is reason-
able, because the meaning of SDE (/5.1)) is given by the following expression

t
X, =x +/ o(s—, B*, X, )dW,
0

where the integral is of the form . The stochastic integral driven by Brownian motion Z; = B,
was first introduced by I1t6 [13, [12]. The idea used by Ito6 for definition of the stochastic integral, in
fact, works for any semimartingale integrator Z;. For cadlag stochastic processes Z; stochastic integrals
were considered by Kurtz and Protter in [I8]. The authors applied this approach for approximation
of SDEs of the form

t
Xt - Ut +/ O_(S_va)dZsa
0
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Weak and J;-convergences of stochastic integrals driven by scaled CTRWs to a stochastic integral
driven by time-changed Brownian motion is studied in [5]. Another particular case of approximation of
stochastic integrals driven by a time-changed symmetric a-stable Lévy processes is studied by Scalas
and Viles in [30]. In the general case, however, the approximation of stochastic integrals driven by
CTRW-limits still remains open.

The SDE driven by the time-changed Brownian motion

dX, = b(E,, X,)dE, + o(E,, X,)dBp, with X, = o, (5.3)

where x5 € R? is a non-random constant, and b(t, z) : [0, 00)xR? — R? and o (¢, z) : [0, 00) xR? — RI*™
are measurable functions satisfying growth and Lipschitz conditions, was solved in papers [15] (see
also [16]) using the numerical Euler-Maruyama method.

Due to , SDEs driven by a Lévy process L, has the form

_y+/ b(Y. d5+/ o (Y, )dB, (5.4)

+/ H(Y,_,w)N(ds, dw) +/ K (Y., w)N(ds, dw),
w|<1 w|>1

where the continuous mappings b : R® — R", 0 : R* — R**™ H : R"XR" — R", and K : R*xR"* — R"
are bounded and satisfy growth and Lipschitz conditions. Namely, there exist positive constants C}
and C such that

[b(y1) = b(y2)* + llo(yr) — o (y2) ]I + / |H (y1,w) — H(y2, w)[*v(dw) (5.5)

|lw|<1

S Cﬂyl — y2’2 fOI' all Y1,Y2 S Rn,
/ \H(y, w)|?v(dw) < Co(1 + [yl?) for all y € R™. (5.6)
lw|<1

As it is known [T}, 34], under these condltlons SDE (5.4 . ) has a unique solution.
It follows from Lévy-Ito representation (3.1)) of Lévy processes and SDE . that if SDE is driven

by the process § =3, CjLij), then one obtams SDE

Vi=v+ )Y G l/ b, ( ds—&—/t +(V._)dBY (5.7)

jeJ

/ w‘<1H (Ve ,w) (s, dw) / w‘>1K (Vi , w)N;(s, dw)]

Finally, SDE driven by CTRW-limit process W, = (S o E#), = ((z 1es CiLD) o E”) , takes the
t

form

t .
Xe=x+)Y Cj l/ b;(X,_)dE" + / 0;(X,-)dBY) (5.8)
0

jed

t
+/ Hj(Xsf7 ) dEN dw / K s 5 )Nj(dEf,dw)]
lw|<1 Jw|>1
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6. FOKKER-PLANCK-KOLMOGOROV EQUATIONS ASSOCIATED WITH SDES DRIVEN BY
CTRW-LIMIT PROCESSES

Fokker-Planck-Kolmogorov (FPK) equations are deterministic form of description of stochastic
processes modeled through SDEs. In this section we derive the FPK equation associated with SDE
driven by CTRW-limit process W;.

It is known that if SDE is driven by a Lévy process with parameters (b(y), X(y),v(y)), y € R?, then
u(t,y) = e[f(Y;)|Yo = y], where Y, is a solution of this SDE and f(y) is the density function of Yy,
satisfies the following Cauchy problem for a pseudo-differential equation (see [1])

0 A Dol ). 1> 0,y € R, 6.1)
v(0,y) = ¢(y), y € R™. (6.2)

Here A(y, D,) is the pseudo-differential operator
Aly.D,)o(z) = i(b(y). D,)o(w) ~ 5(E(@)D,. D, )e(u) (63
+ / [p(y + Gy, w)) — (y) = iI—11)(w)(G(y, w), Dy)p(y)]v(dw)
R»\{0}

with symbol

W(y,) = ib(y), &) ~ 5(SW)E (6.4

+ / (W8 1 —i(Gly, w), )11y (w)) v(dw),
R\ (0}

where X(y) = o(y) X o(y)" and G(y,w) = H(y,w) if |w| < 1 and G(y,w) = K (y,w) if |w| > 1.
We will also use the following fact (see [39]) in the proof of the main theorem of this section.

Theorem 6.1. Let U, = Zszl ckUkt, where Uy, k =1,..., N, are independent stable subordinators
with respective indices By, € (0,1) and constants ¢, > 0. Let E, be the inverse process to Uy. Suppose
{T},t > 0} is a strongly continuous semigroup in a Banach space X and has infinitesimal generator A
with Dom(A) C X. Then for each fized t > 0 and ¢ € Dom(A), the integral [ fr,(T)T,¢dr, where
fr.(T) is the density function of E,, exists and the vector-function v(t) = [ fr,(T)Trdr satisfies
the abstract Cauchy problem

ZCkDﬁk = Av(t), t > 0, (6.5)

v(0) = ¢, (6.6)
where D? is the fractional derivative in the sense of Caputcﬁ and Cy, = ck , k=1,... N.
Now we are ready to formulate the theorem on FPK equation associated with SDE |D

Theorem 6.2. Let D(u;t) € SO with a mizing measure . = Z,[j:l ard(B — Br), Br € (0,1), where ay,
are positive constants, and let E}" is the inverse of D(u;t). Suppose that a stochastic process S(t) =
dierLi ) e S, where L(]) € OSS(A;),j € J, is independent of the stochastic process E}'.

Then if X, is a solution of SDE , driven by the time-changed process W; = (S o E*)(t), then
the function u(t,z) = E[p(X})| Xo = x|, where p(z) = fx,(x) € CF(R™), satisfies the following Cauchy
problem

ZakDﬁ" (t, ) Z.A x, D )u(t,x), t>0,xecR", (6.7)
jed
u(0,z) = ¢(x), z € R". (6.8)

#see e.g. [36] [39] for the fractional derivative in the sence of Caputo
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where oy, = ak ,k=1,..., N, and the pseudo-differential operator A;(z, D,), j € J, has the symbol
2

C-
U (z, &) =iC;(b(x), §) — 4(2(2/)5,5) (6.9)
+/ (e i(Glyw)&) _q iC;(Gy,w), &) L(—1,1y(w)) v(dw), je€J.
Rm\{0}

Proof. In accordance with Corollary the driving stochastic process S; in SDE (5.7)) is a Lévy
process with parameters (b(z), X(x),v(z)), where

z) =Y Cpbi(x), L(z) = Ci%i(x), v(z)=) Cux)
jed jed jed
Therefore, if Y; is a solution to SDE (5.7)), then e[p(Y;)|Y, = z] satisfies Cauchy problem (6.1)), (6.2)),

in which the operator A(z, D) has the symbol
2

6= Y0l ().9) - Y. S ()60 (6.10)

jedJ jeJ
+ Z/ ("G -1 —iC5(Gy(y, w), ) (1,1 (w)) v (dw),
jeg JR™\{0}

Now, consider the expression T, p(z) = E[p(Y,)|Yy = x|, where Y, is a solution of SDE (5.7)). Then,
it is known [II, 29, 39], that T, is a strongly continuous contraction semigroup in the Banach space
Co(R™). Moreover, since the function v(,z) = T,¢(z) with ¢ € C3(R") satisfies equation (6.1]), the
semigroup 7, has infinitesimal generator given by the pseudo-differential operator A(z, D,) with the
symbol ¥(z, &) defined in (6.10). Obviously, CZ(R") C Dom(A(z, D,)).

Finally, consider the stochastic process X; = Ypgs. This process is a unique solution to SDE (j5.8))
(see [9,139]). Further, let

u(t,z) = E[p(X)|Xo = 2] = Elp(Yp)|Yo =], ¢>0, z € R (6.11)

Recall that Ef = 0. In (6.11)), conditioning on the events {E}' = 7} and using independence of the
processes Y, and E!, we have

ult, z) = / TEp(Y,)| B = 17, Ys = o] fu ()dr = / " for (N To(a)dr. (6.12)

Now, in accordance with Theorem [6.1} E u(t, x) satisfies the Cauchy problem (6.7 .

Remark 6.3. Theorem [6.2 - holds true for arbitrary measure 1 bounded on [0, 1], as well. Namely, in
this case the FPK equation . ) takes the form

D, u(t, ) ZA (x,D,)u(t,z), t>0,x¢ecR"

jeJ

where D,, is the distributed fractional order differential operator [39], defined by

1
— [ Dirus). t>o.
0
where f(t) is a differentiable function on [0, 00).

Example. Let ng),j € J, be symmetric «;-stable (with f = g = 0 in equation ) Lévy
processes. Then the symbol of the process L; =3, ; chﬁj) has the form ¥(§) = Z]E] : \{]ai The
corresponding to the process (L o E*), FPK equation then takes the form

D, u(t,z) ZC%DHutx t>0, v €R,

jeJ
where Dy, is the Riesz-Feller derivative of order 0 < o < 2 defined by
_ al()T(H)sinF [ fz —y) = 2f(x) + f(z +)

IZ\f( ) 222 a ‘y’1+(y dy, xecR.
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1. INTRODUCTION AND PROBLEM STATEMENT

Among the works devoted to the study of boundary value problems for differential equations,
initial-boundary-value problems for a degeneration mixed type differential equations play a special
role. Taking into account the vastness of the bases of such works, we cite only those that are close
to our work on the subject. In the work [7], for a mixed parabolic-hyperbolic equation with power
degeneration of the form

Uy — Uy — b2t u, t > 0
(—t) " U — gy — b*(—t)"u, t <0

F(z,t)=Lu= { *)
in rectangular domain 2 = {(z,?) |0 <z < 1,—a <t < f} in case F(z,t) = 0 the first mixed problem
has been studied (n,m,«, € R'). Using spectral method, the criteria for the uniqueness of the
solutions of the given problems are established, which are constructed in the form of a Fourier series.
The stability of the solution for the nonlocal condition is also established. In []], for the equation (*)
in the same domain €2 in case n = 0 and F(z,t) = f(x), the inverse problem for finding the unknown
right-hand side was considered. The solution is constructed as the sum of the series of eigenfunctions
corresponding to a one-dimensional spectral problem, and the uniqueness of the solution of the problem
is established by the method of spectral analysis. A similar nonlocal inverse problem for finding
unknown right-hand sides for equation (*) was studied in [I0]. Note also the work [I1], where for
the equation (*) in the case of F'(x,t) = 0 in the domain 2, nonlocal boundary value problems were
studied. In [9] the initial-boundary value problem for three classes of non-homogeneous degenerate
mixed parabolic-hyperbolic type equations is considered. In each case, the criterion of uniqueness of
the solution is established, and the solution is constructed in the form of series according to the system
of eigenfunctions, corresponding to a one-dimensional spectral problem. In [I2] inverse problems were
posed and investigated for determining the factors of the right-hand sides for the equation (*) in
case m = 0, when F(z,t) = fi(z)g:(t) for ¢ > 0 and F(x,t) = fa(x)ga(t) for t < 0. Based on
the theory of integral equations, corresponding theorems of uniqueness and existence of solutions to
inverse problems have been proven, and explicit formulas for the solution have been obtained. We
also note the works [5],[6],[15], where boundary value problems in various formulas for degenerate
elliptic-hyperbolic equations are investigated.
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As for high-order partial differential equations, we note the works [13], [14], where initial-boundary
value problems were formulated for a degenerate high-paired partial differential equations with a Bessel
operator in a rectangle and the existence, uniqueness, and stability of the solution of the investigated
problems were proven.

Let us move on to the formulation of the boundary value problem we are studying. Let

Q={(z,t)|0<z<]l,—a<t< B}, =0n{t>0},Q =Qn{t <0},
Up + t"Upger + 0" u, t > 0, z,t),t >0
Lu = ' s f(l‘,t): fl( ) 5
Ugt + Uggze + 0u,t < 0. fo(z,t),t <0

where n, a, 3,b - are given real positive numbers.
Problem 1. To find a function u (z,t) from the class

u(z,t) € Cof(Q) N CHQ) NCHYL UQ), (1.1)
which satises the equation
Lu = f(x,t) (1.2)
with boundary value conditions
u(1,t) = 0,u.(0,t) + ur(1,6) = 0,up0(0,8) = 0, Uspe (0, 1) + Ugrr(1,8) =0, —ax < t < 3, (1.3)
u(z,—a) =0,0 <z <1 (1.4)

2. SPECTRAL PROPERTIES OF PROBLEM 1

To solve Problem 1, we apply the spectral method, according to which we seek the non-trivial
solutions of Equation (1.2) in the form u(z,t) = X(z) - T(t). By substituting this function into
Equation (1.2) and by using conditions (1.3), for the unknown function X (x), we obtain the spectral
problem

XV(x) —puX(x)=0,0<z<1, (2.1)

X(1)=0,X"(0) =0,X'(0)+ X'(1) =0,X"(0) + X" (1) = 0. (2.2)

Let us find the eigenvalues and eigenfunctions of the problem (2.1), (2.2). For p < 0 the problem
(2.1), (2.2) has a trivial solution, and for p > 0 this problem has eigenvalues

e = (r(2n— 1)) n=1,2,.., (2.3)

and the corresponding eigenfunctions have the form

) e(2n71)7ra: + eﬂ'(2n71)(lfa:)
Xin(z) =2sin(2n — D)z, Xo,(z) = pETE + cos(2n — 1)z, (2.4)

Problem (2.1), (2.2) is non-self-adjoint and it is not difficult to see that the following problem will be
adjoint to it

YVi(x) —puY(z) =0, 0<z <1, (2.5)

Y(0)+Y(1)=0,Y'(1)=0,Y"(0) + Y"(1) =0,Y"(0) = 0. (2.6)

It is not difficult to show that the problem (2.5), (2.6) has eigenvalues (2.3), and the corresponding
eigenfunctions have the form

e(2n71)7ra: _ e7r(2n71)(lfa:)

Yin(x) = e +sin(2n — 1)wz, Y, (z) = 2cos(2n — 1)mz. (2.7)

Let us proceed to the study of the basicity of systems (2.4) and (2.7) in L»(0,1). Using the definition
of biorthonormality of two systems of functions, it is easy to show that the following lemma is true.

Lemma 2.1. The system of functions (2.4) and (2.7) are biorthonormal systems in L(0,1).
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Theorem 2.2. The system of functions (2.4) and (2.7) are complete in the space Ly(0,1).

Proof. We consider the completeness of system (2.4). Assume, on the contrary, that the system of
functions (2.4) is not complete in L,(0,1). Then there exists a nontrivial function ¢(x) in L9(0,1),
that is orthogonal to all functions of system (2.4). Let us expand the function ¢(z) into a Fourier
series

Z a, cos(2n — 1)wx + b, sin(2n — 1)7x),
n=1

according to the complete orthogonal system {cos(2n — 1)z, sin(2n — 1)mz}, ., which converges in
L»(0,1). Since ¢(x) is orthogonal to the system {sin(2n — 1)wa} " |, then the last expansion can be
written as

= Z a, cos(2n — 1)mx. (2.8)
n=1

Further, multiplying last series by the function Xy (x), and integrating along [0,1], by using the
orthogonality of this last function and ¢(x), we obtain the following equality:

1 6(21071)771 _i_eﬂ'(Qkfl)(lfz)
0= /0 o(x) - ( e + cos(2k — 1)771‘) de =

> 1 €(2k71)7rw _‘_eﬂ(?kfl)(lfz) 1
= Zan/o ( Ty + cos(2k — 1)7?33) cos(2n — 1)mxdxr = Pl k=1,2,3,...

From here, it follows that ax = 0, k = 1,2,.... Therefore, from (2.8) we conclude that p(z) = 0 in
[0, 1], which opposing conditions ¢(x) # 0. Thus, the system (2.4) is complete in the space Ly(0,1).
The completeness of the system (2.7) is proved similarly. O
Lemma 2.3. The system of functions (2.4) and (2.7) minimal in Ly(0,1).

The proof of Lemma 2.3 follows from Lemma 2.1 and Theorem 2.2. [I].

Theorem 2.4. The system of functions (2.4) and (2.7) are two bases of Riesz in Ly(0,1).

Proof. In order to prove this statement, it is sufficient to prove the completeness of systems (2.4) and
(2.7), and the convergence of the following series for ¢(z) € L,(0,1) according to Theorem 2.1 from

(2], p.375].

2

0 > e(2n—1)7rz +€ﬂ(2n—1)(1—1)
> (p(x),25in(2n — Drz)y + > (go preTes o + cos(2n — 1)7rx> , (2.9)
n=1 n=1 0
S o @2n—-1)rz __ 671‘(2’)171)(171) 2
; ),2cos(2n — 1)mx) —|— 7; < ST 1 1 + sin(2n — 1)7e, go(x))o, (2.10)
where (0,9)y = (@, 9) L, ap) = f o(x)(x)dz-inner product in Ly(a,b).

Since the completeness of systems (2 4) and (2.7) has been proven in Theorem 2.2 we only must
verify the convergence of the previous series. To this end, we consider (2.9) and introduce the following
notations

6(27171 LEJE e7r(2n71)(179:) 2

Z ,sin(2n — V)ma)s, I = Z (gp(x), o r 1 + cos(2n — 1)7m:> .

0

I, represent in the form

o0

Z ,sin(2n — 1)z, 22 (cp(x), V2sin(2n — 1)7737)2 = QZci,

n=1 n=1
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where ¢, = (p(z),V2sin(2n — 1)7z), are the Fourier coefficients of the function o(z) on the or-
thonormal system {\@ sin(2n — 1)mz}. From here, applying Bessels inequality, we obtain that

=23 ¢ <2|lp(@)|], 1) ie I is finite. Consider I,. Let
n=1 ’
6(2n—1)7rm +eﬁ(2n—1)(1—z) 2

e(@n—1)m +1

A= <<p(x), + cos(2n — 1)7rx)

0

From here, applying inequality (a + b)* < 2(a® 4 b2) we obtain that
2

€(2n71)7rx + 671'(277,71)(17£E) 9
A <2 (ple), T ) +2(¢(o).cos(2n — 1))} =
6(271,—1)7r:c 627rn(1—.1c) 2 9
= 2((@(35), 6(2"—1)W+1>0 + (gp(m), 6(2"—1)”+1>0> + 2 (¢(x),cos(2n — 1)mx), .

Applying the previous inequality again, we get that

e(2n—1)me 2 er(2n—1)(1-2) )
A< (oo, i) +4 (90 Sy ) + 2 (0(0),cos(zn — .
0 0

e(@n—1)m +1 e(@n—1)m +1

2

o e(?n 1)mz 7r(2n H(l—z
_[2 < 42 (@( ) M) +4Z < e(2n Dr ) +2Z COS 2n — 1)71'35) = J1+J2+J3

Consider J; = 2 Z (p(z), cos(2n — 1)7rm) Z a2, where a, = (¢(x),v2cos(2n — 1)7x), are the

n=1 n=1

Fourier coefficients of the function ¢(x) on the orthonormal system {v/2 cos(2n—1)7z}. Then applying
Bessel inequality, we get J; = Z a? < ng(:n)th(ml) .

em(2n—1)

. . 7T(2n 1)(1—=) B
Consider J,. Since (ap(m), T )0 = ew<2n71>+1(90(5”)6”,e 2nn2) hence

7r(2n71)(1 T

Jy = 4; <g0( 6(2”1)”4-1) 42 mc,e—%rnx)z _ 4;02,

T 2n7rm)

where ¢, = (p(z)e™, e o- Then from Lemma 3 from [4], it follows that J, is finite. Similarly, we
can prove that J; is finite too. Thus, the series I; and are converge, and therefore series (2.9) also
converges. The convergence of series (2.10) is proved similarly. O

3. THE UNIQUENESS OF THE SOLUTION OF PROBLEM 1

Let u(x,t) is the solution of Problem 1. Consider the functions
1
win(t) :/ (o, 6)Vir(2)dar, i = 1,2,k = 1,2, .. (3.1)
0

1—¢
and based on this, we introduce functions v, (t) = f w(z, t)Yip(z)dz,i = 1,2,k = 1,2, ..., where e-

sufficiently small number. Differentiating this equality by t at t € (0,3) once and at t € (—a,0) twice
and considering Equation (1.2), we obtain

V() = / (i, ) Yo (@) de = —t" / Vs (2, ) Vig () — BE” / w(z, ) Yi(2)dw,i = 1,2.
El—e 16_8 (3.2)

v (t) = /utt(:v,t)Y;k(x)dx =— / Ugaer (2, 1) Yir (z)dx — b/ u(z, t) Y (z)dz,i = 1,2.

€ €
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Further, in the integrals from the right-hand sides in (3.2) integrating by parts four times and moving
to the limit at ¢ — 0 considering the boundary conditions (1.3), we obtain ordinary differential
equations to find the unknown functions w;,(t),7 = 1,2

i () + Mt (t) = fin(t), i =1,2,t > 0, v i(t) + Mpuir(t) = far(t),i = 1,2, <0,

which general solutions have the form

t
e MO g [ () (0D S0 ) g,

wir(t) i=1,2,  (3.3)

a1 €S \/ A\t + dyp, sin v/ At — /fQ,C sm (t — s)} ds, t <0

1
where @y, ¢ix, dix, i = 1,2 are arbitrary real numbers, Ay = b+((2k — 1)70)*, fi, = [ fi(z, ) Y{ (x)dz,i =
0
1
1727 f21k: = ffg(x,t)Y,j(a?)dx,z = 1?2
0 —
By assumption u € C*'(2), then the function (3.3) satisfies the relations
ulk(O + 0) = ulk(O - 0), u’m(O + O) = u'ik(O - O),l = ]., 2, k= ]., 2,

Satisfying (3.3) these conditions, we find the relationship between the coefficients a;, cix, dir, @ = 1,2
in the form c¢;;, = a;p, d;, = ﬁf{k(() + 0). Taking into account the last equalities, the functions (3.3)
take the form

agee () / i (s)e M (T ) = ) ) gy

ualt) = ° i=12
Jir(0+0) .
@i COS \/ Apt + ow sin /f% SlIl VARt — s)} ds, t <0
(3.4)
To find the constants a;;, we use the boundary condition (1.3) and formula (3.3)
1
uip(—a) = /u(a:, —a)Yip(z)dz = 0. (3.5)

0

Then from the relations (3.4) and (3.5) we find a;; = wix(@)/Ak(a) under the condition that for all
k=12, ..

a) = cosv/ Aya # 0, (3.6)
where wy, (o) = L\/%O) sin v Apa — \/%\7 [ far(s)sin [V Ax(a + s)] ds.
Further, by substituting a;; into (3.4), we obtain
Wik () 3 m 1 (ng1) / i (oA (T /(0 1) =" (1))
——Le + s)e ds,t >0
Ak(a) / flk( )
u(t) = i=1,2.

(ZkZCOS\/ Kkt + \/i sin /At — /f% sm (t—s)}ds,t<0




332 Uzaqbaeva D. E., Yuldashev T.K., Otarova J. A.

Now, based on formula (3.7), we will prove the uniqueness of the solution to Problem 1. Let f(z,t) =0

on [0,1] and for all k € N, condition (3.6) is satisfied. Then f;,(t) = fi,(t) =0 for all k =1,2,... and
1
from formulas (3.3) and (3.7) follows [ u(z,t)Y;,(z)dz = 0,7 = 1,2. From this, due to the completeness

0
of the system (2.7) in the space L,[0,1], it follows that u(z,t) = 0 is almost everywhere on [0, 1] for
any t € [—a, f]. Since u € C(f), it follows that u(z,t) = 0 in Q. If for some o, 3,n, b and k = s the
condition (3.6) fails, i.e. Ag(a) = 0, then the homogeneous Problem 1 (where f;(z,t) = 0, = 1,2)
has the nontrivial solution

.t Cse—)\stn+1/(n+1) Xis(z),t >0 Ly (38
Uis\ T, = 0= 1,4, .
cs cos VAt Xis(z), t <0
where ¢, # 0 is an arbitrary constant.
We write the expression Ay («) in the form
Ar(a) = cos (2k — 1)’ T, (3.9)

where & = 7, and Ay = (/1 + m = 1+ 0. Equation Ay(«) = 0 has a countable set of zeros
with respect to «, which are determined by the formula

1
a= —t —— — k,m € N. (3.10)
22k — 1N (2k—1)°X,

Thus, we have established the following uniqueness criterion.

Theorem 3.1. If there ezists a solution of Problem 1, then it is unique only if the condition (3.6) is
fulfilled for all k = 1,2, ....

4. THE EXISTENCE OF THE SOLUTION OF PROBLEM 1

Since the expression Ay («) for the value (3.10) of the parameter & may vanish, it is necessary to
state an estimate for Ay(«) that show that it is separated from zero and obtain the corresponding
asymptotics.

Lemma 4.1. If b = 0 and & is an arbitrary natural number or b > 0 and & = p/t is an arbitrary
rational number, where p/t ¢ N, (p,t) =1, and t # 2r+2 ort # 2r for certain r = 1,t — 1, then there
exist positive constants Cy and ko, kg € N, such that for all k > ko the following estimate holds:

1Ax(a)] > Cy > 0. (4.1)

Lemma 4.2. If b >0 and a = p/t is an arbitrary rational number, where p/t ¢ N, (p,t) = 1 and
(r+1)/t =1/2 orr/t =1/2 for certain 1 < r <t — 1, then there exist positive Cy and ko, ko € N,
such that for all k > ko the following estimate is valid:

Co

|mmmﬁ§j§>0 (4.2)

Lemma 4.1 and Lemma 4.2 are proven similarly to Lemma 3.2 and Lemma 3.3 in [5].
If for the numbers & from Lemma 4.1 the conditions (4.1) for & = 1,2, ..., kg are satisfied, then we
will seek the solution of Problem 1 in the form the series

—+oo

u(z,t) = Z (w1 (t) X1 () + uar (1) Xog(2)), (4.3)

k=1

where u;(t) are defined by formulas (3.7).



Initial-boundary-value problem for inhomogeneous mized type... 333

Lemma 4.3. If the conditions of Lemma 4.1 are fulfilled, then the following estimates hold for all
k=1,2,..:

(O] < My |2k = )7 figllo + 2k = 1) Sl 2 € 10,8, (4.4)
W (8)] < Mo [ (2k 1>2||ffk||c + 2k = 1)°[ faullo] € [0,8) (4.5)
ua(®)] < M [(2k = 1) il + @k = D7) il o] ot € [ 0], (4.6)
o e (8)] < M [[|fl o + ||f§k||c] 1€ [~a,0], (4.7)
()] < M [(2k = 17| Fiello + @k = D[ o] . ¢ € (= 0], (4.8)
where
HflkHc _Or?ff% |f1k | Hf2k||c o {xng}éo |f2k )|

and M; are positive constants, depending on «, 8 and b.
These estimates can be proved by using the inequality (4.1), which is valid for all k£ > k.

Lemma 4.4. If the conditions of Lemma 4.2 are fulfilled, then the following estimates hold for all
k > k‘o N

Juan (O] < M [[| fivll o + [ £l ] - € 0, 8], (4.9)

W (8)] < My [(2k = 1| fiullo + 2k = 1| £l ] ¢ € (0.8, (4.10)
()] < Ms [[| fisllc + [ faxllc] ¢ € [=a, 0], (4.11)

[/ (8)] < My [(% —0?|| il + (2K — 1)2||f§kHC} t € [~a,0], (4.12)
[ (8)] < Mo |2k =)' fiulle + @k = D' fiulle] ot € [ 0], (4.13)

By Lemma 4.3, the series (4.3) and its first-order derivative with respect to ¢ and its third-order
derivative with respect to x in the closed domain Q, the second-order derivative with respect to ¢ in
,, as well as the fourth-order derivatives with respect to x in Q; and Q,, respectively, are majorized
by the series

00 2
My 3737 @k =17 (il + 1 73lle)- (4.14)
k=1 i=1
Lemma 4.5. Let fi(x,t) € (Q ) i = 1,2 and satisfy the following conditions
*fi : : 3 f 81, 0,8],i=1
cn PR g0kl _on) #n) _on  flosli=1
0x? |,_, or|,_, Ov|,_, 023|,_, 02%|,_; [—a,0],i =2

Then the following estimates hold

>

k=1

>

L2(071) k=1

1k axg

2 2 .
i@ | < [ 2ZSt) i) < || O Fal@,t) 0,8],i=1
(t)‘ é H 2k (t)‘ S 8.7)3 L2(0,1) ’t © [_053 0]7Z =92 ) (415)

Here

1

S0 = [ 17 o) sin 2k - D,

0

£t

() = m

1

ff(3)(t) 6(216—1)71'1 + e(21@—1)7‘r(1—z)
2 ) = m) f22]€(3) (t) = —/f'"m:x(x’t) pET ] + cos(2k — 1)mx | dz.

0
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Then by Lemma 4.3 the series (4.14) are majorized by the series

THD D) SEE|

k=ko+1 i=1

i(3)
1k

) C] (4.16)

The convergence of the series (4.16), due to the Weierstrass M-test [3], we obtain the uniform con-
vergence of the series (4.3), as well as series from the first-order derivatives ¢ and the third-order
derivatives  of the terms of this series in €, and the possibility of its term differentiation by ¢ twice
and by ¢ four times in ¢ < 0 and by z four times in ¢ > 0. Thus the following assertion is proved.

Theorem 4.6. If the functions f;(x,t),i = 1,2, satisfy the conditions of Lemma 4.5 and the conditions
of Lemma 4.1 are fulfilled, then there exists a unique solution to the Problem 1 and it is determined

by the series (4.3).

Assume that the equality As(a) = 0 holds for certain numbers & from Lemma 4.1 for some k =
s =ki, ko, km, where 1 < k) < ks < ... < k,,, < kg, ki,2 = 1,m, and m are given natural numbers.
Then the Problem 1 is solvable if and only if

“flkfoﬁ;_o) sin / A\pa — /]"2,c sm (a + 5)} ds =0,s = ki, ko, ..kp,. (4.17)
k

In this case, a solution to the Problem 1 is determined by the series

(i* i 2 i Z )Zuik(t)Xik—FZZAsuiS(x?t); (4.18)

k=km_141  k=kym1 J i=1 s i=1

in the last sum s takes ki, ko, ...kpm; w;s(t) is defined by the formula (3.8), where & must be replaced
by s, and ¢, is an arbitrary nonzero constant. As usual, we assume that if in some finite sum in the
right-hand side of (4.18) the upper limit is greater than lower, then this sum is equal to zero.

Thus, the following assertion is proved.

Theorem 4.7. Let the condition of Lemma 4.1 be fulfilled and let functions f;(x,t),i = 1,2 satisfy
the conditions of Lemma 4.5.

1) If Ap(a@) #0 for all k = 1, kg, then Problem 1 has a unique solution and this solution is defined
by the series (4.3) whose coefficients are given by the formulas (3.7);

2) if Ap(a) =0 at some k = ki, ..., ky, < ko, then Problem 1 is solvable only when conditions (4.17)
are satisfied and in this case the solution is determined by the series (4.18).

Assume that the conditions of Lemma 4.2 are fulfilled. Due to the Lemma 4.5 the series (4.3) and
its first-order derivative with respect to ¢ and its third-order derivative with respect to = in the closed
domain Q, the second-order derivative with respect to t in {2, as well as the fourth-order derivatives
with respect to = in ; and €,, respectively, are majorized by the series

My N @k — 1Y fillo + 2k = D) il (4.19)

k=1 =1
Lemma 4.8. Let functions f;(x,t),i = 1,2 satisfy following conditions

4 0,8],i=1
0t zo,te{[ﬁ]z, Jk=1,3.

= 54
=0 8x z=1

" f;
oxk

0" f;

= k
=0 893

0% fi
Oz

’fZ(]- t)_o

Then the following estimates hold

$|pf < |2Len|

5
— ox

> 2 .
o) > < [0 F2(2:2) [0,l,i =1
D | (t)] <H e L(Ol),te g (420)

L2(0,1) k=1
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Here

1

1

1 1(5) 1(5) ;

ik — S, .~ 5Jik (t)7fzk (t) — _/flxacxxy(x7t) Sln(Zk l)ﬂ'xdx7
((2k — 1)) )

2(5)

1

2 fig () 2(5) / e(k—Dmz 4 o(2k-1)m(1-z)

ik ((Qk _ 1)71')5’ ik ( ) f 6(2]671)7“17 + 1 COS( )Trff Xz
0

Then by Lemma 4.8 the series (4.18) are majorized by the series

o 2 1
My k_%;ﬂ ; 7(21{; 1) (‘

The convergence of the series (4.21), due to the Weierstrass M-test [3], we obtain the uniform con-
vergence of the series (4.3), as well as series from the first-order derivatives ¢ and the third-order
derivatives z of the terms of this series in 2, and the possibility of its term differentiation by t twice
and by z four times in ¢ < 0 and by x four times in ¢ > 0.

Thus, we have proved the following assertions.

Theorem 4.9. Let the condition of Lemma 4.2 be fulfilled and let functions fi(x,t),i = 1,2 satisfy
the conditions of Lemma 4.8.

1) If Ap(@) # 0 for all k =1, ko, then Problem 1 has a unique solution and this solution is defined
by the series (4.3) whose coefficients are given by the formulas (3.7);

2) If Ap(a) = 0 at some k = ky, ...,k < ko, then Problem 1 is solvable only when conditions (4.17)
are satisfied and in this case the solution is determined by the series (4.18).

i(5)

i(5)
1k 2k

n

C). (4.21)

REFERENCES

[1] Bary N. K . Biorthogonal systems and bases in Hilbert space. Math. Uch. Zap. Mosk. Gos. Univ. 1951.
Vol. 148, Issue 4. p. 69-107 (in Russian).

[2] Gohberg I.C., Krein M.G. Introduction to the theory of linear non-selfadjoint operators. Nauka, Moscow
1965, 448 p. (In Russian).

[3] Ilyin V. A., Poznyak E. G. Fundamentals of Mathematical Analysis, Part 2, 7th ed. (Fizmatlit, M., 2005).

[4] Kesel’'man G. M. On the unconditional convergence of eigenfunction expansions of certain differential
operators, Izv. Vyssh. Uchebn. Zaved. Mat., 1964, . 2, p. 8293. (In Russian).

[5] Ruziev M. Kh. Boundary Value Problem for a Mixed-Type Equation with Singular Coefficients. Russian
Mathematics, 2022, Vol. 66, . 7, p. 1424.

[6] Ruziev M. Kh. and Yuldasheva N. T. On a Boundary Value Problem for a Class of Equations of Mixed
Type. Lobachevskii Journal of Mathematics, 2023, Vol. 44, . 7, p. 29162929.

[7] Sabitov K. B. Initial-boundary value problem for a parabolic-hyperbolic equation with power-law degener-
ation on the type change line, Differential Equations. 2011. Vol. 47, p. 1490-1497.

[8] Sabitov K. B., Sidorov S. N. Inverse problem for degenerate parabolic-hyperbolic equation with nonlocal
boundary condition, (Iz. VUZ), Russian Math. 2015, 1, p.4659; 59:1. (in Russian).

[9] Sabitov K. B., Sidorov S. N. Initial-boundary-value problem for inhomogeneous degenerate equations of
mixed parabolic-hyperbolic type. Differential equations. Journal of Mathematical Sciences, 2019 Vol. 236,-6.

[10] Sidorov S. N. Nonlocal inverse problem of determining the right-hand sides of a degenerate equation of
mixed parabolic-hyperbolic type. Nauchnyye vedomosti. Seriya: Matematika. Fizika, 2014, 19 (190), Issue
36.

[11] Sidorov S. N. Nonlocal problems for an equation of mixed parabolic-hyperbolic type with power degenera-
tion, Russian Math. (Iz. VUZ), 59:12 2015, p. 4655. (in Russian).

[12] Sidorov S. N. Inverse problems for a mixed parabolic-hyperbolic equation with a degenerate parabolic part.
Sib. Elektron. Mat. Izv., 2019, Vol. 16, p. 144157. (in Russian).



336 Uzaqbaeva D. E., Yuldashev T.K., Otarova J. A.

[13] Urinov A. K. Oripov D. D., On the solvability of an initial boundary problem for a high even order
degenerate equation, J. Samara State Tech. Univ., Ser. Phys. Math. Sci., 2023, Vol. 27, . 4, p. 621644 (In
Russian).

[14] Urinov A. K. Azizov M. S., About an initial boundary problem for a degenerate higher even order partial
differential equation. Siberian journal of industrial mathematics. 2023. Vol. 26, . 2, p. 155170.

[15] Vagapov V. Z. Dirichlet problem for a mixed-type equation with two degenerate lines in the half-band .
Vest. Sam. state technical university. Series Physics-mathematics, 2019. Vol. 23, . 1, p. 719.

Uzagbaeva D. E,

V.I.Romanovskiy Institute of Mathematics, Uzbek-
istan Academy of Sciences, University Str. 9,
Tashkent, 100174, Uzbekistan,

e-mail: uzagbaevadilfuzal606@gmail.com

Yuldashev T. K,

Department of Higher Mathematics,

Tashkent State Transport University, Tashkent,
Uzbekistan,

e-mail: tursun.k.yuldashev@gmail.com

Otarova J. A,

Karakalpak State University, Nukus, Uzbekistan,
e-mail: j.otarova@mail.ru



Peridynamic model of membrane heating 337

Uzbek Mathematical Journal

2025, Volume 69, Issue 2, pp.

DOI: 10.29229 /uzmj.2025-2-32

Peridynamic model of membrane heating
Yuldasheva A.

Dedicated to the 80 th birthday of Academician Shavkat Arifdzhanovich Alimov
and the 70 th birthday of Professor Ravshan Radjabovich Ashurov

Abstract.This paper describes a peridynamic model for membrane heating, formulated as a hyper-
singular integro-differential equation in a two-dimensional periodic setting. It states that the existence
and uniqueness of the solution have been proven.

Keywords: peridynamics, hyper-singular integro-differential equation, the Cauchy problem,
Fourier method

MSC (2020): 74H20, 74J30, 74B20

1. INTRODUCTION

We analyze the linearized peridynamic model of membrane heating, which leads to an integro-
differential equation of the following form:

00
G [ LB 000 dy = f ), wer%i>0, (1.1
T2
with given initial conditions
0(z,0)=¢(z), z€T (1.2)
Here z = (x1,x,) € T? = [—7, 7] X [, w]. All functions are 2m-periodic with respect to each z;, for

k = 1,2. We analyze a peridynamic continuum model that incorporates integration over the differences
in the displacement field ([6], [7], [10], [II]). We suppose, the kernel L is 2 x 2 matrix-valued function
defined on the domain 7?2 x T? initial function ¢ : T2 — R? and f : T? x [0,T] — R? represents the
external heat source ([I1]).
We analyze the kernel
L(ﬂj‘7y):L(.T—y), xETQ,yETQ,

where the periodic function L (x) has the form

L(z)= iiﬁf}qup, 7> 0,267, (1.3)

The function x€Cg° (R) satisfies the following conditions for some J > 0 and a fixed 0 < a < 1:

1 for r<(1-a)d,
x(r) = {O for r >,

and 0<y (r) <1 for all reR.

The parameter 0 known as horizon, is typically chosen to be sufficiently small. The value of the
parameter « is determined by the thickness of the boundary layer, within which the influence of
surrounding particles is reduced to zero.

Problems involving similar types of kernels have been studied by various authors [2] -[6].

By utilizing the evenness of the kernel L (x), equation (1.1) transformed into the following form:

1

0, (2,4) — 2/T2L(y) 10 (2 +y,1) — 26 (2,6)+ 0 (x — g, 8)] dy = f (2,1). (1.4)

Now, we analyze this singular integro-differential equation. It is important to note that the kernel
K (z) exhibits a singularity of the form |z|~27". In considered case, where 7 > 0, this kernel is not
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integrable over T2 and the corresponding integral operator is not bounded in Lo(7?) [I]. In what
follows, we assume that
0<71<2. (1.5)

For integer o > 0, we define the Sobolev space L$(T?) as the space of vector functions f€Ly(T?)
for which the following norm is finite [9]

IF1I2g =47 Y 1fulP (L + [K)*. (1.6)
kez?
Here
1 —ikx
fr= G2 S (z) e " dx
are the Fourier coefficients of function f.
Set 1
A0@) =5 [ LB +y.0)~20(0)+6(—y.0]dy. (1.7)
T2
We consider the following Cauchy problem
0, (z,t) — A0 (z,t) = f (x,t), €T t>0, (1.8)
0 (z,0) =p(z), zT> (1.9)

Definition 1.1. We define the solution of the Cauchy problem (1.8) - (1.9) as a function 6 (z,t) that
satisfies the following conditions:

6 (x,t) belongs to the space L3 (T?) for every t>0;

it is continuous with respect to ¢ in the norm of this space on the closed half-line ¢>0;

it is continuously differentiable on the open halfline ¢ > 0 in the norm of L, (7?);

it satisfies conditions (1.8) and (1.9).

Note that by imposing condition (1.5) for L3(T?) we allow for the existence of solutions that may
be discontinuous in spatial variables.
We prove the following statement:

Theorem 1.2. Let § > 0. Assume that the initial function ¢ (z) belongs to Sobolev space Ly (T?)
and that f (z,t) depends continuously on t > 0 in the norm of L5(T?). Then, the solution of the
Cauchy problem (1.8) — (1.9) exists and belongs to Ly (T?).

In Section 2, we transform the hyper-singular operator (1.7) into a regular integro-differential op-
erator. While the proof follows a reasoning similar to that in [5], we outline the key steps and provide
additional details for the parts that differ from the referenced work. Section 3 examines the Fourier
transform of the kernel under consideration and establishes the proof of estimate (1.8). In Section
4, we derive the solution to the Cauchy problem for the Fourier-transformed version of the original
Cauchy problem. Finally, Section 5 presents the proof of Theorem 1.

2. CONVERSION OF THE HYPER—SINGULAR OPERATOR
We define the differential operator V®V as follows:

o0
Vev = | g dnden | (2.1)

61’28.’131 0717%

For any function #€C> (T?), the Fourier coefficients of the function u = (V®V)# satisfy the
following equation:
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wp = (k®ik) 6. (2.2)

m:(gg), (2.3)

where A is the Laplace operator and [ is the identity matrix.
We define the following differential operator:

Let

B (V) = ! ) [(V@V)Jr im]. (2.4)

T(T+2
Proposition 2.1. For any 7 > 0 the following holds:

1 (@-ys@—y)
|z —y|” |z —y|

B(V) (2.5)

The validity of this statement is established by direct calculation.

Corollary 2.2. Without loss of generality, we can assume that the kernel (1.3) takes the following
form:

i) = B X2 vy ss0 sem (2.6)

where V (z) is a matriz-function with entries v € Cg°(T?).

Note that we obtain the matrix

N | k-k o
B =~ {(kz@k) + = I] . keZ®. (2.7)
According (2.2), we get

Using proposition 2.1, we transform the hyper-singular operator A into a regular form.

Proposition 2.3. Let geCy°(T?) , ueC>(T?) and 0 < e < 1. Then following

2  g(y) o () B g(y) [Pu(z+y) Pul(z—y)
/T2 <8yk3yj Iy“>[u(x+y) pule) ul y)]dy_/w Iyl“[ iy, Oudy, }(Zyg)

1s valid.

Proposition 2.4. For any ueC>(T?) the following equation

x (ly 1
tu@) = [ MW pw)ue-pay g [ VoV - ([ v a)uw
(2.10)
is valid.
3. FOURIER EXPANSION OF A SINGULAR KERNEL

The main part of the hyper-singular operator B , defined by (1.7), is an integro-differential operator
on appearing on the right-hand side of equation (2.10).
Consider for 0 < 7 < 2 kernel

H(z) = Xéj';f'), veT?. (3.1)

Set
Y (k)= 27)* [HyB (k) — Vi — V_p + Vo], keZ?. (3.2)
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Here H, are the Fourier coefficients of H
H,=2n)? | H(z)e ™ dz.
T2
Denote by V. the matrix which elements v,(fj ) are Fourier coefficients of the elements v(¥) of the
matrix V (z).
From (2.10) follows, that for any u€C>(T?) the Fourier coefficients of the Au have the form

(Au)p = =Y (k) ug, keZ>. (3.3)
Let estimate the Fourier coefficients of the (3.1).

Proposition 3.1. For any natural N, the Fourier coefficients Hy, of H satisfy the estimate

C,

H,. —
S

+O (|k|™N), k0, (3.4)

where C. depends only on .

For any 2 x 2 matrix M = (m{")), we define
) 1/2
M| = (Z ym@f)y?) .
ij=1
Proposition 3.2. For any natural N, the following holds:
Y (k) = (2m)*C, B (k) [k|"* + Vo + O(|k|7Y), keZ?, (3.5)
here Y (k) is defined by (3.2).

The proof follows from proposition 3.1 and the fact that the matrix function V belongs to C§°(T?).
Corollary 3.3. The following estimate holds:

1T (k)| <C(1+ |k[)™?, kezZ® (3.6)
Proposition 3.4. Let 0 < 7 < 2. Then for any ueC>(T?) the following estimate is valid
[Aul| 72 <Cllul| Lz (22). (3.7)

Proof. According to proposition 2.4, the hyper- singular operator (1.7) can be expressed in a regular
form for any function ueC> (7). From (3.3) and (3.6), we obtain:

|(Au)*<Clur*(1 + |k[*)".

Therefore, by Parseval’s theorem, we can express it as:

1AullZ, 2y = (2m)2 D [(Aw)l> < C D o PA+ [KP)T < Clluliz e

keZz? kez?

0

Corollary 3.5. The hyper-singular operator A : C* (T?) — Ly (T?) can be extended as continuous
operator A : Ly (T?) — Ly (T?).
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4. THE SOLVABILITY OF DIFFERENTIAL EQUATION IN HILBERT SPACE

Now, we analyze the differential equation (1.8) with the initial condition (1.9).
By transitioning to Fourier coefficients, we obtain the following Cauchy problem for the differential
equation:

doy (1)
dt

+ Y (k) O, (t) = fu (t), ke€Z*t>0, (4.1)
with initial condition

05 (0) = . (4.2)

Matrix Y (k) defined by (3.2).
To determine the solution of the problem (4.1)-(4.2), we introduce a matrix function that depends
on the parameter ¢:

E(t,T) = i(—l)m—T’”. (4.3)

The following estimates are obvious.

Proposition 4.1. Let T = T(k) > 0. Then for any t > 0 the following estimate holds:

|E (t,7)|I<1. (4.4)
Proposition 4.2. For any T > 0 there exists a constant Cp > 0 such that the following estimate
holds:
|E(t,Y(k)||<Cr, keZ? (4.5)
for 0<t<T.

Now, the solution of the problem (4.1)-(4.2) can be expressed as follows:

00 = BT (W) g+ [ =57 0) () ds. (46)

Proposition 4.3. Let ¢ (z) belongs to Ly(T?), and let f (z,t) depends continuously on t > 0 in the
norm of Ly(T?). Then functions (4.6) form a sequence of Fourier coefficients of some function 6(x,t),
which depends continuously on t > 0 in the norm of Lo(T?).

Proof. Using proposition 4.2, we get estimate for functions (4.6)

t
(0] < Crlgnl + Cr [ Ife(o)ds, 0<t<T. (@7
0

By Parseval’s equation, the right-hand side belongs to l,. Therefore, we can conclude that the sequence
0y (1) is an element of I,.

In this case, by the Riesz-Fischer theorem, there exists a function 6(x,t) whose Fourier coefficients
coincide with the sequence 6y, ().

Moreover, since the right-hand side of (4.6) depends continuously on t>0 the functions 6 (¢) are
also continuous on the half-line t>0. By Parseval’s equation, it follows that the function 6(x,t) is
continuous on the half-line t>0 in the norm of Ly(T?). O

5. PROOF OF THEOREM
We prove that, under condition of the Theorem 1.2 | the function
0 (x,t) = Z O (t) ™, (5.1)
kez2

where the coefficients ) (¢) are given by (4.6), serves as a solution to the Cauchy problem (1.8) - (1.9).
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Proposition 5.1. Let 520, ¢ (z) €L5T (T?), and let f (x,t) depend continuously on t>0 in the norm
of Ly(T?). Then function (5.1) is continuous function of t>0 in the norm of L5(T?) and belongs to
L5(T?) with respect to the variable x.

Proof. 1t follows from propositions 4.1 and 4.2 that:

0, <t>|§|sok|+o/0 (i ()] ds.

Further,
t
10 (D] (1 + &7+ K5)P2 < Jor] (1 + &7+ K372 4+ (1 + KT + k‘%)m/ | fi (s)] ds.
0

According to the given condition, the right-hand side is an element of Ly(T?). Consequently, the
left-hand side also belongs to the same space. This implies that §e L (T?).

The continuity with respect to t is established using the same method as demonstrated in the proof
of proposition 4.3. O

Proposition 5.2. Let proposition 5.1 is fulfilled. Then 0(x,t), defined by (5.1), is continuously
differentiable with respect to t on the half-line t>0 in the norm of LQ(T2).

Proof. Set
()
Then
wy, (£) = =T (k)0 (t) + fu (t), keZ>t>0. (5.2)
Further,

wp () (L+E2+EDP2 = —T (k) 6, (1) A4+ K2 + k2)P2 + . (t) (1 + k2 + E2)P/2,
From (4.7) follows

i ()] (1+ K2+ k2)2<C 10 (8)] (1 + k2 + K2 T 4 [ fu ()] -(1 + |k[2)%/2

By proposition 5.1 and the Parseval equality, the right-hand side is an element of /5. The same holds
for the left-hand side. This implies that the function

w(x,t) = Z 0, (t) e

kez?

belongs to Lj (T?).
It is clear that w (z,t) = 6, (x,t). From (5.2) and proposition 5.1 w (x,t) continuously depends on
t>0. ]

5.1. Proof of the Theorem 1.2.

Proof. 1.Ezistence. We show that the function 0 (z,t), defined by (5.1), is a solution to the Cauchy
problem (1.8)-(1.9). By proposition 4.3, it follows that 0(x,t) satisfies equation (1.8).

Similarly, the initial conditions (1.9) can be derived from relations (4.2). The remaining properties
of the solution follow from propositions 5.1 and 5.2.

2. Uniqueness. Suppose there are two solutions, 0;(z,t) and 65 (z,t), to the problem (1.8)- (1.9).
Then the difference v(x,t) = 0;(x,t) — O5(x,t) is the solution of homogeneous problem

ov (x,t)

5 Av (x,t) = 0,2€T?,t > 0, (5.3)

with initial condition
v (z,0) =0,z€T". (5.4)
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From equation (5.3) and the conditions of Theorem 1.2, it follows that the Fourier coefficients of
v(z,t) satisfy the homogeneous equation

d’l)k (t)
dt

FT () o () = 0,k€Z2,t > 0 (5.5)

with initial conditions

vy, (0) = 0. (5.6)

Integrating (5.5) with respect to ¢ and taking into account (5.6) we get

v () = —/0 T (k) g (s) ds.

In the obtain Volterra-type integral equation the right-hand side operator is quasinilpotent, which
implies that the equation admits only the trivial solution vy (¢) =0 . Consequently, v(z,t)=0, and thus
el(xat) = 92(1:’ t) :

[1]
2]

O
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